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A numerical method i s  presented for the solution of the damped 
transient response of t a l l ,  slender structures such as towers and 
telecommunications masts.
Mainframe computer packages for structural dynamics are complex 
to use and often prohibitively expensive. An analysis developed for 
’desktop* computers, with an animated display of the response, i s  shown 
to be e f f ic ie n t  and c o s t-e f fe c t iv e .  A time integration procedure and 
spatia lly  discrete structural id ea lisa tion  are used, and the 
performance of the resultant algorithms i s  investigated and optimised.
Pressure loading and base excitation  are considered in d eta il ,  
both as idealised functions and as d ig itized  'real' data. I t  i s  shown 
that the interaction of d ifferent excitation functions can s ign if ican tly  
affect  the response. A novel form of idealised base restraint  
f a c i l i t a t e s  the simulation of various support and excitation  
conditions.
Structural damping i s  shown to be important, although the 
conventional viscous damping approach i s  unsatisfactory for the 
transient analysis of built-up structures. Several material damping 
algorithms are examined, a modified 's t if fn e ss  proportional' approach 
being identified  as most suitable, and an expression i s  derived for 
support damping.
The complex nature of energy dissipation mechanisms in structural 
connections leads to a reliance upon an empirically derived 'interface  
damping' term. A bolted flange i s  considered, and a series  of s ta t ic  
hysteresis  and free vibration t e s t s  y ield  useful structural damping 
data. A power law i s  shown to adequately describe the relationship  
between the interface energy loss  and the local stress amplitude.
A transient te s t  r ig  capable of decelerations up to 30 g was
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designed and used to study the response of jointed and unjointed 
models. Transient recording and d ig ita l  f i l te r in g  techniques yielded 
high quality data, enabling meaningful comparisons to be made with 
corresponding numerical simulations -  an aspect neglected by other 
workers. As a consequence, the semi-empirical damping algorithms are 
shown to give adequate practical response predictions.
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1Engineers have long realised that all structures, be they natural 
or man-made, must necessarily carry loads. In the simplest case an 
inanimate, undisturbed structure must carry its own dead weight. In 
addition, a practical structure may carry certain superimposed time-invariant 
loads, but in either case the loading of the structure is completely static. 
When designing a structure, the engineer requires information regarding the 
deformations and stresses produced when a certain loading condition is 
applied. The fields of theoretical and experimental stress analysis have 
been developed to provide this information.
Frequently however, a structure will be subjected to both static loads 
and superimposed loads which are a function of time. In such cases the 
principles of dynamics are involved in the stress analysis of the structure. 
If dynamic structural loading makes only a minor contribution to the total 
loading, the dynamic effect may be adequately modelled by an equivalent 
static load. However, during the course of this century the necessity to 
design structures to withstand more severe dynamic loading has led to a 
growing interest in more precise methods of analysis for dynamic response. 
Such extreme forms of load arise both from nature, for example earthquake 
activity and deep-water wave action, and from mankind, for example 
explosives and massive high speed machinery.
The possible range of forms that a dynamic load might assume are 
infinite, but certain characteristics allow them to be categorized as 
follows. Vibratory loads are oscillatory and may consist of a single force 
or several forces varying sinusoidally with each having a different 
frequency and amplitude. If a vibratory force repeats itself after a given 
interval of time it is known as 'periodic' and each frequency component will 
be an integral multiple of the lowest frequency. If no such integral
CHAPTER ONE
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2relationship exists, then there is no periodicity and the vibratory force 
is termed 'complex1. All of the above forms of loading are 'deterministic' 
since they may be completely defined in both the time and frequency domains.. 
However, several common physical loading phenomena cannot be treated 
explicitly and such 'nondeterministic' loading is termed 'random'. A 
complete collection or 'ensemble* of samples from the time history of a 
random load is known as a 'stochastic process'. Such processes must be 
treated by statistical analysis of the probabilities of occurrence of given 
amplitudes and frequencies. Shock loading is a general term used to cover 
many types of impulsive load and, as the term implies, a degree of suddenness 
and severity is involved. The essential characteristics of a shock load are 
that it is non-periodic and transient in form. It should be noted that the 
term 'transient' is used by some authors to describe any non-periodic loading 
function. However, in this thesis the term will be taken to infer finite 
time functions which take place in a period shorter than, or of the same 
order as, the natural period of oscillation of the structure under 
consideration.
A  variety of methods have been developed during the last thirty years 
for the analysis of structural response to the forms of loading discussed.
A common feature to every analytical method is the use of a mathematical 
model of the structure and it is the choice of a suitable model- which is 
the most fundamental and critical stage of an analysis. A well-tried 
approach to the problem of modelling is to assume that the distributed mass 
of the real structure can be concentrated at a limited number of nodal 
points. These nodal points are then interconnected by simple idealised 
structural elements which, as far as possible, will behave in a similar 
fashion to the original structure. This technique of spatial discretisation, 
often known as the 'lumped-mass' model, has found much favour since it is a 
concept which is familiar to many engineers. The most important feature of 
such a procedure is that the numerical model has a limited number of
3degrees-of-freedom, whereas the original structure has an infinite number 
of modes of deflection. Thus careful choice of the precise form of the 
lumped-parameter idealisation is necessary if it is to realistically model 
the behaviour of the true structure.
Having created the mathematical model it is necessary to equate all
of the externally applied forces to the sum of the inertia forces due to
structural mass, the spring forces in the structural members and the
internally and externally applied damping forces. This equilibrium equation,
which is often referred to as the General Equation of Motion, is- valid for
nonlinear as well as linear systems and all of the forces will be defined
as functions of time. It is the solution of this equation that has led to
the development of several different methods of analysis. They can be
categorized into one of four classes of technique, namely: Direct Mode
Superposition, Response Spectrum Analysis, Frequency Domain Analysis and
Direct Step-by-Step Integration. An excellent description of each of these
(1)techniques is given m  a paper by Wilson in which their application to 
linear analysis is discussed in detail. The choice of a particular technique 
is largely dependent upon the structural problem to be solved although in 
several instances there is no ’o p t i m u m ’ technique. There are two extreme 
classes of response problem where the choice of technique is well defined. 
Wave propagation problems are characterized by a significant high frequency 
content in the forcing function, such as occurs in impact and shock 
conditions. In such cases the step-by-step integration of the equations of 
motion is used if the forcing function is fully defined, whereas the 
response spectrum technique is used if the problem requires a stochastic 
approach. The frequency domain and mode superposition methods, which involve 
the evaluation of the undamped model deflection profiles and frequencies are 
not suitable for 'propagational1 response problems since they become 
computationally inefficient. These latter two techniques are however, 
ideal for 'inertial' response problems in which the forcing function and
corresponding structural motion are dominated by several relatively low 
frequencies, as for instance, is the case with seismic excitation or low 
speed machine vibration.
It is quite possible that the behaviour of the structure under 
consideration will exhibit some nonlinear behaviour. Under such conditions 
the principles of superposition cannot be applied and methods of solution 
are very problem-dependent. The most commonly encountered forms of 
structural nonlinearity are those of nonlinear material stress-strain 
relationships and geometric effects due to large structural deformation.
The development of structural analysis techniques during the last 
forty years has been inextricably linked with the growth of digital computer 
technology. The first generation of digital computers utilising the stored 
program concept was developed in the early 1950' s and the high-level Fortran 
programming language appeared in 1957. With such developments finite element 
procedures became a practical proposition and by 1965 three-dimensional 
structural analyses were being successfully implemented. At the time of 
writing, such analyses involving in excess of 100,000 nodal points have 
been attempted on large mainframe compute.cs such as the CDC 7600 and have 
involved computing times ranging from several minutes to hundreds of hours.
It should be noted, however, that despite recent reductions in the cost of 
computer hardware, long runs on mainframe machines are still very expensive. 
Indeed, finite element solutions which run for several hours will often be 
prohibitively costly for all but the most critical applications. The 
technology is expanding and diversifying rapidly, with significant con­
sequences for the structural analyst. The advent of microprocessor-based 
'low-level* computers has offered a viable alternative to the mainframe 
computers for many problems and improvements in graphics facilities provide 
more scope for the presentation of complex engineering data. The recently 
introduced concept of parallel processing is also of great relevance since 
it is ideal for the manipulation of large structural matrices. Furthermore,
4
5integrated microelectronics have been refined to the stage where quite 
complex functions such as 1024 point Fast Fourier Transforms are accomplished 
by a single silicon chip. Hence it can be seen that the analyst has very 
powerful computing facilities at his or her disposal and the emphasis must 
now be placed on the achievement of solutions which are cost-effective. 
Finally, it is important that the engineer should treat the computer as just 
another tool for the provision of insight into practical problems.
The work contained in this thesis arose from a research interest in 
the design of masts to withstand shock loading. It was desired to predict 
the response of slender masts to various forms of impulsive loads acting at 
the mast base together with time varying transverse pressure loads. A 
simple lumped-mass structural idealisation and a numerical time integration 
algorithm was developed which enabled response predictions to be produced 
using a 16K microcomputer programmed in Basic. The advantages of ease of 
interaction and low cost gained by the use of a small single-user computer 
for this type of work soon became apparent. In assessing the techniques and 
packages currently available for dynamic structural response analysis, it 
became clear that their complexity would make a comprehensive design parameter 
study both expensive and time consuming due to the necessary use of large 
mainframe systems. For this reason it was decided to develop the method used 
for the mast problem into a simple, cost-effective system for design studies 
using desk-top computing facilities.
In pursuing this work a fundamental decision had to be made as to 
which type of analytical approach was to be used. The transient problems of 
interest could not be clearly defined as either truly vibrational or truly 
impulsive. However, the choice of the numerical time integration approach 
was made for the following two reasons. Firstly, this method can be applied, 
albeit somewhat inefficiently to low frequency vibrational problems, whereas 
the alternative modal methods cannot be used to sensibly model transient 
•propagational' responses. Secondly, and more importantly, the architecture
6of small single-user computers with their relatively limited memory core 
size favours the integration m e t h o d ’s simple time stepping algorithms and 
minimal use of large matrices. A  further important restriction for the 
modal techniques is that they can normally be used for linear problems only.
It should be stressed that all of the techniques which were mentioned earlier, 
whilst appearing quite different, are in fact closely related since they are 
all based on the same fundamental relationships and governing equations. 
Consequently it is justifiable to make the choice of a particular technique 
from the standpoints of efficiency and ease of implementation, as has been 
done here. What is important, however, is that once a given method is 
chosen, it should be implemented in such a way as to give optimum speed 
coupled with a sensible presentation of the computed response.
A  problem with any dynamic analysis is the volume of data which can be 
generated and its subsequent interpretation. It is usual to present 
structural response data as either a plot of the time history of a given 
parameter or as a series of deformation profiles. It was realised that both 
of these forms of presentation had shortcomings in terms of efficiency, cost 
and clarity where a relatively complex response is involved. It was conse­
quently decided to develop a more convenient and efficient method of 
presentation. This was to involve the use of a desk-top computer with 
graphics facilities to produce a form of animated display of the computed 
structural response. It was hoped that such a method of presentation would 
simplify the interpretation of response information and facilitate the 
dismissal of redundant information. A further use for the computer graphics 
facilities was to be found in the diagrammatic presentation of the input 
parameters for a given problem, thus providing an efficient means of checking 
input data.
The importance of frictional effects in engineering statics was
(2)realised as long ago as the 16th century and workers such as Amonton and
C o u l o m b ^ ^  began to investigate possible dynamic frictional phenomena. The
7role of friction as an energy loss mechanism in dynamic environments is 
still, however, a very open subject. In reviewing the work carried out in 
the field of structural dynamics, it became apparent that the problem of 
modelling structural damping is far from being satisfactorily solved. Many 
numerical methods involve the use of mathematically convenient damping terms 
rather than realistic modelling the dissipative mechanisms in a structure.
Other methods use idealised damping elements which have restrictions on their 
applicability. The whole question of structural damping is somewhat confused 
by sets of experimental data which conflict or exhibit wide scatter. Further­
more, most of the available information on damping is for the cases of free 
or harmonically excited vibrations which are not directly applicable to 
transient structural response. Having made these observations, a systematic 
scrutiny of the effectiveness of several damping models was made, with a view 
to establishing an optimum numerical technique for incorporation into the 
time-stepping algorithm.
In order to use a numerical method, such as the one developed in this 
thesis, with any confidence, it is considered necessary to obtain experimental 
verification of the results. Simple experiments were conducted to ensure that 
the method produced sensible response predictions and the effect of the degree 
of approximation used in the numerical model was investigated. Surprisingly 
little work has been carried out in comparing numerically predicted responses 
to those obtained from real structures. This is due to some extent to the 
difficulty and cost of obtaining reliable test data from real structures. In 
order to obtain some realistic test information for dynamic structural response, 
a displacement-shock rig was designed and built. A series of tests was 
conducted for various structural configurations and the results compared with 
those generated from the equivalent computer models. In this respect the use 
of time integration as the method of analysis was essential since the actual 
forcing function time histories as recorded from the tests could be fed into 
the numerical analysis, thus enabling a meaningful comparison to be made.
8The acquisition of 'clean* data from transient structural tests can be
(4 5)fraught with problems ’ . Transducers often pick up unwanted electrical
noise and are prone to distort signals due to their own resonance. 
Instrumentation can also cause problems with drifting reference levels and 
instability in analogue filters. To overcome such difficulties comprehensive 
use was made of digital signal processing techniques in the analysis and 
consolidation of the test data. This was achieved with the same mini-computer 
as was used for the analytical work and led to a test system with a very low 
data rejection rate and an efficient post-processing capability.
A particular area of interest was the effect of bolted joints on the 
dynamic response of mast-like structures. Flange-type connections are often 
encountered in such structures and yet there appears to be little information 
available concerning their dissipative capacity. Consequently an extensive 
programme of static and dynamic tests was undertaken in order to quantify 
the damping due to a bolted flange joint. From these tests an empirically 
evaluated term was to be included in the numerical algorithm as an approximate 
model of the bolted joint. In order to verify the computer analysis, a final 
series of transient tests was conducted on the shock test rig using a simple 
structural configuration including such a joint.
9REVIEW OF TIME INTEGRATION TECHNIQUES 
IN STRUCTURAL DYNAMICS
2.1 Methods of Analysis
(6)Several papers published by J. von Neumann in the 1 9 4 0 ’s presented
improvements in finite difference methods and introduced the concept of
stored programs. It is von Neumann's work: that has formed the foundation
from which modern digital computers and response calculation techniques have
(7)been developed. In 1959 Newmark published one of the first papers to 
present a method of solution for structural dynamics developed specifically
for use with digital computers. The method of analysis used by Newmark,
which was subsequently to become known as the 'Newmark (3 M e t h o d ’, involved 
a step-by-step numerical integration procedure. The structure to be analysed 
by the method is idealised by a lumped-mass model - a form of idealisation 
used frequently, in analyses developed by later workers. The basic require­
ment of the method is to determine the values of displacement, u, velocity, 
u, and acceleration, ii, for the structure at a time t + 6t, when the 
values are known at time t. The relationships obtained by Newmark for this 
purpose were,
t o s t  " "t + 5t K  + t o s t ] / 2 (2- la)
and t o s t  = u t + “ t 6t + [(*  - P> « t + P V s t ]  Sfc2 <2-lb)
The parameter (3 is introduced to allow control over the way in which
the acceleration varies over the time interval 6t. When P is assigned
certain values, equations (2.1a) and (2.1b) reduce to the form of procedures
1developed by other authors. For example, if (3 = / 6 , the formulae
correspond to a piecewise linear acceleration within each time interval. It 
should be noted that when {3 = 0, the equations become those of the 
explicit central difference technique. In his paper, Newmark discusses the
CHAPTER TWO
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It is shown that the method is only conditionally stable for some values of 
(3, with a time interval that is too large causing spurious oscillation to 
enter the computed response. The author goes on to discuss the possible 
application of the technique to dynamic structural problems involving 
simple viscous damping, inelastic behaviour, buckling and time-dependent 
boundary conditions. The work by Newmark has formed the foundation of many 
of the more recent developments in the analysis of structural dynamics by 
numerical methods.
(8)Prior to Newmark's publication, Houbolt had presented a method for 
the calculation of the structural response of aircraft to dynamic loads.
This solution, whilst not developed specifically for the digital computer, 
used finite difference equations and matrix notation to develop a recurrence 
relation for the step-by-step calculation of dynamic response. Houbolt's 
method is based upon the piecewise cubic interpolation of structural dis­
placements and is, like Newmark's method, an implicit procedure. In implicit 
procedures the solution at time (t + 6t) is obtained by consideration of 
the structural equilibrium equations at time (t + St) and consequently the 
structural stiffness matrix must be factorised at every time step. Houbolt 
considers the case of an ideal damped oscillator subjected to a step applied 
force input and shows that the method yields results which agree closely with 
the exact solution. The paper goes on to consider the response of an aircraft 
to a sharp-edged gust, with a full derivation of the matrix load equilibrium 
equations being given as an appendix. It is, however, pointed out that an 
important feature of the method is its applicability to many areas of 
structural dynamics and it is suggested that a range of transient problems 
might be treated by a similar approach. Again, many established structural 
dynamics computer programs have been based upon Houbolt's method. It is 
interesting to note that Houbolt rejected the explicit approach due to 
numerical difficulties encountered in handling small differences of large
im p le m e n t a t io n  o f  t h e  g e n e r a l  p r o c e d u r e  an d  i t s  s t a b i l i t y  a nd  c o n v e r g e n c e .
11
numbers. With the rapid subsequent development of computer technology and 
numerical techniques this can be overcome and in certain instances the 
explicit approach can offer very attractive solutions.
During the development of numerical methods of dynamic structural
analysis in the early 1960's, it became commonplace to use shock response
spectra recorded from specific structures as an input for analytical models
of other structures. These spectra were often derived from accelograms of
the base motion of a building's response to earthquake excitation. The
often made assumption that the vibrating structure did not affect the input
base motion was questioned by several investigators and a paper by Lycan 
(9)and Newmark includes a summary of the early research into this effect.
They study the magnitude and type of error which may occur if the effect of 
structure-foundation interaction is neglected. The Newmark (3 Method is used 
in its linear acceleration form with a lumped-mass model of a four storey 
building. Four forcing functions were applied: two single cycle sine pulses
and two pseudo-random 'accelogram' functions and the effects of damping were 
modelled by the use of simple viscous, velocity proportional elements. It 
was found that, for all the combinations studied, the lowest natural frequency 
of the structure from which the base motion was derived was an important 
parameter. It was concluded that only models which exactly depicted the 
structure from which a record originated would be free from error and that 
base motion records from relatively high frequency structures would provide 
more reliable data.
In a discussion on Newmark's method, R o s e n b l u e t h ^ ^  proposes the 
refinement of a parabolic approximation approach to the derivation of the 
equilibrium equations. This leads to a significant increase in accuracy at 
the expense of a longer computation sequence. An important point is raised 
regarding input data - if discontinuities occur in the input data, more
refined methods may lead to inaccuracies rather than to increased accuracy.
(11)Chan, Cox and Benfield have used the Newmark (3 approach for the transient
12
analysis of forced vibrations of structural-mechanical systems. The damping
matrix when incorporated in their studies was again simply a collection of
1viscous terms and for an undamped structure a value of p = /12 was
suggested for high accuracy. A difference in the approach used in formula­
ting the method leads to the incorporation of a backward difference pattern 
into the integration algorithm. In considering the definition of the 
dynamic loads applied to a structure, the authors utilised 'selector 
matrices' in the equations of motion. This approach resulted from 
discrimination between 'force excitation' and 'displacement excitation' and 
the realisation that it was not possible, in such a method, to prescribe both 
a given force and a prescribed displacement at one position at the same 
instant of time. Consequently, selector matrices were employed to delete 
equations with given applied forces or displacements, thus reducing the 
number of degrees of freedom to the correct level. Emphasis was placed on
the choice of p with reference to the procedure's stability and it was
1suggested that the use of p = /4 produced satisfactory responses for
systems with as many as forty degrees of freedom. Whilst the authors outline
the procedures adopted, they give no specific details of the structures
studied or the forcing functions used.
(12)In 1966, Johnson and Greif used two different numerical time
integration methods to study the dynamic response of a cylindrical shell
subjected to arbitrarily time-varying load distributions. An explicit
method and an adaptation of the Houbolt approach were used and both were
(13)based on shell equations due to Sanders . In the conditionally stable 
explicit method, a central difference formula was used to represent the 
acceleration terms. The relative efficiencies of the two numerical methods 
in practical applications are discussed and stability criteria for the 
explicit method are developed from physical argument. It is shown that, 
although there is no limitation on the time increment for the Houbolt 
method, an increment which is too large has a damping effect on the solution.
13
Consequently it is stated that the Houbolt method will tend to damp out the
1higher vibrational modes unless 8t is smaller than about /50 of the 
period of the highest mode. For numerically stable solutions, no such 
damping effect was detected for the explicit method. On the basis of their 
observations, the authors generalize that the explicit method tends to be 
more efficient for problems in which the output response varies relatively 
rapidly with time. The Houbolt method is suggested as a more flexible method 
due to its unconditional stability and is shown to be more efficient for the 
prediction of slower responses.
(14 )Chaudhury, Brotton and Merchant have investigated the application 
of numerical methods to the dynamic analysis of structural frameworks. In 
their analysis the Newmark expressions are modified by the consideration of 
a small time interval equivalent to -§■ 5t. Assuming that the acceleration 
variation is linear over this smaller time interval, the authors develop new 
relationships for velocity and displacement which are shown to have a higher 
degree of accuracy than the standard Newmark expressions. It is claimed that 
whilst the accuracy of the method is not comparable to that obtained from 
more sophisticated methods (e.g. Runge-Kutta, Milne, etc.) its minimal 
computer storage requirement is its chief merit. Examples of free undamped 
vibration and elastic non-linear behaviour due to axial loads in members and 
changing geometry are given. The application of step-by-step procedures to 
the solution of static problems by arbitrarily damping a vibrating system 
excited by a constant force is discussed. This 'Dynamic Relaxation' method 
is illustrated for a statically loaded portal frame and is shown to be 
advantageous for frameworks with a large number of joints if the damping 
coefficients and time interval are optimised. The authors only consider 
viscous damping but state that other types of damping may be taken into 
account. It is however worth noting that in their analysis the approximation
that u, = u, , CL is made. This will obviously affect any velocityt+6t t+±ot
proportional damping force and may lead to errors in the computed response.
computers during the early 1970's the finite element method of structural
analysis became well established. The application of finite element
techniques to dynamic structural analysis led to a critical re-examination
of the efficiency and accuracy of numerical time integration methods.
(15)Kreig and Key considered the choices in formulating dynamic problems
with particular reference to transient shell response. The process of
discretizing the structure results in a mass matrix which may be either
consistent or diagonal and it is shown that the form used plays an important
part in the accuracy of the subsequent time integration. On the basis of a
mode shape and frequency evaluation, the consistent mass matrix is shown to
be more accurate, although if only lower modes are sought, the diagonal mass
matrix is as accurate and is computationally more efficient. Explicit and
implicit methods are examined and it is shown that by the correct matching of
a spatial discretization to a particular numerical time operator, the errors
introduced by both approximation techniques can be made to exactly compensate.
The central difference scheme with a diagonal mass matrix and the Newmark 
1method with (3 = /6 and a consistent mass matrix are quoted as notable
examples. It is shown that the choice of individually optimal spatial and
temporal discretizations does not lead to an optimal solution. In choosing
viable methods for general application, the explicit central difference
1scheme and the implicit Newmark method with (3 = /4 are quoted. The
authors point to the need for cost-effective algorithms rather than refined,
computationally complex solutions and propose the central difference scheme
used with a diagonal mass matrix as offering the most practical means of
computing the transient response of bars and beams.
(16)Nickell has also conducted a comparative study of direct
integration methods as applied to structural dynamics. The distinction is 
made between forced structural vibration and wave propagation problems. For 
the latter type of problem, as well as studies involving discontinuities in
1 4
W ith  t h e  p h e n o m e n a l r i s e  i n  t h e  p o w e r and  c o s t - e f f e c t i v e n e s s  o f
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velocity or acceleration, the central difference scheme is quoted as being 
most suitable. Three implicit operators are compared and the Newmark method 
is shown to be the most generally reliable technique. So-called 'stiffly 
stable' methods, in which the regions of stability are sufficient to include 
all frequencies up to the cutoff frequency are also discussed. The large 
computer storage requirement of these methods is the price paid for the 
increase in accuracy achieved. The author considers the analysis of non­
linear problems and points out that the Newmark method may degenerate unless 
proper predictor-corrector algorithms are used. In contrast to Kreig and 
Key, Nickell concludes that the implicit trapezoidal operator is the most
attractive direct integration operator for both linear and nonlinear
(17)problems. Wilson, Farhoomand and Bathe have further considered the case 
of nonlinear dynamic analysis. They present a step-by-step solution technique 
for the analysis of structural systems with physical and geometrical non- 
linearities. The method assumes a linear variation of acceleration over a 
time interval t  = 06t, where 0  >  1, and has subsequently become known as 
the 'Wilson 0 Method'. Provided that 0 >  1.37, the method is shown to be 
unconditionally stable and the errors associated with the solution of the 
discrete system nonlinear equilibrium equations are discussed. For linear 
systems, the errors are shown to result in decreases of vibration amplitude 
and increases in free vibration period. Taking this into account, the 
authors offer guidelines for the selection of appropriate time step sizes 
for practical analyses. It is pointed out that time steps must be selected 
which accurately represent the frequency components in the applied loads but 
which suppress the higher frequencies of the lumped parameter system. In 
conclusion the need for more work in the evaluation of damping and stiffness 
matrices is emphasised in order that good practical analyses may be 
achieved.
(18)In 1972, Clough and Bathe published a survey of developments in 
the dynamic response analysis of discretized systems. They correctly point
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out that, whilst direct integration analyses of the equations of motion have 
been well understood for several decades, it has been with the advent of 
modern digital computers that completely arbitrary and highly complex 
structures can be analysed. The evaluation of the structural damping matrix 
is discussed in relation to the fact that energy loss mechanisms are 
considerably more complex than the simple viscous dampers which are usually 
assumed. The authors state that the use of modal viscous damping ratios is 
an adequate approximation for many linear analyses but that an explicit 
derivation of the damping coefficients is necessary for responses which 
involve nonlinearity or modal coupling. Two methods, due to Wilson and 
Penzien^1 9 '* and Caughey^2 9 \  for the derivation of the damping matrices in 
the case of no modal coupling are summarized and an additional "structural" 
damping approach involving stiffness proportional damping is described.
This latter method is suggested as being suitable for inhomogeneous systems 
with their modal coupling necessitating the assembly of 'l o c a l ' damping 
matrices. The authors go on to show the Wilson 0 method to be very effective 
in the analysis of complex linear and nonlinear systems. A 0 -value of 1.4 
was recommended and the spurious damping introduced into the higher response 
frequencies by the method is seen as an advantage in cases where the higher 
modes contribute little to the response. It was concluded that more study 
is required into the damping mechanisms for complex structures and that the 
use of "structural" damping should be investigated further for its 
suitability in such analyses.
The analysis of transient structural response by the use of ’stiffly
(21)stable1 time integration procedures has been investigated by Jensen 
The term 'stiff' in this context refers to the widely varying time constants 
found in the ordinary differential equations of motion. A rigorous mathe­
matical approach is applied to the problems of stability and error control 
in first order 'linear multistep methods'. In order to apply such methods to 
second-order structural problems, the general equations of structural motion
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an auxiliary series of linear equations involving velocity and displacement
terms. The auxiliary equations are combined with the general equation of
motion to yeild a system of 2 n first-order equations for an idealisation
involving n nodes. However, further algebraic manipulation and the
application of the predictor-corrector linear multistep method of solution
leads to a final form in which only n simultaneous equations have to be
solved at each time step. An error estimation technique is discussed which
involves the comparison of the truncation term from a multistep prediction
with the error terms from a simple series truncation. This is not a
rigorous approach and it leads to an expression for a mean value of the
error. A  recent improvement to stiffly stable formulations due to Jain
(22)and Srivastava is outlined and shown to yield a substantial improvement
in the stability of third order formulae. However, it would appear that a
negligible increase in performance would be achieved for second-order dynamic
structural processes. The author claims success in the use of such
techniques for structural applications but concludes that a comparison with
(23)the well-established methods of analysis is required. Park has conducted
such an investigation, comparing two stiffly stable methods due to 
( 2 4 2 5 )Gear ’ with the Houbolt, trapezoidal (Newmark average acceleration) and 
central difference techniques. The stability and accuracy of the techniques 
for linear systems is compared and the stiffly stable methods are shown to 
produce frequency distortion greater than that due to the trapezoidal 
method, but better than that due to Houbolt's method. In considering non­
linear transient problems, the author neglects damping but goes on to 
demonstrate that the trapezoidal method, whilst widely considered as the best 
linear technique, exhibits poor stability behaviour. Houbolt's method and 
the stiffly stable techniques are shown to inject high numerical damping into 
the response. For this reason the author develops a new method by combining 
Gear's two-step and three-step methods and tests it by application to the..
a r e  r e c a s t  a s  a f i r s t - o r d e r  s y s te m .  T h is  i s  a c h ie v e d  b y  t h e  i n t r o d u c t i o n  o f
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modelling of linear and nonlinear spring oscillators. On this basis the 
improved method is shown to be second best to the trapezoidal method for 
linear lightly damped systems and is proposed as a superior method for non­
linear structural dynamics problems.
(26)A  review paper by Stricklin, Haisler and von Riesemann comments 
upon the important aspects of nonlinear transient analysis and includes a . 
detailed exposition of the principle of virtual work and the pseudo-force 
method as used in the formulation of the governing equations of an analysis.
A formulation for the case of large strains is presented and recent 
plasticity theories are discussed and compared. A review of the various 
numerical integration procedures is made and several examples of the response 
of shells of revolution are given. An important point brought out by the 
authors is that researchers should use test problems which are highly non­
linear. It is apparent that some of the investigations conducted have used 
only slightly nonlinear examples and this could lead to erroneous conclusions 
being drawn as to a method's performance in nonlinear applications.
A fresh approach to the integration of the linear equations of
( 2 7 )structural motion is found in a paper by Melosh . An integration 
algorithm is presented which eliminates the truncation error found in most 
methods. A  state vector approach is used in which a 'transfer matrix' 
operates on the state vector and a 'transition matrix' operates on the 
forcing vector, both at time t, in order to obtain the state vector at 
time t + 6t. The integration process used is theoretically exact and its 
accuracy is shown to be controlled by the integration time step, arithmetical 
precision and manipulative errors. The method is unconditionally stable and 
introduces negligible artificial damping into the response. The author 
states that the efficiency of the process can be expected to exceed that of 
algorithms involving inexact integration. Whilst figures are quoted for the 
absolute precision of the technique, no direct comparison is made with other 
methods of analysis and it is notable that little reference is made to the
19
work by Melosh by subsequent researchers.
In a review paper covering similar ground to that of Stricklin, et.
(28)al., Baylor and Wright summarize the main features of nine different
computer codes for three-dimensional transient nonlinear analysis. The 
various codes use both finite element and finite difference solutions and 
employ both explicit and implicit integration algorithms. The authors claim 
no superiority for either the finite element or the finite difference 
approach and consider the former best described as a subset of finite 
difference equations. The relative merits of implicit and explicit time 
integration schemes are discussed. The authors indicate that, at the time 
of writing, explicit methods were considered most economical for nonlinear 
transient analysis and suggest their use unless the time step can be 
increased by a factor of ten or more by using an implicit scheme. The 
importance of careful modelling in such problems is highlighted and examples 
from a particular code are presented. Further available programs for dynamic 
structural analysis are surveyed by Belytschko^2 9 ,^ with particular reference 
to their computational efficiency. It is pointed out that a major difficulty 
in the use of such programs is that they are each optimised for a particular 
time scale of dynamic phenomena. Estimates for the computation time involved 
in explicit integration reveals that the calculation of nodal forces is the 
costliest part of such procedures. The author stresses the need for an 
energy balance checking routine in nonlinear implicit procedures since 
'arrested instabilities' may occur. As a rough guideline problems are 
categorised as either 'inertial' or 'wave propagational' with the explicit 
and implicit techniques being recommended respectively. In conclusion the 
analyst is advised to carefully consider the nature of the problem to be 
solved in order to choose an appropriate program package.
The problem of reconciling the conflicting time step requirements of 
the 'st i f f  and the slowly varying components in a typical system of 
structural response equations has continued to be tackled over the last few
20
years. In 1977 Trujillo^8 0  ^ published an unconditionally stable explicit
algorithm for the direct integration of the structural dynamic equations of
motion. As suggested by Belytschko, the method presented attempts to employ
the best features of both the implicit and explicit approaches. The algorithm
is limited to cases involving diagonal mass matrices and positive definite
symmetric stiffness and damping matrices. Unconditional stability is
achieved by splitting the stiffness and damping matrices into strictly lower
and upper triangular form and is proven by an energy analysis. An example
problem of a spring-mass-dashpot system shows lack of accuracy at large time
1intervals when compared to the Newmark ({3 = /4) method. This led the
author to develop an algorithm using an alternate splitting method. This
latter technique is shown to have excellent accuracy at large time intervals
but is only conditionally stable. However, good results were obtained with
a time interval 10 to 15 times larger than that required by the explicit
central difference method.
(31)Park has considered the practical aspects of numerical time
integration in the light of the more recent developments in analytical 
techniques. The concept of stability regions in the complex frequency-time 
step plane is proposed as a more meaningful method for assessing stability.
The stability regions of all the popular integration algorithms are depicted 
on this complex plane. The artificial damping resulting from some schemes 
is discussed and it is shown that the deliberate introduction of such 
damping into any explicit scheme will not successfully stabilize spurious 
oscillations. Additionally it is demonstrated that the technique of 
constructing a composite implicit integration scheme by combining a strongly 
stable scheme with an unstable scheme can lead to improved stability and/or 
accuracy. The widely held preference for the central difference scheme 
amongst other explicit schemes is studied and upheld. Lastly, the author 
examines the stability limit of explicit and implicit schemes for nonlinear 
equations. The stability limit of the central difference scheme is shown to
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in the system. This result is, however, at variance with results by other 
(32 33)investigators ’ . In conclusion Park cites the urgent need for more
research towards the development of workable error criteria.
There is a family of one-point numerical integration schemes, based
(34)on Euler's classical method , which has been largely neglected by
structural dynamicists. This omission is pointed out in a paper by Collings
(35)and Tee in which the suitability of Euler schemes for structural dynamics 
problems is investigated. Generalized Euler methods use a weighted mean 
approximation to the divided difference of any differentiable function.
This leads to the following formulation which corresponds to (2.1a) and 
(2.1b) for the Newmark method:
t o s t  = \  + [“ t o s t  + (1 5 t] 5t
V 8t = u t + [“ t o s t  + (1 \ ]  5t
It should be noted that when CO = fe the Euler method reduces to the 
trapezoidal scheme. The Euler approach is simpler to implement but has 
larger truncation error than multipoint methods. The authors.have analysed 
the stability of this method, showing that it is unconditionally stable for 
-J < 6o < 1, with OJ = 1 (the Fully Implicit Method) producing the strongest 
stability. The presentation includes an example of a space-frame analysis 
and complete Algol 60 procedures are given. The authors conclude that the 
method is commendable on the basis of its stability, simplicity and 
amenability to detailed analysis - it is pointed out that it took twelve 
years for stability and convergence analyses to appear for the Newmark 3 
method. It is suggested that the Generalized Euler Method should be given 
serious consideration as a practicable structural dynamics algorithm for 
linear and mildly nonlinear systems.
a lw a y s  b e  b o u n d e d  b y  o j . 6 t  <  2 ,  w h e re  co i s  t h e  h ig h e s t  c o m p o n e n t f r e q u e n c y
F ro m  t h e  f o r e g o in g  s u r v e y ,  i t  c a n  b e  s e e n  t h a t  a v a r i e t y  o f  t im e
(2.1c) 
(2.Id)
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integration techniques have been developed and refined during the last 
twenty years. There is still an amount of controversy as to which techniques 
offer optimal solutions - a situation which may never be resolved due to the 
conflicting requirements of different problems. It should also be borne in 
mind that further developments in such techniques will depend to a considerable 
extent upon advances and innovations in computer technology (e.g. parallel 
processors). For an insight into the ’state-of-the-art' at the time of 
writing, the reader is referred to "Advanced Structural Dynamics" in the 
bibliography.
2.2 The Implementation and Performance of Numerical Time Integration Schemes
Many of the researchers who have developed time integration schemes 
have made some attempt at establishing convergence and error criteria.
However, some of the more rigorous approaches towards the assessment of the 
performance of such schemes have come from independent investigators. Also, 
in reviewing available methods, several authors have given objective guidelines
for the choice and optimal use of a particular scheme.
(36)In 1972 Durham, Nickell and Stickler presented criteria for the 
choice of an optimum integration operator for use in problems of forced 
dynamic structural response. It is pointed out that all finite-degree-of- 
freedom mathematical models will have a cut-off frequency representing the 
upper excitation limit of the model beyond which a noisy response will result. 
There is a tendency for the response accuracy of all integration schemes to 
deteriorate as forcing frequencies approach this frequency. The authors list 
the following considerations as those upon which to choose a particular 
integration scheme:
(a) level of signal attenuation (artificial damping);
(b) error in vibrational period as a function of structural 
frequency;
(c) numerical instability caused by noise.and round-off;
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A precise integration operator is developed, based on the work of
(37)Bettis , which is shown to perform well in comparison to the Newmark and
Wilson methods in an application to the step loading of a free-free beam.
This operator does, however, involve modal decoupling which may be
uneconomical for large systems and cannot be applied to nonlinear problems.
1In such cases the authors recommend the Newmark method with p = /4. For
problems of soil or fluid interaction with a structure, the Wilson and
Houbolt methods, with their substantial artificial damping, are recommended.
In conclusion it is noted that explicit operators are generally considered to
be more economical than implicit operators but with the disadvantage of
limited stability.
A detailed evaluation of explicit and implicit 'one-step* algorithms
(38)has been carried out by Goodreau and Taylor . Considerable attention is 
paid to the stability of the Newmark (3 method with the following results 
(where T is the period of the highest component frequency):
(a) p = 0, (explicit second central difference),
Unstable for 5t > 0.318 T;
1 (39)(b) p = /12, (implicit method of Fox and Goodwin ),
Unstable for St > 0.389 T;
1(c) P = / 6 , ('linear acceleration'),
Unstable for St > 0.551 T;
(d) p = /4, ('average acceleration'),
Unconditionally stable.
It is stated that the peak amplitude for an initial displacement and a
1constant load is exact for all p, but only for p = /4 in the case of 
initial velocity and a linearly varying load. The authors show that for any 
St there is a p which yields the exact period and suggest that p = $ 
be used if the largest possible step size is required. A formula is given 
which allows computational estimation of the highest system frequency which
(d) cost o f e ffe c t iv e  implementation.
can then lead to the establishment of the maximum time step that ensures 
stability. The Newmark family of approximations are found superior to either 
the Wilson or Houbolt methods since less than half as many time steps are 
required for comparable accuracy. In considering the numerical suppression 
of higher modes, both the Wilson and Houbolt unconditionally stable 
algorithms are shown to have considerable damping. This damping is in 
excess of that required to control spurious oscillation of the discrete 
approximation and may destroy more of the solution than is desirable. A 
technique for introducing controllable numerical damping into the Newmark 
method is outlined, but it is a data smoothing technique requiring considerable 
experience for effective use. Examples of oscillatory and impact problems 
are given and a detailed analysis of the Wilson-Farhoomand algorithm is 
presented in an appendix.
In an excellent comparative study of the behaviour of numerical
integration schemes in practical applications, Weeks^4 9  ^ has considered both
1linear and nonlinear problems. The Houbolt, Newmark ((3 = /4) and central
finite difference methods are evaluated in a series of numerical test cases 
involving single and multiple degree-of-freedom systems with and without 
damping. Weeks notes a significant absence in the literature of studies of 
such schemes in the presence of damping. A linear, viscously damped single 
degree-of-freedom system subjected to a step load function is examined and 
the Newmark and Houbolt schemes are shown to have little artificial 
attenuation whilst exhibiting a significant phase difference. For large time 
steps these two schemes result in an attenuation in the first cycle of the 
response which could lead to a considerable error in maximum stress 
predictions (no such attenuation error is found for undamped systems). The
numerical results obtained from the central difference scheme for this case 
are practically indistinguishable from the exact solution. Weeks then 
considers a fixed-fixed beam with nonlinear static deflection characteristics. 
For the undamped case with 6t = T/32, the Newmark and central difference
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schemes agree with the exact solution, whilst the Houbolt scheme exhibits 
some damping. With t = T/6, the damping in the Houbolt scheme is 
excessive, the central difference scheme becomes unstable and the Newmark 
scheme has some phase shift but produces an acceptable result. For the same 
nonlinear system with significant viscous damping, similar results were 
obtained. A  comparison is made between the Newton Raphson and the Load 
Extrapolation (pseudo-force) procedures for obtaining nonlinear solutions 
with the implicit schemes. The load extrapolation procedure is found to 
produce responses which are attenuated in comparison with those obtained by 
the Newton Raphson procedure. Finally, the nonlinear continuum problem of 
a thin cantilever rod with spatially continuous transverse loading is 
considered. Again, no new characteristics of the schemes are found as 
compared with the one degree-of-freedom system, and at larger time intervals 
the central difference and Newmark responses are indistinguishable. Weeks 
concludes that in many practical problems the choice of an implicit or 
explicit scheme becomes more a matter of personal preference. The Newmark 
scheme is indicated as being a more convenient and economical implicit method 
than the Houbolt scheme. Finally, on the basis of his numerical experiments, 
Weeks proposes that the central difference scheme is superior in all respects 
except where nonlinearities appear in the time derivatives of the differential
equations of motion.
(41)Park has evaluated integration methods for undamped nonlinear
dynamic analyses. This is achieved through an expression derived for the
accumulated errors in the numerical solution procedures. Park uses his
technique of displaying stability regions on a complex plane to compare the
1Houbolt, Newmark ((3 = /4) and Wilson methods as well as his own multistep
(23)method . On the basis of the maximum allowable step size yielded by his 
analysis, the methods are ranked as follows: the Park method, the Houbolt
method, the Wilson method and finally, the Newmark method. A further 
conclusion is that time integration methods with high numerical damping do
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not necessarily possess stability characteristics superior to those with 
less damping for nonlinear problems. It is interesting to note that Park 
suggests that the likely future expansion of storage resources and improve­
ments in data management systems will make the implicit methods become as
attractive as the explicit methods in terms of economy and ease of
implementation.
(42)Hilber and Hughes have studied in detail the dissipative
algorithms of the type first proposed by Wilson with particular reference
to 'collocation', dissipation and 'overshoot'. The term 'collocation' arises 
from the naming of 0 in Wilson's method as the 'collocation parameter*.
The authors define the following list of attributes as being necessary for 
a method to be competitive:
(a) Unconditional stability for linear problems;
(b) Solution of no more than one set of implicit equations
at each time step;
(c) Second-order accuracy;
(d) Controllable numerical dissipation at higher frequencies;
(e) Self starting algorithm.
Condition (a) leads to the rejection of explicit methods whilst (c) and (d)
cannot be satisfied simultaneously by the Newmark, and the Houbolt method
cannot satisfy (e). This assessment leads the authors to consider Wilson-
type methods which essentially satisfy the five attributes. However, the
Wilson 0 method has been shown to overshoot exact solutions of initial
(38)value problems and as a consequence refined collocation schemes are
studied. Additionally, the authors have developed schemes known as a
(43)methods which improve the numerical dissipation properties of the 
Newmark algorithms. The Houbolt, Park, collocation and a methods are 
compared and all are shown as being capable of damping out high modes. The 
Houbolt method is shown to have excessive damping and significant period 
error, whilse Park's method reveals good low-mode damping but has higher
27
period error than the collocation and a methods. The collocation schemes 
are seen to damp the low modes too strongly and the a methods are proposed 
as being the most effective. The authors claim that the overshooting 
tendency is an important independent factor to be considered when evaluating 
implicit schemes. This tendency is investigated for the critical condition 
of an initial displacement. Collocation schemes are shown to overshoot in 
velocity and displacement, but the a methods exhibit no overshoot in 
displacement. By comparison, the trapezoidal (average acceleration) method 
shows no overshoot tendencies, whilst the Wilson method has severe displace­
ment overshoot. In conclusion the authors indicate the need for further 
research into both the effect of viscous damping terms in integration 
schemes and the performance of a schemes in nonlinear analyses.
Felippa and Park have recently published a pair of papers which
present a unified approach to the implementation of direct time integration
(44)procedures. The first paper , which is restricted to linear analyses, 
considers the effect of computer implementation upon the performance of 
transient analysis programs. The second order equations of motion are
(21)reduced to a first order system using Jensen's auxiliary-vector procedure
Two linear multistep implicit integration operators are then applied to the
system to derive a set of coupled difference equations. This set contains
arbitrary weighting matrices which when given specific values yield algorithms
equivalent to those commonly in use as well as producing many unique
formulations. The choice of weighting function and the method of computing
temporal derivatives are stated as being crucial factors in the efficiency
of a particular implementation. Three basic paths are outlined for the
advancement of the computation through one time step and five different
formulations are studied in detail. A tabulation of the computational effort
involved for each specific formulation is given. A formulation referred to
as (JO) involving the Jensen method following a 'consistent' path is shown
(45as being preferable in most situations. In Felippa and Park's second paper
28
the propagation of computational error is investigated. Such errors are 
classified as either 'inherent' or 'operational'. Inherent error is due to 
uncertainty in the applied force specification whereas operational error 
results from the inexactness of the stepwise solution of the algebraic 
equations. The authors use a linear undamped oscillator to examine the 
propagated operational error as a function of time step size. In a novel 
approach the error analyses are based on the decomposition of the error 
sources over a frequency spectrum covering practical time increments. Low 
frequency error is found to be very dependent upon the form of implementation, 
whilst algorithmic properties of the integrator are not influential. However, 
both of the factors are significant in high frequency error propagation. It 
is shown that the best error control results from the use of one-derivative 
linear multistep methods in conjunction with the so-called path (0) 
implementation. The more conventional trapezoidal and average acceleration 
methods are considered and it is found that, under certain computational 
paths, these methods exhibit a numerical resonance phenomenon which 
amplifies the high frequency error components. In the opinion of the authors 
this effect renders the use of such techniques questionable in applications 
where the effective filtering of high frequency oscillations is required.
Key^4 8  ^ has reviewed the characteristics of principal time integration 
schemes presently in use. The review concentrates on the stability, accuracy 
and numerical damping of such schemes together with an examination of the 
synthesis of spatially discrete models. The optimal nature of the central 
difference method amongst the large variety of explicit schemes is discussed. 
A stability analysis is undertaken from which the following condition is 
derived,
4
5 t2 ^    (2.2a)
Xmax
-1X being the maximum eigenvalue of M K where M  is the mass matrix and 
K is the linear stiffness matrix. The Newmark (3 method which is still the
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most popular implicit method in use is examined and its application to non­
linear problems is discussed. The Hilber, Hughes and Taylor algorithm is 
mentioned as a logical replacement for these earlier procedures when used 
for transient seismic analysis. The superiority of the Newmark method over 
those due to Wilson, WiIson-Farhoomand and Houbolt, in terms of frequency 
distortion, numerical damping and its control is expounded. Emphasis is 
again placed on the selection of a compatible combination of spatial and 
temporal discrete models in order to achieve minimal frequency distortion.
Key divides analyses into the classes of impact and seismic response. For 
impact problems the lumped mass/central difference combination is recommended, 
whilst for seismic problems the consistent mass/implicit Hilber-Hughes- 
Taylor combination is suggested. The following bad combinations are noted 
by Key:
Central difference method - consistent mass
1Newmark method, 3 = /4 - lumped mass
1Newmark method, 3 = /12 - consistent mass.
Finally, the interesting problem of fluid-structure interaction is mentioned
where the stress wave motion in the fluid dictates an explicit scheme whereas
the low-frequency structural modes of interest suggest an implicit scheme.
The need for combined explicit-implicit operators is thus demonstrated and
(47 48)recent attempts at achieving this goal are described ’
The current state of knowledge with regard to explicit time integration
(49)is illustrated in a paper by Belytschko . Noting that the method is 
unsuitable for certain types of problem, Belytschko extols the virtues of 
explicit methods, i.e., ease of programming, low core store requirements and 
amenability to the modelling of complex materials and discontinuous phenomena. 
Using Fourier methods, the stability of the central difference method is 
analysed for linear systems. Using a diagonal mass matrix, the following 
stability criterion is derived,
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6t <  -  (2.2b)
c
where 1 is the minimum internodal length and c is the stress wave speed 
in the material. This corresponds to the Courant-Friedricks-Lewy 
condition^" ^. For comparison a similar expression is obtained for the 
consistent mass matrix in which a factor of appears in the denominator,
thus showing a reduction in the stability limit. The effect of geometric 
nonlinearity is considered briefly, with a recommendation that the time step 
be reduced by some 10-20% to ensure stability. The importance of maintaining 
energy balance throughout a computation is stressed and the author reports 
imbalances of less than 2% after as many as 50 thousand time steps operating 
on a 500 element idealisation using a 6-digit computer. The implementation 
of explicit schemes is discussed with examples showing the advantageous 
simple structure and minimal number of logical operations required.
A  corresponding insight into the present understanding and use of
(51)implicit schemes can be gained from a paper by Owen . The solution of 
linear elastic dynamic transient problems is considered as the basis for 
non-linear solution procedures. The Newmark, Houbolt and Wilson methods are 
summarized and compared to mode superposition techniques. The application 
of these methods in nonlinear analysis is pursued and a very useful listing 
of the steps involved in the implementation of each algorithm is given. The 
relevant expressions are quoted for nonlinear problems involving large 
deformations, elastoplasticity and viscoelastic-plastic material response. 
Under linear conditions the following optimum parameters are quoted - 
Newmark*s (3 = /4, Wilson's 0 = 1 . 4  and for highly nonlinear problems
Houbolt's method is given preference over those of Newmark and Wilson since 
it yields reasonably accurate solutions in realistic computer times. In 
conclusion Owen states that explicit methods are considered to be more 
economical for nonlinear transient problems than implicit techniques and it
is conceded that with the advent of 'virtual memory' computers they are 
conceivably economically superior to implicit schemes even for linear 
problems.
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ANALYSIS OF THE TRANSIENT RESPONSE 
OF TALL, SLENDER STRUCTURES
3.1 Problem Definition
The work described in this thesis arose from an interest in 
studying the response of slender masts to a variety of shock loads.
A method of computer analysis was required which was flexible and 
economical enough to allow design parameter studies to be undertaken.
The role of damping in the structural response was of particular interest 
and the method to be developed was to be amenable to the modelling of 
such effects. It was hoped that a technique could be produced which 
was applicable to a broad range of problems without reaching a level 
of sophistication which would restrict its potential as an 'in house' 
design aid.
3.1.1 Computational Requirement
In conducting a survey of existing engineering software, it 
became clear that a variety of sophisticated structural analysis 
packages were in existence. These packages can typically deal with 
linear and nonlinear problems including large deformations and inelastic 
behaviour was well as handling dynamic analyses. They are implemented 
on powerful mainframe computers and are consequently often quite 
expensive to use. Another drawback of such packages is that the 
computed information is usually dumped offline. This results in either 
a considerable volume of print-out which is difficult to assess or 
necessitates the use of relatively slow and costly plotting facilities. 
These factors can often lead to prohibitive cost in cases where it is 
necessary to conduct a parametric study in a problem of structural 
dynamics. The need for such studies often arises since unique or exact
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specification of important factors such as applied load functions and 
inherent structural damping is frequently impossible.
It was the above considerations which led to the decision to
develop a method of analysis which could be implemented on the current
generation of 'desktop' and low-level microprocessor-based single user
computers. Such devices afford significant cost advantages and there
is evidence that they are becoming preferred to mainframe systems in
the research and development environment. The limited capacity of
typical small computers does prohibit the use of highly sophisticated
analytical techniques, but nonetheless, perfectly adequate engineering
solutions can be produced for problems in structural dynamics. Little
effort appears to have been channelled in this direction, whilst at the
same time, the somewhat esoteric debates continue as to which algorithm
yields the optimum performance for particular large-scale finite element
(52)structural dynamics formulations. However, in 1977 Swanson did
consider the use of minicomputers for large-scale structural analysis.
He went as far as predicting that the shift in cost of software and
hardware, coupled with improving capabilities of stand-alone devices,
would lead to a situation where software was leased or sold and this
(53)form of hardware supplied by default. Furthermore, Beer recently
pointed to the advantageous cost/time ratio of low-level computing and
propounded their use in structural analysis as a complement to the
developed mainframe packages. Another attraction of low-level computers 
for dynamic analysis is the potential of their rapidly improving 
graphics facilities. In implementing the analysis developed here, full
use of such features has been made in order to both improve the
presentation of output data and to enhance the efficiency of the 
technique employed.
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dynamic response of masts of the 'pole* variety (i.e., without
supporting guys). However, the analysis was developed with the aim
of applying it to any slender vertical structure. Such structures
encompass many designs of tall buildings as well as towers, stacks and
pylons, in all of which horizontal loads are reacted by bending at the
base of the structure. In addition to their self-weight these structures
invariably have to withstand wind loading. Moreover, in more demanding
environments, extreme forms of loading such as blast pressure and
seismic excitation may be encountered. The study of the response of
slender structures is particularly relevant since the telecommunications
boom has produced an increasing necessity to build towers which are
(54,55)frequently in excess of 150 m tall . It is interesting to note
(56)that in their paper on radio towers, Creasy, Adams and Silhan 
state that ".... 'design' is by 'shape' rather than by 'stress 
analysis' and the latter is prepared from 'hindsight* after an acceptable 
'outline' has been determined."
The response of tall, slender structures to dynamic loading is
controlled to a large extent by the dissipative effects of structural
damping. Consequently the type of base support or foundation employed 
for the structure is of considerable importance - it has been shown 
that this can alter the effective damping of the structural motion by
(57)as much as a factor of three . The construction materials and
methods of fabrication found in such structures also play an important
role in the limitation of dynamic response through both hysteretic and 
slip damping. For these reasons the analysis was developed in a way 
which would allow various numerical models of the damping processes to 
be incorporated. The recently developed composite constructional 
materials often found in large, tall structures tend to have directional
3 . 1 . 2  S t r u c t u r a l  F o rm s  C o n s id e r e d
E a r l y  w o rk  b y  t h e  a u t h o r  w as c o n c e rn e d  w i t h  t h e  s tu d y  o f  t h e
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or nonlinear physical properties and this was also taken into 
consideration when choosing the appropriate analytical approach.
3.2 Related Work by Other Investigators
One of the earliest computer-based investigations into the
(58)dynamics of tall structures was conducted by Eringen in 1958 with
reference to the response of tall buildings to seismic excitation. The
flexural behaviour of a lumped-mass model subjected to random
translational base excitation in a single plane was studied using a
statistical approach rather than a deterministic time integration
analysis. This work, which laid the foundations for many subsequent
computer analyses of random structural excitation, demonstrated the
feasibility of using the lumped-parameter numerical model in structural 
(59)dynamics. Young has produced a review paper covering the analysis 
of the response of various forms of structure to ground shock 
excitation. Amongst the problems considered is an undamped lumped- 
mass cantilever beam subjected to a transverse base shock due to a 
displacement, velocity or acceleration pulse. The analytical technique 
used by Young was the normal mode (modal superposition) method, although 
time integration techniques were noted as being equally applicable and 
indeed preferable for nonlinear problems. The determination of exact 
maxima and minima for the structural displacements, accelerations and 
bending moments by the normal-mode method was shown to be quite 
laborious, whilst upper bound values could be found relatively easily.
In addressing the problem of creating suitable lumped-mass idealisations 
Young suggested the analysis of a number of representative models on an 
iterative basis such that an optimum solution with asymptotic response 
results could be found. In the author's opinion this approach is quite 
inefficient and could quite possibly converge to a solution which is 
optimal for an initially erroneous idealisation and not necessarily a
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The response of line-like structures, including tall masts and
stacks, to a gusty wind has been investigated by Davenport^8 9 ^. In
this study Eringen's statistical approach is simplified by uncoupling
the vibrational modes of the structure for separate analysis and
subsequent superimposition. This approach would, however, appear to
be valid only for cases in which the damping is minimal and the natural
frequencies of vibration are well separated. The importance of
incorporating the spatial as well as the temporal variations in applied
loading is well illustrated and Davenport concludes that transient
dynamic behaviour is becoming increasingly important since modern design
and construction methods lead to relatively flexible structures.
During recent years the dynamic behaviour of several tall structures
has been studied using simple 'one-dimensional' numerical models as
(6 T )typified by Waller's investigation of the 260 metre Drax chimney.
A linked pair of parallel, 11 node beams was used to represent the 
flues and the surrounding chimney shell, the structural response having 
been considered to be too complex for an adequate wind tunnel model 
representation. By applying unit sinusoidal transverse forcing 
functions to each node in turn a response spectrum was built up and 
the effect of various designs of dynamic energy absorber was 
demonstrated. It is interesting to note that Waller chose the number 
of nodes to coincide with the number of sections from which the real 
structure was fabricated. This would appear to be a somewhat arbitrary 
choice since the complete structure is substantially homogeneous and 
thus the use of slightly fewer nodes would have yielded adequate 
numerical results.
The interaction between the base of tall structures and the 
surrounding foundation material can have an important influence upon 
the dynamic structural behaviour. This has been investigated by
g o o d  r e p r e s e n t a t i o n  o f  t h e  r e a l  s t r u c t u r e .
as a weightless cantilever beam with a single concentrated tip mass.
(62)This very simple idealisation was used successfully by Parmalee 
in his early investigations of soil-structure interaction. In order 
to model the flexibility of the foundation, Sarrazin, et al., set the 
cantilever into a base which has freedom to translate and rotate in 
the plane of loading under the constraint of linear springs and dash- 
pots. The use of this approximate, frequency-independent, lumped- 
parameter simulation to replace the conventional frequency-dependent 
soil compliance functions is shown to produce good comparative results 
for cases of simulated translational seismic excitation. Another 
increasingly important aspect of structure-media interaction is the 
case which arises when a structure is submerged in water and Liaw and 
C h o p r a ^ h a v e  conducted an analysis of towers in such an environment 
Although the modal superposition approach is used, they indicate that 
a time integration scheme would probably yield more useful high 
frequency response information for such problems. In their analysis 
the effects of hydrodynamic interaction are modelled using the concept 
of 'added-mass' at the nodal points and compressibility effects are 
shown to be negligible for slender towers. In studying the response 
to seismic excitation Liaw and Chopra have concentrated upon the lower 
frequency vibrational modes. It does, however, seem probable that the 
added-mass approach would become less accurate for the high frequency 
modes since the additional mass distribution, which is dependent upon 
the mode shape, is normally calculated from the fundamental mode shape 
As previously mentioned, there are several sophisticated, but 
expensive, large-scale structural dynamics computer programs available
and it is of interest to compare their performance with the less
^ ^  m ^ (65) ,complex procedures considered m  this thesis. To this end Das has
taken experimental readings from a 32 metre open-truss steel tower for
(63)
S a r ra z s in ,  R o e s s e t  an d  W h itm a n  who r e p r e s e n t  t h e  e n t i r e  s t r u c t u r e
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comparison with response predictions yielded by a simple lumped- 
parameter model and by the NASTRAN finite element package. The simple 
model utilised only six lumped-mass nodes whilst the NASTRAN model 
used 307 elements and in both cases both the flexural and torsional 
modes of free vibration response were investigated. In comparing the 
numerically predicted frequencies of vibration for the first five modes 
with those obtained from the real structure the errors in the NASTRAN 
prediction ranged from 0.5% to 3% whilst those from the simple model 
ranged from 1% to 13%. These frequency errors are of little significance 
as far as the stressing of the tower is concerned and unfortunately Das 
does not carry the investigation on to the case of active loading where 
a more meaningful comparison of the relative accuracies of the methods 
might be found. It is, however, interesting to note that Das found 
difficulty in interpreting the results of the finite element model and 
concluded that the simpler model facilitated the detection of gross 
defects and differentiation between important modes and inconsequential 
local vibration.
(66)A recent investigation by Papadopolous and Trujillo further 
emphasises the importance of the foundation upon the response of tall 
structures. In their work simple homogeneous beams supported by 
translational and rotational springs are used as the idealised model.
Data is derived which demonstrates the effect of the base flexibility 
upon the first natural frequency of vibration for a 'universal* range 
of beam geometries. In particular it is shown that the rotational 
'stiffness' of the foundation controls the dynamic structural behaviour 
when first mode vibration is dominant. It should, however, be remembered 
that often the mass and elastic properties of real tall structures are 
not homogeneous and that consequently the work of Papadopolous and 
Trujillo gives only a qualitative assessment of the influence of the 
base springs.
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In this brief review of the use of simple lumped-parameter 
models by workers for a range of problems involving tall structures, 
it is apparent that such a technique is a good practical tool for the 
structural analyst. Nonetheless, it is somewhat surprising that in 
forming their discrete idealisations, many workers appear to neglect 
some of the rudimentary procedures as outlined in the following section. 
This has led to the widely held belief that the lumping procedure is 
an intuitive process which relies largely upon the experience of the 
analyst. Whilst such an approach can lead to a correct idealisation, 
it should not be forgotten that more rigorous and reliable methods are 
available as outlined by Shigley (see Bibliography). It is also clear 
that very specific models tend to be developed for particular problems 
and that little attempt has been made to adopt a more general model 
which could be used as the basis for a variety of problems involving 
the response of tall, slender structures. This is particularly 
noticeable as far as the modelling of structural support conditions is 
concerned and it is the author's intention to present a method of 
idealisation that allows a considerable variety of support conditions 
to be simulated.
3.3 Development of the Analysis
The first step in the analysis of the mast-like structures 
considered in this thesis is to make appropriate simplifying 
assumptions. Such assumptions are necessary to yield an efficient 
procedure, but must nonetheless retain the essential features of the 
real structure. In the most general case, a structure may be subjected 
to a combination of loads acting in any of three independent orthogonal 
directions and will subsequently respond in the three corresponding 
mutually perpendicular planes. Under normal conditions however, the 
transverse flexural deformations of slender, vertical structures will
induce the greatest stresses. Dynamic forcing of any great magnitude 
in the axial direction is unusual and, if present at all, will not 
essentially affect the transverse dynamic response. For these reasons, 
only lateral loading and flexural deformation are considered in the 
ensuing analysis. Furthermore, only a single plane of transverse 
motion will be analysed, with just one directional coordinate being 
required to define the deformation of any part of the structure. This 
•one-dimensional’ approach is justifiable since the substantial 
symmetry of the slender structures allows any transverse plane to be 
considered as 'typical’. Consequently, the plane-of-action of the most 
severe components of loading should normally be selected in order to 
obtain a prediction of the largest stresses and deflections in the 
structure.
Generally the structural forcing will have components in more 
than one lateral direction, as in the cases of wind gust and seismic 
excitation, and will result in a two-dimensional transverse response. 
However, in some instances the lateral forcing function may be strongly 
unidirectional (e.g. mechanical or air-blast loading) resulting in 
response which is substantially contained within a single transverse 
plane. In cases where there is significant lateral loading in more 
than one direction, and a more critical analysis is required, it is a 
simple matter to apply the one-dimensional analysis in two mutually 
perpendicular transverse planes using appropriate components of the 
forcing functions. Provided that such an analysis does not contain 
any nonlinearities, the two resulting response predictions may be 
subsequently superposed to yield the overall flexural structural motion 
Such an approach may be considered a gross oversimplification, but 
diverse work by many researchers has shown that, with careful modelling 
many useful results may be o b t a i n e d 8 8 ’ . Whilst such models 
cannot possibly simulate every subtlety of the complex response of a ■
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real structure, they do very successfully predict the gross stresses 
and deformations which are of interest to the practising engineer.
The dynamic response of tall buildings and tower-like structures 
is usually dominated by the first natural frequency of vibration and 
simple bending or shear beams can offer a very good approximation to 
such behaviour. The structures under consideration have substantial 
axial symmetry and are supported at their base only... Consequently, a 
vertically oriented cantilever-type beam has been chosen to form a 
suitable basis for the idealised analytical model. The planar 
differential equation for the equilibrium of such a uniform beam in 
the absence of externally applied load is,
of the beam. This type of beam is often called the Timoshenko beam 
and is suitable for problems with dominant shear effects and thus forms 
a representative model of many multilevel buildings. However, this 
analysis is concerned with slender structures in which the shear effects 
may be neglected. If the structure also has minimal rotatory inertia 
a simplified form of (3.3a), known as the Euler beam, is obtained. The 
general governing equation for a non-uniform Euler beam under the 
action of externally applied load, again for the case of planar 
response, is
It is this equation that effectively describes the structural behaviour 
of interest in the analysis. Exact solutions to (3.3b) can only be 
found for a limited number of relatively simple cases. For this reason
\ 4 o u
EI  r +
2 2 \4 m r o u
+
Y a g  it4
(3.3a)
2
where Y  Is the shear shape factor and r is the radius of gyration
(3.3b)
42
r e d u c e  t h e  c o n t i n u u m  t o  a  s y s t e m  w i t h  a  f i n i t e  n u m b e r  o f  d e g r e e s  o f
f r e e d o m .  T h i s  a p p r o a c h  i n v o l v e s  t h e  c o n d e n s a t i o n  o f  d i s t r i b u t e d
s t r u c t u r a l  p r o p e r t i e s  i n t o  a  f i n i t e  n u m b e r  o f  n o d a l  p o s i t i o n s .  T h e
v a r i a n t  u s e d  i n  t h i s  a n a l y s i s  i s  t o  ' l u m p ’  t h e  s t r u c t u r a l  m a s s  a t  t h e
n o d a l  p o i n t s  w h i l s t  a l l o w i n g  t h e  f l e x i b i l i t y  t o  r e m a i n  d i s t r i b u t e d .
T h i s  ' l u m p e d - m a s s '  m o d e l l i n g ,  w h i c h  i s  o f t e n  a t t r i b u t e d  t o  
(6 V)
M y k l e s t a d  ,  i s  t h e  o p t i m u m  c h o i c e  f o r  t h e  t y p e  o f  t i m e - i n t e g r a t i o n
s c h e m e  t o  b e  u t i l i s e d  s u b s e q u e n t l y .  I t  a l s o  h a s  t h e  a d v a n t a g e  o f
b e i n g  a n  a p p r o a c h  w h i c h  i s  f a m i l i a r  t o  m a n y  e n g i n e e r s .  O t h e r  v a r i a n t s
s u c h  a s  ' l u m p e d  m a s s  -  l u m p e d  f l e x i b i l i t y '  a n d  ' c o n t i n u o u s  m a s s  -
l u m p e d  f l e x i b i l i t y '  a r e  p o s s i b l e  a n d  t h e i r  r e l a t i v e  a c c u r a c i e s  h a v e
(68)
b e e n  i n v e s t i g a t e d  b y  L e c k i e  a n d  L i n d b e r g  ,  w h o  c a l c u l a t e d  t h e  
c o n c o m i t a n t  f r e q u e n c y  e r r o r s  f o r  v a r i o u s  f i x i n g  c o n d i t i o n s  a s  a  
f u n c t i o n  o f  t h e  n u m b e r  o f  n o d e s  u s e d .  T h e  s t a n d a r d  l u m p e d - m a s s  m o d e l  
w a s  f o u n d  t o  g i v e  e x c e l l e n t  r e s u l t s  f o r  t h e  s i m p l y - s u p p o r t e d  a n d  
b u i l t - i n  c a s e s  w i t h  t h e  f r e q u e n c y  e r r o r  v a r y i n g  i n v e r s e l y  a s  t h e  f o u r t h  
p o w e r  o f  t h e  n u m b e r  o f  n o d e s  a n d  b e i n g  a b o u t  0 . 5 %  f o r  a  f i v e  n o d e  
i d e a l i s a t i o n .  B y  c o m p a r i s o n  a  c o r r e s p o n d i n g  c o n c e n t r a t e d  e l a s t i c i t y  
m o d e l  n e e d e d  2 5  n o d e s  t o  y i e l d  s i m i l a r  f r e q u e n c y  a c c u r a c y  f o r  t h e  s a m e  
c a s e s ,  b u t  g a v e  b e t t e r  r e s u l t s  f o r  t h e  c a s e  o f  a  ' f r e e '  b e a m .  L e c k i e  
a n d  L i n d b e r g  c o n s e q u e n t l y  c o n c l u d e d  t h a t  t h e r e  w a s  n o t  a n  o p t i m u m  m o d e l  
w h i c h  w a s  e n t i r e l y  s a t i s f a c t o r y  u n d e r  a l l  c i r c u m s t a n c e s .
W e n  a n d  T o r i d i s ^ 8 9 ^ h a v e  s t u d i e d  t h e  t h r e e  d i s c r e t e  m o d e l s  
d e s c r i b e d  a b o v e  a s  u t i l i s e d  i n  t h e  e l a s t o - i n e l a s t i c  a n a l y s i s  o f  b e a m s  
b y  n u m e r i c a l  i n t e g r a t i o n .  T h e y  s t a t e  t h a t  t h e  r e l a t i v e  a c c u r a c y  o f  t h e  
v a r i o u s  m e t h o d s  i s  l a r g e l y  d e p e n d e n t  u p o n  t h e  c h a r a c t e r i s t i c s  o f  t h e  
s t r u c t u r e  a n d  i t s  l o a d i n g .  I n  o r d e r  t o  a s s e s s  t h e  a c c u r a c y  o f  t h e  
i d e a l i s a t i o n s ,  t h e  c a s e  o f  a  s i m p l y  s u p p o r t e d  b e a m  w i t h  a  m i d - p o i n t  
i m p a c t  l o a d  w a s  m o d e l l e d  b y  e a c h  t y p e  o f  d i s c r e t i s a t i o n  a n d  t h e
the approximate approach o f f in i t e  d ifferen ce  an a lysis  i s  used to
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r e s p o n s e s  c o m p a r e d  w i t h  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  o f  o t h e r  
w o r k e r s .  A s  t h e  n u m b e r  o f  n o d e s  u s e d  w a s  r e f i n e d  t h e  p e a k  d e f l e c t i o n s  
p r e d i c t e d  b y  e a c h  m o d e l  c o n v e r g e d  t o  t h e  s a m e  v a l u e .  T h e  e r r o r s  f o u n d  
i n  m a x i m u m  m i d s p a n  d e f l e c t i o n  e s t i m a t i o n  r a n g e d  f r o m  + 1 4 %  f o r  a  f o u r  
n o d e  ' l u m p e d  f l e x i b i l i t y  -  c o n t i n u o u s  m a s s '  m o d e l  t o  - 4 %  f o r  a n  e i g h t  
n o d e  ' l u m p e d  m a s s  -  c o n t i n u o u s  f l e x i b i l i t y '  m o d e l .  F r o m  t h e  s o m e w h a t  
l i m i t e d  a m o u n t  o f  i n f o r m a t i o n  o b t a i n e d  i n  t h i s  w a y  i t  w a s  s u g g e s t e d  
t h a t  a n y  o f  t h e  t h r e e  t y p e s  o f  s p a t i a l  i d e a l i s a t i o n  c o u l d  y i e l d  
s t r u c t u r a l  d e f o r m a t i o n  p r e d i c t i o n s  w h i c h  w o u l d  b e  s a t i s f a c t o r y  f o r  
m o s t  p r a c t i c a l  p u r p o s e s .
I n  c r e a t i n g  a  l u m p e d - m a s s  m o d e l  i t  i s  u s u a l l y  q u i t e  s t r a i g h t ­
f o r w a r d  t o  d e t e r m i n e  t h e  m a g n i t u d e  a n d  p o s i t i o n  o f  n o d a l  m a s s e s  
e q u i v a l e n t  t o  s i g n i f i c a n t  m a s s  c o n c e n t r a t i o n s  o n  t h e  r e a l  s t r u c t u r e .  
T h e  s i m u l a t i o n  o f  t h e  d i s t r i b u t e d  s t r u c t u r a l  s e l f - w e i g h t  d o e s ,  h o w e v e r ,  
r e q u i r e  c a r e f u l  c o n s i d e r a t i o n .  S u i t a b l e  m e t h o d s  a n d  t e c h n i q u e s  t o  
a c h i e v e  t h i s  a r e  d i s c u s s e d  a t  l e n g t h  b y  S h i g l e y  ( s e e  B i b l i o g r a p h y ) .  
T h e r e  a r e  e s s e n t i a l l y  t w o  w a y s  o f  a p p r o x i m a t i n g  a  u n i f o r m  b e a m  b y  a  
d i s c r e t e  s y s t e m .  T h e  f i r s t  i s  a  d e v e l o p m e n t  o f  a  m e t h o d  p r o p o s e d  b y  
R a y l e i g h ^ i n v o l v i n g  t h e  s p l i t t i n g  o f  t h e  b e a m  i n t o  n  e q u a l  
s e c t i o n s  a n d  r e p l a c i n g  t h e  m a s s ,  m ,  o f  e a c h  s e c t i o n  b y  t w o  e q u a l  
c o n c e n t r a t e d  m a s s e s ,  m / 2 ,  a t  e a c h  e n d  o f  t h e  s e c t i o n .  T h i s  r e s u l t s  
i n  a  m o d e l  w i t h  n  +  1  e q u i s p a c e d  m a s s e s  a l l  o f  v a l u e  m ,  w i t h  t h e
e x c e p t i o n  o f  b o t h  e x t r e m e  e n d  n o d e s  w h i c h  h a v e  m a s s  m / 2 .  T h e  s e c o n d
(71)
m e t h o d  i s  d u e  t o  D u n c a n  a n d  i n v o l v e s  t h e  r e p l a c e m e n t  o f  e a c h
s e c t i o n ' s  d i s t r i b u t e d  m a s s ,  m ,  b y  a  c o n c e n t r a t e d  m a s s ,  m ,  a t  t h e
section's mid-point. This results in a model with n equal masses of
v a l u e  m ,  b u t  w i t h o u t  n o d a l  m a s s  c o n c e n t r a t i o n s  a t  t h e  t w o  e x t r e m e
ends. Duncan has shown that the error involved in the estimation of
t h e  n a t u r a l  f r e q u e n c i e s  o f  a  c a n t i l e v e r  b e a m  d i s c r e t i z e d  i n  t h i s  w a y
2
i s  i n v e r s e l y  p r o p o r t i o n a l  t o  n  ,  w i t h  a t  l e a s t  t h i r t e e n  n o d e s  p e r
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c o m p l e t e  w a v e l e n g t h  b e i n g  n e c e s s a r y  f o r  a n  e r r o r  o f  l e s s  t h a n  1 % .
T h e  c a s e  o f  p i n n e d - p i n n e d  b e a m s  h a s  b e e n  i n v e s t i g a t e d  b y  
( 72)
L i v e s l e y  ,  w h o  f o u n d  t h a t  b o t h  t h e  R a y l e i g h  a n d  D u n c a n  m e t h o d s  o f
m a s s  c o n c e n t r a t i o n  y i e l d e d  f r e q u e n c y  e r r o r s  i n  i n v e r s e  p r o p o r t i o n  t o  
4  ( 7 3 )
n  .  G l a d w e l l  h a s  o b t a i n e d  e x a c t  f r e q u e n c y  e q u a t i o n s  f o r  b o t h  o f
t h e  m e t h o d s  f o r  a n  a r b i t r a r y  n u m b e r  o f  n o d e s  a n d  h a s  g o n e  o n  t o  s h o w
t h a t  t h e  e r r o r  i n  t h e  R a y l e i g h  m e t h o d  i s  n u m e r i c a l l y  d o u b l e  t h a t  o f
t h e  D u n c a n  m e t h o d  a n d  o f  o p p o s i t e  s i g n .  A s  i m p l i e d  b y  D u n c a n  t h e
f r e q u e n c y  e r r o r  f o r  a  g i v e n  n u m b e r  o f  n o d e s  i s  f o u n d  t o  b e  d e p e n d e n t
u p o n  t h e  r a t i o  o f  t h e  v i b r a t i o n a l  w a v e l e n g t h  t o  t h e  l e n g t h  o f  t h e  b e a m
b e i n g  i d e a l i s e d .  T y p i c a l l y ,  a  c a n t i l e v e r  b e a m  o f  l e n g t h  e q u a l  t o  o n e
w a v e l e n g t h  o f  i t s  f u n d a m e n t a l  f r e q u e n c y  w o u l d  y i e l d  a n  e r r o r  o f  a b o u t
4 %  f o r  a  f i v e  n o d e  R a y l e i g h  i d e a l i s a t i o n .  T h e  p e r f o r m a n c e  o f  t h e
R a y l e i g h  l u m p e d - m a s s  m o d e l  o f  a n  E u l e r  c a n t i l e v e r  b e a m  h a s  b e e n
(74)
i n v e s t i g a t e d  b y  N e u b e r t  f o r  t h e  c a s e s  o f  c y c l i c  a n d  s h o c k  l o a d i n g .
T h e  p r e d i c t e d  m o b i l i t y  b e h a v i o u r  f o r  t h e  c a s e  o f  s i n u s o i d a l  l o a d i n g  
l e d  t o  e r r o n e o u s  c o n c l u s i o n s  u n l e s s  o n l y  t h e  2 5 %  o f  c a l c u l a t e d  m o d e s  
w i t h  t h e  l o w e s t  f r e q u e n c i e s  w e r e  c o n s i d e r e d .  H o w e v e r ,  f o r  s h o c k  
p r o b l e m s  t h e  a p p r o x i m a t i o n  w a s  f o u n d  t o  y i e l d  a c c u r a t e  m o d a l  c o m p o n e n t s  
f o r  a  l a r g e  p e r c e n t a g e  o f  t h e  m o d e s  a n d  w a s  c o n s i d e r e d  s u f f i c i e n t l y  
p r e c i s e  f o r  p r a c t i c a l  c a l c u l a t i o n s .
H a v i n g  d e c i d e d  u p o n  t h e  b a s i c  f o r m  o f  t h e  i d e a l i s a t i o n ,  s o m e  
a t t e n t i o n  w a s  p a i d  t o  t h e  m o d e l l i n g  o f  t h e  s u p p o r t  c o n d i t i o n s .  T w o  
a p p r o a c h e s  h a v e  b e e n  u s e d  i n  t h e  p a s t .  T h e  f i r s t  i s  t o  s i m p l y  c o n s i d e r  
t h e  i d e a l i s e d  b e a m  a s  a  t r u e  c a n t i l e v e r  i n  t h e  e n c a s t r e  c o n d i t i o n .
T h i s  a p p r o a c h  h a s  o b v i o u s  l i m i t a t i o n s  i n  t h a t  i t  c a n n o t  b e  u s e d  t o
s i m u l a t e  t h e  e f f e c t s  o f  f l e x i b i l i t y  i n  t h e  s u p p o r t i n g  s t r u c t u r e  o r
, , , . ( 6 2 , 6 3 , 7 5 )
f o u n d a t i o n .  T o  o v e r c o m e  t h e s e  r e s t r i c t i o n s ,  w o r k e r s
c o n c e r n e d  w i t h  t h e  r e s p o n s e  o f  t a l l  b u i l d i n g s  h a v e  d e v e l o p e d  l u m p e d
p a r a m e t e r  m o d e l s  o f  t h e  f o l l o w i n g  f o r m .  T h e  i d e a l i s e d  b e a m  h a s  i t s
b a s e  s e t  i n  t h e  e n c a s t r e  c o n d i t i o n  i n t o  a  r i g i d  b l o c k  w h o s e  m a s s  r a n g e s  
f r o m  t h a t  o f  t h e  t o t a l  m a s s  o f  t h e  s t r u c t u r e ,  i f e ,  t o  a  v a l u e  a s  h i g h  
a s  1 0 0  m g ,  d e p e n d i n g  u p o n  t h e  f o u n d a t i o n  c o n d i t i o n  t o  b e  m o d e l l e d .
T h i s  b l o c k  i s  f r e e  t o  t r a n s l a t e  a n d  r o t a t e  i n  t h e  p l a n e  o f  t r a n s v e r s e  
v i b r a t i o n ,  b u t  i t s  m o t i o n  i s  l i m i t e d  b y  a p p r o p r i a t e  c o m b i n a t i o n s  o f  
s p r i n g s  a n d  v i s c o u s  d a m p e r s  w h i c h  s e r v e  t o  s i m u l a t e  t h e  s o i l  c o m p l i a n c e  • 
f u n c t i o n s .  T h e  a u t h o r  h a s  r e j e c t e d  t h i s  a p p r o a c h  o n  t w o  c o u n t s .
F i r s t l y ,  t h e  a p p r o a c h  i s  l i m i t e d  i n a s m u c h  a s  t h e  b e a m  i s  s t i l l  
c o n s t r a i n e d  t o  h a v e  z e r o  r o t a t i o n  r e l a t i v e  t o  i t s  i m m e d i a t e  s u p p o r t  
p o i n t .  C o n s e q u e n t l y ,  a l t h o u g h  r o c k i n g  i s  a l l o w e d  b y  r o t a t i o n  o f  t h e  
s u p p o r t  b l o c k ,  t h e  m o d e s  o f  v i b r a t i o n  a r e  r e s t r i c t e d  t o  t h o s e  o b t a i n a b l e  
f r o m  t h e  e n c a s t r e  c a n t i l e v e r  c o n d i t i o n .  S e c o n d l y ,  t h e  a n a l y s i s  
d e v e l o p e d  h e r e i n  w a s  t o  b e  a p p l i e d  t o  t o w e r  s t r u c t u r e s  w h i c h  w e r e  n o t  
n e c e s s a r i l y  s u p p o r t e d  b y  t h e  g r o u n d  ( e . g .  s u p e r s t r u c t u r a l  m a s t s  o n  a  
s h i p )  a n d  f o r  w h i c h  t h e  c o m p l i a n c e  m o d e l l i n g  t e c h n i q u e  w a s  n o t  e n t i r e l y  
s u i t a b l e .  T h e s e  c o n s i d e r a t i o n s  l e d  t o  t h e  d e v e l o p m e n t  o f  a  l u m p e d  
p a r a m e t e r  m o d e l  w h i c h  u t i l i s e d  t w o  ' p i n - t y p e '  s u p p o r t  p o i n t s  a s  s h o w n  
i n  F i g u r e  1 .  T h i s  m o d e l  i s  c o n s i d e r e d  t o  b e  m o r e  v e r s a t i l e  t h a n  t h o s e  
p r e v i o u s l y  p r o p o s e d  f o r  t h e  f o l l o w i n g  r e a s o n s :
1 .  B a s e  e x c i t a t i o n  d u e  t o  b o t h  i m p u l s i v e  m o m e n t s  a n d  t r a n s v e r s e  
d i s p l a c e m e n t s  m a y  b e  m o d e l l e d  b y  a l l o w i n g  m o v e m e n t  o f  o n e
o r  b o t h  o f  t h e  n o d a l  s u p p o r t  p o i n t s .
2 .  T h e  e n c a s t r e  c o n d i t i o n  c a n  b e  m o d e l l e d  b y  m a k i n g  t h e
s t i f f n e s s  o f  t h e  i n t e r - s u p p o r t  e l e m e n t  s e v e r a l  o r d e r s  o f  
m a g n i t u d e  l a r g e r  t h a n  t h a t  o f  t h e  o t h e r  c o n n e c t i n g  b e a m  
e l e m e n t s .
3 .  T h e  e f f e c t s  o f  e n e r g y  l o s s  a t  t h e  s t r u c t u r a l  s u p p o r t
j u n c t i o n s  m a y  b e  s i m u l a t e d  b y  t h e  i n s e r t i o n  o f  r o t a t i o n a l
d a m p i n g  e l e m e n t s  a t  n o d e s  n + 1  a n d  n + 2 .
4 .  S o i l  c o m p l i a n c e  f u n c t i o n s ,  w h e n  a p p r o p r i a t e ,  m a y  b e  m o r e
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r e a l i s t i c a l l y  m o d e l l e d  b y  h a v i n g  a  s e r i e s  o f  e l e m e n t s  
a l o n g  t h e  b a s e  e l e m e n t  w i t h  g r a d u a t e d  d i s s i p a t i o n  
p r o p e r t i e s .
5 .  T h e  d i a p h r a g m  t y p e  o f  s u p p o r t  o f t e n  f o u n d  o n  s u p e r -
s t r u c t u r a l  t o w e r s  i s  m o r e  a c c u r a t e l y  m o d e l l e d  w i t h  t h i s  
a p p r o a c h .
T h e  n e x t  s t a g e  i n  t h e  d e v e l o p m e n t  o f  t h e  a n a l y s i s  w a s  t o  
f o r m u l a t e  t h e  g o v e r n i n g  e q u a t i o n  ( 3 . 3 b )  i n  s u c h  a  w a y  a s  t o  a l l o w  t h e  
s o l u t i o n  o f  t h e  d i s c r e t i z e d  m o d e l .  T h e  o r i g i n a l  a n a l y s i s  w a s  
d e v e l o p e d  f o r  u s e  o n  a  1 6  K  m i c r o c o m p u t e r  u s i n g  a  r e s t r i c t e d  f o r m  o f  
t h e  B a s i c  l a n g u a g e  w i t h o u t  a n y  m a t r i x  m a n i p u l a t i o n  s t a t e m e n t s .  T h e  
a p p r o a c h  u s e d  w a s  t o  c o n s i d e r  t h e  e q u i l i b r i u m  o f  a  t y p i c a l  b e a m  
e l e m e n t ,  f r o m  w h i c h  a n  e x p l i c i t  f o r m u l a t i o n  o f  t h e  f o r c e - d i s p l a c e m e n t  
b e h a v i o u r  o f  t h e  w h o l e  m o d e l  w a s  d e v e l o p e d .  T h i s  p r o c e d u r e ,  w h i c h  i s  
d e t a i l e d  i n  A p p e n d i x  A ,  w a s  s u c c e s s f u l l y  i m p l e m e n t e d  a n d  u s e d  t o  p r o v e  
t h e  p e r f o r m a n c e  o f  t h e  t i m e  i n t e g r a t i o n  s c h e m e  t h a t  w a s  e m p l o y e d .
F u r t h e r  c o n s i d e r a t i o n  o f  t h e  r e p r e s e n t a t i o n  o f  t h e  e n e r g y  
d i s s i p a t i o n  e f f e c t s  i n  s u c h  s t r u c t u r e s  l e d  t o  t h e  n e c e s s i t y  o f  
i n c o r p o r a t i n g  d i s c r e t e  d a m p i n g  e l e m e n t s  a t  p a r t i c u l a r  n o d e s  o f  t h e  
i d e a l i s a t i o n .  T h e  o r i g i n a l  a n a l y s i s  w a s  n o t  s u i t e d  t o  s u c h  r e f i n e m e n t s  
a n d  t h i s  l e d  t o  t h e  f o l l o w i n g  f o r m u l a t i o n  u s i n g  s t r a i n  e n e r g y  
p r i n c i p l e s .  T h e  s u b s e q u e n t  u s e  o f  a  m o r e  v e r s a t i l e  d e s k t o p  c o m p u t e r  
w i t h  g o o d  m a t r i x  h a n d l i n g  f a c i l i t i e s  a l s o  b e n e f i t t e d  f r o m  t h i s  m o r e  
u n i f i e d  m a t r i x  a p p r o a c h .  T h e  d i s c r e t e  v e r s i o n  o f  b e n d i n g  e q u a t i o n  
( 3 . 3 b )  c a n  b e  w r i t t e n  a s
[ m ]  { u }  +  [ k ]  [ u ]  =  [  P C t ) j  ( 3 . 3 c )
T h i s  e q u a t i o n  i s  f o r  t h e  c a s e  o f  u n d a m p e d  d y n a m i c  r e s p o n s e  a n d  i s  
a p p l i c a b l e  t o  a n y  d i s c r e t e  m o d e l  o f  s t r u c t u r a l  b e h a v i o u r .  m  i s
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a  d i a g o n a l  m a t r i x  c o n t a i n i n g  t h e  l u m p e d  m a s s e s ,  J i s  t h e  
' s t i f f n e s s '  m a t r i x  a n d  [  F ( t ) ^  i s  t h e  v e c t o r  o f  e x t e r n a l l y  a p p l i e d  
n o d a l  l o a d s .  V e c t o r s  ( u ^  a n d  [ u ^  c o n t a i n  t h e  i n s t a n t a n e o u s  n o d a l  
a c c e l e r a t i o n s  a n d  d e f l e c t i o n s  r e s p e c t i v e l y .  A l l  o f  t h e  m a t r i c e s  a n d
v e c t o r s  a r e  o f  o r d e r  n  f o r  a  m o d e l  h a v i n g  n  d e g r e e s  o f  f r e e d o m .
T h e  e q u i v a l e n c e  o f  t h e  d i s c r e t e  a n d  c o n t i n u o u s  m o d e l s  c a n  b e  s e e n  b y  
c o m p a r i n g  e q u a t i o n s  ( 3 . 3 b )  a n d  ( 3 . 3 c ) .  T h e  c o e f f i c i e n t s  o f  [ k J  a r e  
o f t e n  k n o w n  a s  t h e  s t i f f n e s s  i n f l u e n c e  c o e f f i c i e n t s  a n d  t h e y  r e p r e s e n t  
t h e  f o r c e s  d e v e l o p e d  i n  a  s t r u c t u r e  w h e n  a  u n i t  d i s p l a c e m e n t  i s  
i n t r o d u c e d  a t  o n e  n o d a l  p o i n t  a n d  n o  o t h e r  n o d a l  d i s p l a c e m e n t s  a r e  
p e r m i t t e d .
T h e  c o n c e p t  o f  f l e x i b i l i t y  i s  i m p o r t a n t  s i n c e  t h e  f l e x i b i l i t y  
m a t r i x  w i l l  b e  d e r i v e d  i n i t i a l l y  f r o m  t h e  e n e r g y  a n a l y s i s .  T h e  
f l e x i b i l i t y  i n f l u e n c e  c o e f f i c i e n t  f  o f  a  f l e x i b i l i t y  m a t r i x  £ f j  
r e p r e s e n t s  t h e  d e f l e c t i o n  a t  a  n o d e  i  d u e  t o  t h e  a p p l i c a t i o n  o f  a  
u n i t  l o a d  a t  n o d e  j .  I t  i s  e a s y  t o  s h o w  t h a t  t h e  s t i f f n e s s  m a t r i x  
i s  s i m p l y  t h e  i n v e r s e  o f  t h e  f l e x i b i l i t y  m a t r i x .  T h e  n o t a t i o n  u s e d  
i n  t h e  f o r m u l a t i o n  o f  t h e  f l e x i b i l i t y  m a t r i x  i s  s h o w n  b e l o w :
T h e  a p p l i e d  l o a d s  F  a r e  r e a c t e d  b y  R ^  a n d  R ^  a t  t h e  t w o  p i n  
j o i n t  s u p p o r t s  A  a n d  B .  W i t h  t h e  n e g l e c t  o f  t r a n s v e r s e  s h e a r  
s t r a i n  e n e r g y ,  t h e  s t r a i n  e n e r g y  i n  a  b e a m  u n d e r g o i n g  f l e x u r a l  
d e f o r m a t i o n  i s  g i v e n  b y ,
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U  =  \    ( 3 . 3 d )
2  E I
w h e r e  M  i s  t h e  b e n d i n g  m o m e n t  a c t i n g  o n  t h e  b e a m .  C o n s e q u e n t l y ,  f o r  
t h e  i d e a l i s a t i o n  i l l u s t r a t e d  t h e  t o t a l  s t r a i n  e n e r g y  i s ,
_jl f V 1 M2
U  =  f e  \  -a* - t o  d x  +  \   d x  ( 3 . 3 e )
J x  2 E q Xq J x  , 2 En,l L l
n  q  n + 1
M2 dx
w h e r e  i s  t h e  b e n d i n g  m o m e n t  a c t i n g  b e t w e e n  n o d e s  i  a n d
i + 1 .  T h e  d i s p l a c e m e n t  o f  a  n o d e  i  u n d e r  t h e  a c t i o n  o f  l o a d
i s  g i v e n  b y  t h e  a p p l i c a t i o n  o f  C a s t i g l i a n o 1 s  t h e o r e m ,  i . e . ,
A,.
1  < > F .  < 3 - 3 f )
T h e  c o m b i n a t i o n  o f  e q u a t i o n s  ( 3 . 3 e )  a n d  ( 3 . 3 f )  y i e l d s  a n  e x p r e s s i o n
f o r  A a t  a n y  n o d e  o f  t h e  i d e a l i s e d  b e a m .  T h i s  e x p r e s s i o n  c a n  t h e n
b e  u s e d  t o  g e n e r a t e  t h e  f l e x i b i l i t y  i n f l u e n c e  c o e f f i c i e n t s  s i n c e
f  =  A .  w i t h  F .  e q u a l  t o  u n i t y  a n d  a l l  o t h e r  F  z e r o .  T h e  ij i 3
r e s u l t i n g  e x p r e s s i o n ,  w h i c h  i s  v a l i d  f o r  j  <  i ,  i s
11 1 1
f .  .  =  \  ------------------------------| 2 ( x 3  -  x 3 )  -  3 ( x .  +  x . ) ( x 2  .  -  x 2 )  +  6 x . x  ( x  -  x  ) r
i j  Z . .  c , t?  t  q + 1  q  l  3  q + 1  q  l  J  q + 1  q  J
6  E  Iq=i q q
1
+ ( x .  -  X  f e ( x .  -  x  „ ) ( x  _  -  x  . )
ki  n + 1  j  n + 1  n + 2  n + 1 '
n + 1  n + 1  ( 3 . 3 g )
F r o m  M a x w e l l ' s  L a w  o f  R e c i p r o c a l  D e f l e c t i o n s  t h e  f l e x i b i l i t y  m a t r i x  
f o r m e d  b y  t h e  i n f l u e n c e  c o e f f i c i e n t s  f „  i s  s y m m e t r i c .  C o n s e q u e n t l y  
t h e  r e s t r i c t i o n  o f  v a l i d i t y  o f  e q u a t i o n  ( 3 . 3 g )  i s  u n i m p o r t a n t  s i n c e  i t  
w i l l  g e n e r a t e  t h e  l o w e r  t r i a n g l e  a n d  d i a g o n a l  t e r m s .  T h e  u p p e r  t r i a n g l e
t e r m s  a r e  s i m p l y - f o u n d  f r o m  f ^  =  A  c o m p l e t e  d e r i v a t i o n  o f
( 3 . 3 g )  i s  g i v e n  i n  A p p e n d i x  A . 2  a n d  t h e  s t i f f n e s s  m a t r i x  [ k  ]  i s
s i m p l y  e q u a l  t o  [ f ]
H a v i n g  e v a l u a t e d  t h e  s t r u c t u r a l  p r o p e r t y  m a t r i c e s  a l o n g  t h e
l i n e s  d e s c r i b e d ,  t h e  f i n a l  s t a g e  i n  t h e  d e v e l o p m e n t  o f  t h e  a n a l y s i s
i s  t o  i n t e g r a t e  e q u a t i o n  ( 3 . 3 c )  w i t h  r e s p e c t  t o  t i m e .  T h e  d i s c u s s i o n
o f  C h a p t e r  T w o  h a s  s h o w n  t h e  d i c h o t o m y  b e t w e e n  t h e  i m p l i c i t  a n d
e x p l i c i t  s c h e m e s .  H o w e v e r ,  f o r  t h e  p u r p o s e s  o f  t h i s  w o r k  t h e r e  a r e
s e v e r a l  f a c t o r s  w h i c h  p o i n t  t o w a r d s  t h e  u s e  o f  a n  e x p l i c i t  o p e r a t o r .
F i r s t l y ,  t h e  i m p l i c i t  s c h e m e s  a r e  m u c h  m o r e  d e m a n d i n g  o f  m e m o r y  c o r e
s t o r e  a n d  a r e  t h u s  l e s s  s u i t a b l e  f o r  t h e  r e l a t i v e l y  l o w  c a p a c i t y
s i n g l e - u s e r  c o m p u t e r s  f o r  w h i c h  t h i s  a n a l y s i s  i s  i n t e n d e d .  S e c o n d l y
t h e  t r a n s i e n t  r e s p o n s e  i n  w h i c h  t h e  h i g h e r  v i b r a t i o n a l  m o d e s  m a y  b e
e x c i t e d  b y  i m p u l s i v e  b r o a d - b a n d  l o a d i n g  i s  o f  i n t e r e s t  a n d  t h i s  t e n d s
t o w a r d s  t h e  ' w a v e  p r o p a g a t i o n *  c a t e g o r y  r a t h e r  t h a n  t h e  ' i n e r t i a l '
c a t e g o r y .  A n o t h e r  i m p o r t a n t  c o n s i d e r a t i o n  i s  t h e  e n s u i n g  i n v e s t i g a t i o n
o f  e n e r g y  d i s s i p a t i o n  m e c h a n i s m s  m a y  w e l l  i n v o l v e  t h e  u s e  o f  n o n l i n e a r
d a m p i n g  e l e m e n t s  a n d  t h e r e  s e e m s  l i t t l e  d i s p u t e  t h a t  t h e  e x p l i c i t
a p p r o a c h  i s  m o r e  s a t i s f a c t o r y  f o r  n o n l i n e a r  p r o b l e m s .  T h e  c h o i c e  o f
a  p a r t i c u l a r  e x p l i c i t  s c h e m e  i s  s t r a i g h t f o r w a r d  s i n c e  t h e  w i d e l y  u s e d
c e n t r a l  f i n i t e  d i f f e r e n c e  m e t h o d  h a s  b e e n  s h o w n  t o  b e  t h e  o p t i o n a l  
( 76)
e x p l i c i t  p r o c e d u r e  .  T h e  c e n t r a l  d i f f e r e n c e  e q u a t i o n  i s  o b t a i n e d *  
b y  c o n s i d e r i n g  t h e  e x p a n s i o n  o f  a  f u n c t i o n  i n  a  T a y l o r  s e r i e s  a b o u t  a  
o n e - d i m e n s i o n a l  s e t  o f  e q u i s p a c e d  r e f e r e n c e  p o i n t s .  I f  t h e  f u n c t i o n  
f  i s  c o n s i d e r e d  a t  t h r e e  r e f e r e n c e  p o i n t s  - 1 ,  0 ,  1  e q u a l l y  s p a c e d  a t  
d i s t a n c e s  y ,  a n d  t h e  T a y l o r  s e r i e s  i s  t r u n c a t e d  a f t e r  t h e  s e c o n d -  
o r d e r  d e r i v a t i v e s  t h e  r e s u l t a n t  e q u a t i o n s  a r e ,
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f = f - ii f' + —  f"
2 !
2
4
fQ = f (3.3h)
2
V-
f . = f + u f ' + -- f"
+1 2 !
Rearrangement of these equations leads to the classic formulation of 
the central finite difference equation, namely,
fo - —  (f-i - 2 fo + f+i> (3-3i)
This formulation can now be applied to equation (3.3c) in order to 
replace the acceleration vector u^ by its finite difference 
equivalent using a constant time interval of St. This leads to the 
following expression:
W t + s t  = 2 ■ W t - s t  - 6t2 W " 1 ( M  - {F(t)]t j (3 .3j)
Thus it can be seen that it is possible to determine a future value of 
the displacement vector •{ u*^  from currently known structural 
parameters - the essential feature of the explicit approach. The 
analysis has now been developed to a point at which it can be 
implemented on a small computer with equation (3.3j) forming the basis 
of a time-stepping loop.
3.4 Accuracy and Stability of the Analysis
There are two important aspects of the approximation procedures 
used in this analysis, namely accuracy and stability. The solutions 
yielded by the analysis must necessarily be inexact since both spatial 
and temporal discretization is involved. The accuracy of the spatial 
approximation is difficult to quantify since it is highly dependent
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upon the specific geometry of the idealisation used as well as the 
validity of neglecting the transverse shear effects. It is, however, 
possible to obtain a measure of the accuracy of the time differencing 
technique. Equation (3.3i) was derived from a truncated series and 
consideration of the neglected terms gives the bounds of the error.
It can be shown that the first non-zero term to be neglected is equal 
to y,2/12 fXV and this forms the error bound if the fourth-order 
derivative is represented by its maximum value within the interval y. 
Hence equation (3.3i) is of second-order accuracy.
By using the analysis to model the response of a uniform 
cantilever to a small initial tip deflection the fundamental frequencies 
corresponding to idealisations with different numbers of nodes were 
obtained. It is possible to calculate corresponding theoretical 
frequencies using Rayleigh's energy method assuming a cosinusoidal 
deflection curve. It was found that the frequency predictions from 
the integration routine and the energy method agreed to within 1.5% 
for a three-node model and to within 1.7% for a ten-node model.
Another test of the accuracy of this analysis was to compare it with 
the alternative method of modal superposition as expounded by 
Meirovitch (see Bibliography). Simple cases of the response of one- 
and two-node idealisations to a step change in base displacement were 
considered and the correlation of the deflection responses yielded by 
the two methods proved to be very satisfactory. The results of such a 
comparison for a two-node model are shown in Figure 2, and as can be 
seen, the predicted deflection histories are practically identical. In 
order to check that it was feasible to use this technique to model real 
physical structures, several rudimentary experiments were conducted. 
Using a test set-up described later in connection with free vibration 
testing, the natural frequencies of several configurations of simple 
doubly-supported uniform beams were determined. The time integration
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for idealisations with different numbers of nodes. A comparison is
shown in Figure 3 and it can be seen that the analytical result
converges to the true frequency as the number of nodes increases. The
analytical modelling of a uniform structure is a particularly exacting
case since there are no localised mass concentrations to dominate the
response. It has also been found that a uniform idealisation requires
a considerably refined time-step increment and thus represents a 'worst
case' which can indicate typical maximum errors yielded by the technique.
Indeed, subsequent work achieved accuracies significantly better than
those illustrated in Figure 3 when dealing with non-uniform structures.
The main drawback of the central difference method is that it
is only conditionally stable. There is a critical time step size above
which the high frequency vibrational modes in the numerical algorithm
begin to exponentiate rather than conform to the correct harmonic
solution. In such cases the exponential components of the solution
grow rapidly and dominate the response prediction thus causing the
(77)solution to go unstable. Hirt has used a simple heuristic approach
based on both Taylor series expansions and Fourier stability analysis
to investigate the instability of such finite difference equations. A
(78)rigorous mathematical approach by Dahlquist proved that no
unconditionally stable explicit scheme can exist and went on to
consider the estimation of the errors involved. The approach used here
(79)is, however, that discussed by Leech, Hsu and Mack as an adaptation 
of the von Neumann continuum analysis to the discrete matrix approach.
The governing equation (3.3j) can be rearranged to give a 
homogeneous equation as follows:
W t+6t - 2 W t + W t _ 6 t + W  M ' 1 ( m  W t - - °
algorithm was then used to produce corresponding a n a ly tica l r e su lts
(3 .4a)
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{E]t = ept 5t M  (3.4b)
where is the assumed round-off error, 3 is undetermined and
is an arbitrary deformation profile. This trial solution may be 
combined with equation (3.4a) to yield,
((ep6t - 2 ♦ e-p6t) [l] ♦ 6t2 [m] ' 1 [*]) {y} . 0 (3.4c)
where [i] is the unit identity matrix. This eigenvalue problem has
a non-trivial solution if,
I t  i s  now assumed that the homogeneous so lu tion  to  (3 .4a) i s  given by,
| 0 ] - 1  [>]- j*[l] - 0 (3.4d)
0  . . fit2 ( e B6t - 2 ♦ e~B6t) (3.4e)w n e r e ,
Thus it can be seen that 0 represents the eigenvalues of the 
governing equation and in fact,
/ . =60? (3.4f)
3 3
where j denotes the jth frequency or eigenvalue. The following 
steps assume that the structural property matrices are real, 
symmetric and positive definite, leading to real positive values of 
00. - This is, of course, the case for practical physical problems. 
Considering an arbitrary characteristic frequency 00 and replacing 
by £, we obtain from equation (3.4e),
4  2 +(o>2 6t2 - 2) £ + 1 = 0 (3.4g)
and the roots of (3 .4g) are given by,
5**
Hence the general error expression of equation (3.4b) becomes,
H  ■ M /  + c 2 § 2 t ) M  ( 3 ‘4 i >
Since the error must not increase with time in order for the scheme to 
be stable, it follows that,
£, = 1 -&2 6 t2/2  +. 6o5tJu62 5 t2/4  -  1 (3.4h)
1,2 < I ' (3.4j)
Combining equations (3.4h) and (3.4j) leads to the following bounds 
for stability,
- 4 < -tio2 6t2 < 0 (3.4k)
The right-hand inequality is satisfied for all 6t, but the left-hand 
inequality imposes the limitation on 6t which forms the stability 
criterion. The most stringent limitation on 6t arises when 
considering the highest system frequency £), and this upper bound 
leads to the effective stability limit. For a homogeneous element 
such as the interconnecting beam’s of the idealisation,
2 c
(X =    (3.41)
1o
where- c is the speed of stress wave propagation in the structural
material and 1 Is the length of the shortest element in the model, o
Combining equations (3.4k) and (3.41) yields the stability criterion,
1
6t < —-  (3.4m)
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This criterion shows that the time step is bounded by the minimum 
time of traversal for stress waves travelling between the nodes.
Hence the 'critical' time step 6t*, as given by the equality of 
equation (3.4m) is dependent upon the geometry of a particular 
idealisation and the Young's modulus and density of the structural 
material. It should be stressed that the derivation of equation 
(3.4m) takes no account of geometric nonlinearities and the reader is 
referred to the work of Oden and Frost^09  ^ where an energy stability 
approach is applied to the problem.
A series of tests was carried out for simple idealisations with 
time step increments of the same order of magnitude as the critical 
time step 6t*. The crossover point between stability and instability 
was found to be well defined, with rapid divergence occurring for time 
steps greater than 1.5 5t*. The long-term stability of the
algorithm was tested by allowing an analysis to run for in excess of 
10° time steps with an increment equal to 0.98 5t*. No appreciable
build-up of amplitude error was detected during this test although a 
small, gradual build-up in phase-shift error was apparent. It is 
notable that error produced in the analysis through the selection of 
too few nodes for an idealisation also manifests itself as frequency 
rather than amplitude distortion.
Those who promulgate the superiority of unconditionally stable 
implicit integration algorithms seem to neglect a feature of the 
optimal central difference explicit scheme which makes the problem of 
stability determination less intractable. The very rapid divergence 
of the scheme under time steps in excess of 6t* allows a very simple 
self-correcting procedure to be built into the implementation of the 
analysis. This can be quite efficient for two reasons: firstly, the
speed of divergence is such that, under unstable conditions, the 
computed deflections will usually exceed the total length of the
structure within several tens of time increments thus facilitating 
rapid detection. Secondly, the successive refinements of 5t can be 
made by a division factor of five since to obtain a visually acceptable 
representation of the higher frequency behaviour, a plotting increment 
of less than 0.2 8t* is necessary. Such a corrective procedure was
built into the computer implementation and its efficiency was such that 
its operation was virtually transparent to the operator.
The detection of the phase-shift for a large number of time 
steps prompted a further investigation of the frequency error produced 
by the analysis. The case of a single degree-o,f-freedom undamped 
response modelled by a 'weightless' cantilever with- a concentrated end 
mass was considered. The frequency for such a system as predicted by 
the Rayleigh method is given by,
However, for the difference scheme consideration is given to the 
possibility that 60 is a weak function of both the integration time 
step and the elapsed duration of the analysis. To investigate this 
the response of the simple system was integrated over 500 cycles of 
the sinusoidal response for a range of time step sizes. The magnitudes 
of the periods of each successive cycle of the responses were then 
determined and compared to the period yielded by equation (3.4n).
Figure 4 shows the resulting frequency error as a function of the non- 
dimensionalized time step size given by (6t/T) where T is the 
period yielded by the Rayleigh formula. These graphs show that the 
analysis tends to underestimate the response frequencies as was the 
case for the previously mentioned simple physical tests. This negative 
frequency error was in fact demonstrated to some extent by all 
subsequent analyses, with the proviso that sensible mass-lumping had
(3
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been performed. Figure 5 shows the absolute error for the whole 
range of time step sizes as a function of the elapsed analysis time, 
t, again non-dimensionalized with respect to the period T. Noting 
that the ordinate axis is logarithmic, the beginnings of instability 
can be seen for the highest values of St* There is no appreciable 
change in the error for a particular St value over the 500 cycles 
considered. This indicates that the frequency stability is more than 
adequate for most transient response investigations.
Undoubtedly the largest source of 'error' arises from the fact 
that the original continuum problem is replaced by a discrete limited 
degree-of-freedom model. This inevitably distorts the frequency 
spectrum of the analytical solution. The pragmatic response to the 
question of the validity of this approach would be to point to the 
many fields of applied science in which this type of mathematical 
modelling is used with great success. However, a more reasoned 
approach can be taken by considering the information which the analyst 
wishes to retrieve from such an analysis. There are in most cases two 
parameters of prime importance, namely the induced stresses and the 
gross deformation behaviour. The effect of using a lurnped-mass model 
is to restrict the upper frequency response of the analytical model. 
This low-pass filtering action of the analysis may in fact be 
beneficial to the analyst interested in the stressing of the structure. 
The high frequency information that is lost with a relatively coarse 
idealisation would normally manifest itself as 'ringing' overtones in 
the real structure. Such low amplitude overtones do not significantly 
affect the flexural modes of the structure which will normally produce 
the largest bending stresses. It is, however, noted that in certain 
cases, such as when delicate equipment is mounted on the structure, 
these higher modes may be of importance due to their potential to 
excite resonance in superstructural components. Nonetheless, the fact
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that it is the gross motion of the structure which dominates the state 
of stress which leads to the justification of the dismissal of the 
higher modes.
The testing of analytical models with many nodes has shown that
the predicted maximum stresses are not significantly increased by the
refinement of the spatial model. The inclusion of the higher modes by
increasing the number of nodes does, however, often lead to analytical
response histories which are awkward to assess since the gross motion
effectively forms a modulation of the overtones and the resultant
flexural behaviour is 'smeared* by the high frequency information. In
practice it has been found that a spatial discretization with as few
as five nodes will adequately model the bending behaviour of the type
of slender structure under consideration. .A criterion stipulating the
use of a minimum of five nodes would correlate with the findings of
(81)Levy and Kroll . In investigating the errors introduced by spatial 
and temporal discretization, they concluded that the distributed mass 
of a beam can be concentrated at relatively few nodes for computational 
purposes. Five and seven node idealisations of a uniform simply 
supported beam subjected to a midspan impact load yielded bending 
moment values to within 4% of the 'exact' value. A further study using 
3, 5 and 7 node idealisations of cruciform beams under the action of 
transient loading led Levy and Kroll to propose the five node 
idealisation as being the optimal choice for the simulation uniform 
beam. In the simulation of real structures localised mass concen­
trations are normally superimposed upon the discretized self-weight 
masses, thus still retaining a relatively small number of nodes.
Indeed, it has been found that if the distributed structural mass is 
discretized at positions separate from major mass concentrations then 
unrealistically large high frequency accelerations are computed at the 
•self-weight' node points. For most practical purposes the Rayleigh
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approach to mass lumping yields adequate spatially discrete models 
for the analysis. Finally, it should be remembered that careful 
modelling with a minimal number of nodes will be rewarded by a more 
efficient analysis execution time since this formulation's computation 
time is approximately proportional to the number of nodes used.
3.5 Software, Hardware and Implementation
As has been emphasised earlier, this analysis has been developed 
specifically for use with low-level single-user computers and it is 
consequently worthwhile to consider the advantages and restrictions 
that this imposes. The analysis was originally successfully 
programmed in Basic on a 16K memory microcomputer and it would, in 
fact, be possible to use an 8K machine provided that no sophisticated 
data handling or input/output was required. A great attraction of the 
time integration approach is that the number of nodes used in the 
structural idealisation does not dramatically effect the program 
storage requirement. Sophisticated compiled languages are becoming 
available on more low-level computers although Basic is currently the 
most popular language on such machines. The obvious disadvantage of 
using an interpretive language such as Basic is its relatively slow 
execution speed. The use of Basic results in typical run times ranging 
from tens of seconds to tens of minutes for idealisations with up to 
twelve nodes. This relatively poor performance when compared to 
equivalent mainframe computer run times is, however, offset by two 
factors. Firstly, the considerable cost advantage of the low-level 
computer must be taken into consideration. Secondly, during the type 
of design parameter study for which the technique was developed, the 
time for each run can be effectively utilised in formulating 
subsequent configurations and scrutinising previous parameter 
histories.
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The most rudimentary form of output would be to obtain a listing 
of the computed nodal deflections and their time derivatives at every 
time step or integer multiple of the time step. This is obviously an 
unwieldy method since a simple listing would require time consuming 
manual graph plotting to obtain a meaningful representation of the 
response. The use of an X-Y plotter to automatically plot the 
parameters is an almost essential improvement in terms of efficiency, 
accuracy and convenience. However, even a plotted response time 
history becomes difficult to interpret when the motion is complex and 
several important nodal positions are to be considered. This is 
amply illustrated by Figure 6 which shows the response of a five node 
idealisation to a step displacement input at its base. The quick 
identification of critical phases of such a response is of considerable 
importance and for this reason an alternative method of graphical 
display has been developed. This approach has been possible due to 
the advent of graphics facilities on even the most basic of single- 
user computers.
The technique adopted was to generate an animated display of 
the structural response by the sequential drawing and erasing of the 
computed deformations on a VDU with graphics and vector drawing 
capabilities. A typical set of such profiles is shown in Figure 7 in 
which the sequence corresponds to the first 120 milliseconds of the 
indicial response of Figure 6 (as denoted by the interval T). This 
form of representation gives the analyst an immediate feel for the 
way in which the structural response is developing. A further 
advantage conferred by this approach is that the excellent interactive 
facilities offered by most single-user computers can be put to most 
effective use. The motion may be 'frozen* at any critical stage of 
the response by pausing the program execution, whence a comprehensive 
listing of the structural parameter values for that time may be
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obtained. Also, the apparent motion may be speeded up or slowed down 
by altering the time step size (within the bounds of the stability 
criterion) at any time during the response computation. Due to the 
large amount of data that can be generated by such an analysis, the 
use of a disc-based mass storage system is considered essential if 
post-processing of the response data is required. Also, if the 
computer used has relatively slow graphics (e.g. < 15 cm/sec vector 
generation) or poor execution times, it may be necessary to dump all 
of the nodal information onto disc during computation and then recall 
it for later animated display. This latter method does have the 
advantage of retaining the information for subsequent production of 
parameter time history plots on an X-Y plotter. The efficiency of the 
'animated display' approach has been proven by the successful investi­
gation of the effects of changing several design parameters for a 
particular idealisation in the space of a few hours.
The Hewlett Packard 45B desk-top computer used for the majority 
of this work has a refresh graphics mode with a matrix of 560 by 455 
addressable pixels. This represents quite high resolution in terms of 
currently available small computers but it seems that such quality will 
become commonplace in the near future with the rapid growth of video 
technology. In order to implement this approach a VDU with vector 
drawing capabilities is essential although an addressable area of only 
100 by 100 pixels would be sufficient to provide a reasonable 
animation. The smoothness of the apparent motion can be improved by 
drawing each new profile prior to 'erasing* the old profile, thus 
eliminating the flickering which occurs if each separate deformation 
image is drawn and erased before updating.
A schematic diagram of the way in which the analysis may be 
implemented is given in Figure 8 # which shows the main features of the 
software and hardware. At the start of an analysis it is necessary to
input a considerable number of parameters concerning the geometric, 
inertial and elastic properties of the spatially discretized model.
It was found that the graphics facilities of the computer used could 
provide a very efficient means of checking the input parameters and 
obtaining a visual record of the idealised structure. This was 
achieved by writing a sub-program which constructed a line diagram of 
the input structure, fully annotated with its properties, and then 
dumped the resulting configuration onto an X-Y plotter, (see Figure 9 ). 
Having checked the configuration, the parameters are stored on disc 
thus leading to the creation of a library of structural idealisations 
which may be recalled for subsequent further use.
The time-stepping calculation loop is entered once the input 
parameters have been correctly set up. It is important that this 
section of the software is programmed as efficiently as possible, 
since typically it is accessed several hundred times during an 
analysis. Consequently any redundant or extravagant program steps 
will slow down the execution considerably. Where the facility is 
available, it may be considered worthwhile to write the time-stepping 
algorithm in machine code in order to optimise the processing speed.
In the implementation developed by the author the deflection, 
acceleration and flexural bending moment parameters were calculated 
in this segment and maxima and minima were searched for. The moment 
acting at each node at a given time is simply found by considering the 
moment arms produced by each of the nodal forces at that instant.
Hence.the moment acting at a node i is given by,
i- 1
Fs . (x. - x .)1 1 1 (3
where Fs is the effective nodal elastic force given by,
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During the calculation segment the current values of any external 
forcing functions must be updated. These functions, which are 
discussed at length in the next chapter, will either be generated 
within the program from their defining temporal equations or will be 
accessed from a disc file containing the digitized function values.
A final consideration for this part of the software is whether to 
include a self-initiating routine for the correction of unstable time 
increments. If this is used in place of a simple overflow 'abort' 
branch, then it is most advisable to monitor the tip displacement which 
will rapidly reflect any unstable behaviour.
Whilst the most suitable form of mass storage device for use 
with this technique is a dual disc drive, the early development of the 
software was undertaken using magnetic tape cassettes. The use of 
magnetic tape with its poor random access capability requires careful 
data file management in order to retain the efficiency of the analysis.
It is important in such cases to create equally sized files on parallel 
tracks so that access times are minimised. Care should be taken not 
to store too much information for subsequent parameter history plots.
For instance, if the graphics device in use has a resolution of 0.1% 
there is nothing gained by storing more than 1 K of data points for 
any one parameter. It is a simple matter to introduce an integer 
counter which will only store every k value of the response 
computation, where k is determined from the time step size, the 
total time to be analysed and the minimum hardware resolution. It 
should, however, be remembered that for good visual representation of 
a given frequency, the plotting increment should be less than one 
fifth of the period of that frequency and under no circumstances
\
{ f s 1 - [ k ] { u ]  (3.5b)
should the Shannon Sampling Time (see Appendix 6) be exceeded by the 
storage time increment. Failure to observe this last criterion will 
lead to distortion of the time history plots due to aliasing.
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Having fully defined the idealisation and developed the analysis, 
the forms of loading to which the structure may be subjected are now 
considered. Base restraint motion, nodal pressure loading and initial 
structural deformation are the three independent modes of excitation 
which are of primary concern. It is possible to select any combination 
of these modes to represent’ the overall structural excitation history.
Base excitation takes the form of a time varying displacement 
of the support/foundation section of the structure. In the case of a 
structure built on the ground, such a displacement could result from 
seismic motion, whereas if the structure is a superstructural component, 
the displacement could result from a movement of the parent structure. 
An advantage conferred by the proposed double base restraint 
configuration for the idealisation is that it enables both overall 
tilting and imposed moments at the base to be modelled in a completely 
general fashion.
Dynamic external pressure loading is modelled by discrete 
forces acting on each of the nodes of the idealisation during each 
time interval in the analysis. This form of loading arises from the 
propagation of time varying pressure waves through the medium 
surrounding the structure. Wind loading is the most common manifest­
ation of this type of excitation, although the more severe case of 
blast pressure from a local explosion can also be considered. The 
case of blast loading serves as a good example of the need to combine 
modes of excitation in the analysis, since there will usually be an 
accompanying disturbance transmitted through the ground. Due to the 
nature of the idealisation, it is possible to model a structure that
CHAPTER FOUR
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4.1  Typical Loading Conditions
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is surrounded by more than one medium (e.g. a tower partially submerged 
in water). This is achieved by the use of separate pressure time 
functions acting over appropriate nodal subgroups along the structure.
In many cases it is possible to use an idealised waveform to 
model the type of structural excitation that is of interest. Impulses, 
step and ramp changes, sine and sine-squared pulses and decaying 
sinusoids may each be used in appropriate cases to simulate base or 
pressure excitation (see Figure 10). These 'perfect* forcing 
functions are simple to define mathematically and consequently their 
governing time equations may be incorporated into the time integration 
loop. Thus the forcing data is generated as required at each time 
step and no storage is required. If, however, the forcing is very 
complex or random in nature it is usually more efficient to create 
data files containing the time histories of the forcing functions. 
These excitation data files can then be accessed during the time 
integration loop. A problem that arises from the use of stored 
excitation data is that the time resolution of the files may not match 
the time step size being used in a given analysis. To overcome this 
a routine must be included to read, skip or interpolate the data 
values as necessary. In the same way, forcing functions obtained from 
structural tests may be digitized and stored for subsequent 
application in an analysis.
The use of an idealised function to simulate dynamic structural 
excitation requires care in ensuring that it represents a physically 
realisable loading condition. A rigorous approach to this simulation 
involves the consideration of the energy/frequency spectra of the 
loading functions used. The frequency content of the forcing function 
largely determines the form of the structural response. A narrow-band 
function containing a few dominant low frequencies will tend to excite 
an oscillatory, low-mode response from the structure. A broad-band
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shock function will, on the other hand, tend to excite many of the 
higher modes of the structure and will thus yield a complex response. 
The energy content of the forcing function (i.e. the amplitudes of the 
component frequencies) tends to dictate the severity of the response 
rather than its complexity.
An additional form of 'excitation' to be considered is that 
resulting from an initial distortion of the structure. This is 
modelled by simply specifying a transverse displacement at each node 
at the start of the analysis from which the structure is 'released'.
If the initial structural deformation results.from restraints at only 
a few nodes, it is a simple matter to include a routine in the software 
to calculate the corresponding initial deflection at the other nodes. 
This can be done using a standard static continuum deflection analysis 
such as Macaulay's method. Free vibration response to an initial tip 
deflection was processed in this way in order to compare the numerical 
method with experimental results obtained from a simple test rig to 
be described later.
Once the loading format has been determined and fed into the 
analysis, it is advisable to reflect the information as an output 
listing together with any internally calculated initial deflection 
data. This facilitates the checking and possible alteration of the 
loading information prior to a run. Specific details of various forms 
of loading will now be discussed.
4.2 Base Excitation
■ The most familiar example of base excitation of a structure is 
that of seismic disturbance. The structural engineer is primarily 
concerned with 'strong-motion' earthquakes which induce ground motions 
intense enough to cause structural damage. Records of such seismic 
activity are still relatively scarce, as the distribution of suitable
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recording instruments is limited. Interest in seismic design criteria
has widened with the strict safety requirements introduced by the
nuclear power generation industry. Clough and Penzien (see
Bibliography) give a concise exposition of the aspects of seismology
(82)of interest to the engineer and a detailed account by Crouse of
the ground motions and structural behaviour during the 1971 San
Fernando earthquake gives an insight into the significance of seismic 
excitation.
A second form of base excitation is that due to ground trans­
mitted shock created by an explosion. In the vicinity of an explosive 
blast the ground is subjected to very high suddenly applied pressures 
and this results in the formation of a crater and the propagation of 
various types of sub-surface shock waves. Furthermore, the air 
pressure shock fronts created by a blast interact with the ground thus 
generating additional ground-transmitted disturbances. Thus it can be 
seen that excitation generated in this way is formed from a complex 
combination of waves propagating through the ground. A third type of 
base excitation is that which may arise if the structure under
consideration is part of a larger 'parent' structure. In such cases,
any motion of the parent structure will form the effective base forcing 
function. A typical example of this type of loading is found on ships 
where the slamming action of waves is transmitted through the hull and 
deck into superstructural components such as telecommunications masts.
The modes of base excitation discussed consist essentially of 
the translation of the base of the structure with respect to some fixed 
datum position. This is depicted overleaf where Ug(t) is the base 
motion as experienced by both of the support points, and u^ . is the 
displacement of the kth node from the initial datum. The damping 
and elastic forces acting upon the structure are only dependent upon 
the relative motion u(t) of the nodes with respect to the base,
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whereas the inertia forces depend upon the gross absolute motion. 
Consequently, the dynamic response equation (3.3c) becomes,
[m] {u} + [k] {u} = {F(t)} (4.2a)
and from the diagram,
{u} = {u] + { 1 } ug (4.2b)
where { l] is a unit column vector which simply denotes the fact
that a unit displacement of all the nodes is produced by a unit static 
translation of the base support points. The equation of motion (4.2a) 
thus becomes,
[m ] + [m ] { 4 ^ + { Fs^ = (F(t)} (4.2c)
where [ Fs^ is the elastic force vector as defined by equation
(3.5b). In terms of the numerical time integration algorithm this 
becomes,
W t+5t = 2 H t - L l t . f i t  - 5t2 ([m ] _ 1 frs]t - iF(t)]fc + { l } u g(t>t)
(4.2d)
It is possible, however, that an experimentally derived base excitation 
history may be presented in terms of displacement. It is inadvisable 
to differentiate such a record to obtain the corresponding acceleration 
history since numerical differentiation is a ’noisy' process prone to
?o
significant error. Consequently equation (4.2d) should be recast to 
accept the base forcing function as a displacement-time function as 
follows,
lU)t+6t = 2 + T i  Ug (t)t ~ - D Ug (t)t
- 6t2 [m] _ 1 ( {Fs)t - {F(t)}fcj (/
The case where the excitation histories experienced by each of 
the support points are dissimilar is now considered. This could arise 
when the structure is a superstructural element and the parent 
structure is undergoing rocking or tilting. Such differential base 
motion can also arise in seismic loading conditions due to the spatial 
variation of the forcing function and the inhomogeneous nature of the 
media surrounding the base of the structure. As shown in the diagram 
below, the location of the undeformed position of each node, v, as
initial datum
measured from the initial datum must be defined. Assuming that the 
tilting rotation produced by the differential base displacement is 
relatively small,
V  =  V  +k n+2
(xn+2 - V
(xn+2 - Xntl>
(v - V  ) n+1 n+2
and the absolute nodal displacements from the initial datum are given 
by,
• 2e)
• 2f)
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The equation of motion (3.3c) thus becomes,
[m] [m] { ^ } + [Fs+[F(t)} (4.2h)
and the time integration algorithm can be consequently modified to 
give,
(u)t+6t = 2 U } t ~ M t_6t - 5t2 ([m] _ 1 ({fs\  - (4.21)
If the base excitation for this case is available in terms of 
displacement rather than acceleration, then (4.2i) becomes,
(u)t+6t - 2 ( M t  + bit) - fAt-st - b } t_6t
- 6t2 [m] - 1  [fPsit - {p(t)lj (4.2j)
Two types of idealised forcing function are of particular use 
in simulating the response of a structure to base excitation. The 
first is a triangular acceleration pulse of the type depicted in 
Figure 11. This is a fairly broad-band shock load with the majority 
of its energy contained in the lower frequencies and as such represents 
a typical forcing function to which a superstructural component might 
be subjected. It is a convenient function since it is fully defined 
by just two parameters, namely the peak acceleration level and the 
duration of the pulse. For analyses requiring the base excitation 
defined in terms of displacement, expressions were derived from the 
double integration of the pulse and incorporated into the time stepping 
algorithm (see Figure lOd). . However, scrutiny of the resulting 
displacement function showed it to have a similarity to half a cycle 
of a sine-squared pulse. A comparison showed that at no point do the 
two disagree by more than 7% (see Figure 11). Consequently, since the
{ u }  = M  + f v i  (4 .2g)
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sine-squared pulse is computationally simpler than the piecewise 
equations of the doubly integrated triangular pulse, the former was 
commonly used as an idealised base displacement function. This 
approximation to the displacement waveform for a triangular acceleration 
pulse is adequate since a frequency analysis shows it to have a 
substantially similar spectral energy content to that of the 'true' 
function. For such a waveform, the maximum base displacement is 
related to the peak acceleration by the following approximate 
relationship,
A 8 u
ft = (4.2k)g ml* T
where T is the duration of the pulse.
Secondly, a simple ramp base displacement change, as depicted
in Figure 10c, is also a useful idealised forcing function due to its
simplicity. Its use can be justified since many seemingly complex
acceleration histories from explosive-generated ground motions yield
essentially ramp-like displacement functions. This is amply
illustrated in Figure 12 which shows the results of conducting a
double numerical integration of an accelogram obtained from a strong-
motion accelograph situated some 518 metres from a blast due to 610
(83)Tonnes of explosive . As can be seen, the resulting displacement 
history of the accelograph is substantially linear. Finally, there 
are techniques available for the generation of artificial seismic 
functions of a highly random nature and these will be discussed in 
Section 4.4.
4.3 Pressure Excitation
The external pressure loading of a structure may arise from 
both natural and man-made forces. The construction of very tall 
buildings has led to wind loading becoming a significant factor in
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structural design and the energy potential of modern explosives has 
necessitated stringent blast resistance requirements for some 
structures. Pressure excitation is usually a function of both space 
and time and thus must be modified for use with a spatially discrete 
model. This is achieved by discretizing the pressure distribution so 
that it acts as transverse forces, F(t), at each of the nodes of the 
model. Since thq pressure 'forcing1 results from the integration of 
the pressure distribution over the normal area of the structure, it is 
necessary to introduce an effective area, A, for each nodal position.
As a first approximation these areas are calculated by lumping the 
projected cross-sectional area of the structure in a plane normal to 
the transverse pressure excitation. This 'area-lumping* is conducted 
using the same guidelines as laid down for the discretization of the 
structural mass. Having determined the nodal areas, the external 
forcing vector in the equation of structural motion (3.3c) is simply 
given by,
[F(t)} = [P(t)J {A} (4.3a)
where the pressure history P(t) may or may not be a function of 
position on the structure.
It should be emphasized that this is a relatively crude approach 
since no account is taken of the interaction effects between the 
structure and the pressure waves, which result in phenomena such as 
vortex shedding and boundary layer effects. In real structures such 
effects may alter the subsequent pressure characteristics and thus 
affect the imposed dynamic loads. In the numerical analysis the 
pressure loads considered are those produced by the simple diffraction 
of pressure waves around an idealised structural form and those due to 
hydrostatic or 'side-on' pressures. Such an approach has been used 
successfully by both Sperrazza^84  ^ and Baker^85  ^ in the modelling of
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a structure it is necessary to investigate the nature of the pressure
waves that are generated. A spherical pressure wave propagates from
the centre of an explosive release of energy and the pressure front
rapidly steepens until it becomes an almost perfect discontinuity
known as a shock front. The shock front pressure can be considered as
an instantaneous rise for most practical purposes and the diffraction
of this shock wave around a structure develops pressure loadings which
can be as much as an order of magnitude higher than the nominal side-on
overpressure. However, this diffraction phase is of such a short
duration in comparison to the natural period of vibration of most
structures that its excitation potential is quite limited. The shock
front is followed by a 'drag phase' of much longer duration which
essentially consists of a high speed wind acting on the structure and
it is this to which structural damage is usually attributed. Due to
its sensitive nature, information on structural air-blast response is
(86)scarce in the literature, although a paper by Anderson presents 
blast and shock data and structural design criteria for the case of a 
nuclear burst.
A method for the synthesis of approximate blast pressure
histories is required if such loading is to be incorporated into the
(87)numerical analysis. Brode has produced the classic numerical
solution to the problem of spherical blasts in air, in which the
Lagrangean differential equations of gas motion are integrated
numerically. The paper presents useful results for dynamic and static
overpressures and velocities as a function of both radial distance and
time. Structures subjected to blast loading can be categorised as
(88)either 'drag-type' or •diffraction-type' depending upon their
overall shape and dimensions. The tall, slender structures of interest
a ir -b la s t  waves.
In order to a ssess  the e f f e c t s  o f an exp losive a ir -b la s t  upon
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in this work are of the 'drag-type1 since the initial impulsive shock
pressure spike can be considered to engulf the complete structure
'instantaneously' with negligible diffraction effects. The approach
used in this work has been to linearize portions of the pressure
history for drag-type structures as suggested by Newmark and 
( 8 9 )Hensen
The approximate pressures acting on the front and back faces of 
the structure are considered separately and their difference is used 
to yield the net translational force acting on the structure. The 
diagram below shows the annotated linearised forms of the front and
Pressure
back face pressure functions. It can be seen that the pressures are 
equal over the period from Tf to T^ and thus the duration of the 
effective pulse is Tf. This results in a net pressure function 
comprising of three linear segments. In order to determine this 
pressure profile for a structure at a given distance from an explosion 
of specified yield, it is necessary to obtain the following information 
from data charts such as those due to Brode:
a) The peak side-on pressure, Pg
b) The peak dynamic pressure,
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c) The duration of the positive overpressure phase, fe
d) The effective width of the structure, D .s
The peak dynamic pressure is that due to the air mass motion in the 
high speed wind following the initial shock wave and the effective 
width of the structure is the distance around which the impinging 
pressure waves have to spill. The positive overpressure is specified 
in (c) since there is in fact a phase following the decay of the
pressure pulse during which the pressure drops below atmospheric.
However, this negative phase is not of great significance since its 
peak value is typically one-eighth of the peak positive overpressure.
The shock front velocity, v, and the maximum reflected overpressure,
P , may be calculated from the following empirical formulae due to 
Newmark and Hudson,
v = 340 (1 + 0.86 P /P ) 0 ,5 (4.3b)
S  cl
Pr “ Ps ( 2 + 7 F te P ') (4‘3c)
where P^ is the local atmospheric pressure. The clearing time, fe, 
which is the time taken for the reflected overpressure to diffuse 
around the structure, is given by,
3 D
T =    (4.3d)c -
2 v
The effective width should in practice be chosen as the minimum
width found over a substantial length of the structure, since this 
will control the rate of reflected overpressure decay. From the work 
of Brode it is possible to define the approximate duration, fe, of 
the side-on overpressure as,
T = 0.75 Tn for P < 0 . 1 8  MPaq P s
0.33 (4.3e)
T = 127.4 ------- for P > 0.18 MPaq 0.67 s ^
s
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the pressure acting on the rearward side of the structure is given by,
T = 2.5 D /V (4.3f)r s
and the effective finish time of the net pressure pulse, Tp, is 
simply
T = 0-67 T (4.3a)f q -
Having calculated all of the above parameters, the effective pressure 
excitation history is fully defined and a simple consideration of the 
’geometry’ of the linear approximation segments in the illustration 
yields the following relationships for the resulting forcing function:
f 3 Pd 1P(t) = P - t \ — —  + (P - P - P )/T + (P - P ./2)/T Ir (_ 2 T^ . r s d c  s d  r J
for 0 < t < Tc
P(t) - Ps ♦ Pd - + (Ps - P d/2)/Tr]
for T < t < T c r
P(t) = Pd (1 - t/Tf)
for T < t < T^r f
(4.3h)
The equations of (4.3h) are easily incorporated into the time 
integration loop of the analysis thus enabling the generation of the 
pressure forcing parameters for multiplication with the effective 
nodal areas as required. Where a large capacity mass-storage device 
is available and the run-time of the analysis is to be optimised, it .
may be found more efficient to pre-record the pressure history and
create individual 'forcing files' containing the forces for each node 
from the multiplication by the effective areas. It should be 
emphasised that this approach to the approximation of air-blast
where Y i s  the y ie ld  of the b la s t  in  k ilo ton n es. The r is e  time of
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simple cylindrical form. The extension of the analysis to cover other
structural forms is easily achieved by the scaling of the pressure
loads by drag coefficients which have been normalised with respect to
the basic cylindrical drag coefficient. Relevant shape-dependent drag
coefficients are cited in a paper by Scruton and N e w b e r r y ^ .
A factor which should be taken into account when considering
the effect of either natural or blast-produced wind on a structure is
the variation of flow velocity with height. This velocity gradient is
produced by shearing effects within the atmospheric boundary layer.
The layer is approximately 600 metres thick over ’rough' urban
terrain, reducing to about 300 metres over 'smooth' natural land
surfaces. Within the boundary layer the wind velocity undergoes a
transition from zero at ground level to the maximum 'free-stream'
velocity at the upper surface. A power law representation of this
(91)profile, due to Davenport has found favour amongst most
(92 93)aeroelasticians and it is generally agreed ’ that an index of 
one-seventh gives an acceptable first approximation. Consequently, 
the velocity profile is of the form,
0.143
v (z) = v (-^ -1 (4.3i)
pressure loading has been developed assuming the structure to be of
u \ z I ' u 7
where z is the height above ground level and subscript u denotes 
values at the upper edge of the layer. Since the structures of 
interest in this work are of the tall slender variety, the spatial 
distribution of transverse pressure, which is approximately 
proportional to the velocity squared, may well be significantly 
affected by this boundary layer gradient. Consequently, if relatively 
tall structures are being considered, the free-stream side-on pressure 
should be used as the forcing function and factors applied to the 
nodal areas in accordance with the power law of (4.3i), thus
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It has been common in the past for structural engineers to 
assume equivalent static loads when designing for wind loading.
Natural wind does, however, fluctuate erratically and has no regular 
periodicity. The assumption of static loading has been justifiable 
since, for many structures, such rapid local fluctuations have little 
effect upon the gross motion and accompanying stresses. A further 
important point is that an erroneous estimate of wind velocity will 
produce a potentially large error in the forces applied to the 
structure due to their dependency upon the square of the velocity. 
However, the construction of taller, more slender buildings and towers 
designed for efficient use of structural material has led to a higher 
susceptibility to wind excitation and an increasing research interest 
in quantifying and simulating such loading.
The broad-band, random nature of natural wind loading prohibits
the use of a simple, approximate mathematical forcing function in the
analysis as was utilised for air-blast loading. This difficulty has
led most researchers to the use of aeroelastic models in wind tunnel
tests in order to investigate the dynamic structural behaviour. A
large amount of empirical data has been accrued for many structural
forms and the reader is referred to the Symposia on Wind Effects on
Buildings and Structures (see Bibliography) for an insight into recent
research, including investigations of the aerodynamic behaviour of
tall slender structures. Of particular interest is work by 
(9 4) (95)Newberry and Dutt in which natural wind forces acting on real 
structures have been measured using manometric and anemometric 
techniques. It would, of course, be possible to digitize such 
pressure history records and feed them into the numerical analysis as 
the external force vector ^F(t)^ in the time integration loop. 
However, recent work in the analysis of structural wind-excitation has
sim ulating the sp a tia l e f fe c t  o f the boundary layer .
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moved towards the use of spectral analysis and the computation of 
artificial stochastic processes as discussed in the next section.
As mentioned previously, a major advantage of adopting the 
discretization techniques used in the numerical analysis is that the 
response of a structure situated in more than one media may be 
modelled. A topical example of such an environment is the case of a 
platform or tower partially submerged in seawater. Such marine 
structures are often exposed to extreme loading conditions consisting 
of hydrostatic pressure, wave action, deep water currents, wind action 
and mechanical loads. These forcing functions are generally 
independent and act over different sections of the structure. With 
the spatially discrete lumped mass model it is a simple matter to 
specify local forcing vectors, {f(t)3 , with differing time functions, 
which act upon separate groups of nodes.
The well-established 'added-mass' concept^90  ^ can be used to
give an approximation to the behaviour of a structure that is fully or
partially submerged in water. This approach involves the addition of
extra mass at the submerged nodes of the analytical model as a
representation of the inertial influence of the water in contact with
the structure. The calculation of the appropriate supplementary
masses involves the solution of the hydrodynamic wave equations as has
( 9 7 )been undertaken by Stelson and Mavis . It is interesting to note
that the added mass effect should be considered even when air is the
medium surrounding the structure. However, in most practical cases,
unless the structure is very flexible and has a high surface area-to-
(98)mass ratio, the effect may be neglected. Clough has studied the
earthquake response of underwater structures using both experimental 
tests and an added-mass analytical approach. It was found that this 
approximate numerical method gave good estimates of the flexural 
behaviour of the lower vibrational modes, although Clough concluded
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that much more investigation was needed into the use of added-mass 
coefficients for flexible prismatic members. Furthermore, Liaw and 
Chopra's^84  ^ assertion that the added mass technique may break down 
when there is a considerable high frequency content in the structural 
response is noted. This arises due to the necessity to calculate the 
added mass coefficients for a specific deflection profile. The author 
therefore suggests that the use of a variable mass matrix [m (u)] 
which assumes values dependent upon the instantaneous structural 
deformation may yield more accurate results. No study of this approach 
has been undertaken although the time integration scheme could easily 
be adapted to evaluate [m (u )] on the basis of the current displace­
ment vector {u^ using the expressions developed by Liaw and Chopra. 
The inclusion of this variable mass matrix into the algorithm would, 
however, incur the penalty of a significant increase in processing 
time.
4.4 Discussion on the Simulation of Stochastic Loading
A structure may experience several dynamic loading conditions 
in service which are random processes - turbulent wind loading and 
seismic excitation being primary examples. In the past the structural 
dynamicist has been faced with the unsatisfactory alternatives of 
either using a crude, unrepresentative numerical simulation of random 
excitation, or adapting forcing histories experimentally derived from a 
specific, and sometimes unrelated, real structure. However, during 
the course of the last twenty years, significant progress has been 
made in the development of numerical procedures for the realistic 
simulation of stochastic loading functions. This has been largely due 
to advances in computer technology. It is noted that several of the 
more sophisticated techniques currently being developed are beyond the 
capabilities of the type of low-level computers for which this analysis
82
has been developed. The microelectronics industry is, however, 
beginning to produce dedicated low-cost processing chips which perform 
the statistical and spectral operations and transformations which are 
involved in the synthesis of stochastic loading functions. For this 
reason it is worthwhile giving some consideration to the analytical 
developments in this field, although a detailed exposition is beyond 
the scope of this thesis.
The development of methods for the simulation of random
loading has been largely related to the problem of structural response
to earthquake excitation. However, most of the methods are equally
applicable to other stochastic processes such as wind excitation. The
concept of computationally generating artificial earthquakes for use
(9 9)in seismic analysis was proposed by Housner and Jennings in 1964.
The procedure used involves the numerical generation of Gaussian white 
noise which is subsequently passed through a numerical model of a 
linear differential system. This effectively filters the noise to 
produce ensembles of random processes with a specified power spectral 
density. Housner and Jennings reported good correlation between 
eight synthesized accelograms and the real records that they were 
attempting to emulate. Around the same time Goldberg, Bogdanoff, et. 
ai^ (1 0 0,1 0 1), pr0p0secj following type of functions for earthquake 
simulation,
u (t). = k. (t-t.) e ai^E Cos w. (t-t.) H (t-t.) (4.4a)g i i i  i i  l
in which the subscript i denotes random functions and H is the 
Heaviside step function. Equation (4.4a) is suitable for incorporation 
into the time integration loop using the computer's standard random 
number generation facility. This will, however, yield a system in 
which there can be no sensible control over the spectral content of 
the forcing function. It should be noted that there is not a standard
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although most use the 'multiplicative congruential method' due to 
(102)Knuth . Hence care should be taken in transferring such routines
from one device to another.
( 1 0 3 )Shinozuka and Sato extended the work of Housner and
Jennings to the case of nonstationary Gaussian random processes. Non-
stationary phenomena lead to ensembles of functions whose average
exhibits some time dependency, and this is a feature found in seismic
accelograms and anemometric recordings of turbulent winds. Again, the
simulation technique is based on passing white noise through a linear
differential system to produce random records with the desired spectral
energy content. This is in fact a filtering process, since a signal
passing through any passive system is distorted and attenuated in some
way by the system's effective transfer function. In this context,
when a system of order n is used as a signal processing element, it
is referred to as an n°b order filter. The importance of producing
artificial accelograms with realistic spectra was emphasised by Amin 
( 1 0 4 )and Ang who filtered a nonstationary Gaussian shot-noise process
with a second-order filter to obtain models for strong-motion earth­
quakes. They concluded that the use of first-order filters was 
inadequate and that the 'intensity function' of the numerical process 
must be closely related to the magnitude and focal distance of real 
earthquakes if a realistic simulation is to result. During the last 
decade many workers have contributed to this field and a paper by 
Saragoni and Hart^198  ^ contains a concise but thorough summary of the 
significant developments as well as presenting a novel technique 
involving deterministic time envelopes and piecewise frequency 
modulation.
The relevance of such simulation techniques to the user of low- 
level microcomputers is illustrated by the recent work of Cacko and
random number generation algorithm that i s  used in  a l l  computers,
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stationary random processes with time dependent power spectral density 
which runs on a 4K PDP8/e computer with an optimised speed in excess 
of 300 data points per second. As previously stated, these techniques 
of synthesis are also applicable to the response of structures in the 
natural wind, although the additional parameter of spatial variation 
must be considered. The comparative ease with which model tests may 
be undertaken for such cases has resulted in only moderate 
exploitation of the synthesis approach, and the reader is referred to 
D a v e n p o r t ^  for further information.
4.5 Illustrative Examples of Analytical Results for Specific
Structures and Loading Conditions
The study of a typical transient structural problem shows the 
capabilities of the analysis, as well as highlighting the importance of 
the spectral energy content of the forcing function. The 'arbitrary' 
seven node idealisation of Figure 9 with base excitation in the form of 
a single cycle symmetric acceleration pulse, will be considered as an 
illustrative example. Four specific forcing functions are utilised, 
with increasingly severe peak accelerations of 3.8 g, 9.8 g, 15.3 g,
61.2 g. The duration of each of the acceleration pulses is determined 
so that the gross displacement of the base is 3 cm. Thus the least 
severe pulse has a duration of 80 millisecond, whilst the 600 g pulse 
acts for only 20 millisecond. Idealising the excitations in this way, 
provides a set of response histories which facilitate a rational 
comparison between the loading cases for the purposes of this 
illustration. Also, the higher 'g • pulses contain significantly more 
high frequency excitation energy than the relatively narrow-band, lower 
'g' pulses, thus providing four forcing functions with a graded range 
of frequency content.
B ily  , who have developed a method for the sim ulation o f non-
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For each loading case, the response was computed for the first 
.75 seconds after the initiation of the excitation. Figures 13, 14,
15 and 16 show the responses corresponding to the 3.8 g, 9.8 g, 15.3 g 
and 61.2 g excitation cases respectively. The responses do not decay 
since no account is taken of the energy dissipation mechanisms which 
exist in real structures - this is dealt with in subsequent chapters.
A stable time step of 1.7 msec was used in the computations, thus 
leading to 440 increments in each response. Figures 'a' show the 
absolute structural displacement histories, with the changing frequency 
content of the forcing function apparent from the base displacement 
ramp (a double integration of the acceleration pulse). The displacements 
of nodes 1, 3, 5, 7 are shown, and it can be seen that as the excitation 
ramp steepens for the more severe excitation cases, so there is an 
increasing high frequency content in the structural response. It is 
notable that there is an increase of only 15% in the maximum tip 
deflection between the least severe loading case (Figure 13) and the 
most severe case (Figure 16). In fact, the gross deflection behaviour 
is of the same order for all four loading cases, despite there being a 
sixteen-fold increase in the peak excitation acceleration between the 
least severe and most severe cases. However, a scrutiny of the 
acceleration and induced moment histories for the responses (Figures 
'b'), reveals that the more severe loading cases produce much higher 
structural accelerations and stresses. This is due to the excitation 
of the higher frequency modes of the structure, producing more severe 
flexural distortions with correspondingly high bending moments.
It is apparent that the computed maximum nodal accelerations 
are of the same order as the peak excitation values for each of the 
loading cases. Also, it is interesting to note that the levels of the 
peak induced structural moments appear to be increasing with approximate 
inverse proportion to the excitation duration (i.e. increasing as the
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square root of ug)* As +s discussed subsequently, the role of 
structural damping is crucial in the determination of the induced 
structural stresses, and for this reason the values yielded by these 
undamped analyses are 'unrealistic' inasmuch as they would be 
attenuated in the real structure. Nonetheless, the quoted values, 
based upon the assumption of a simple cylindrical geometry, serve to 
illustrate the effects of the four forcing functions. The maximum 
stresses quoted in Figures 'a' for the 'free structure' are the largest 
longitudinal bending stress levels found at any of the nodes 1 to 7.
The peak stresses occurring at the base of the structure are noticeably 
higher (as much as a factor of two) than the free structural stresses. 
This would appear to indicate that the base of this hypothetical 
structure is under-designed in terms of its strength. It should, however, 
be pointed out that the support junctions of real structures dissipate 
a considerable amount of energy and thus produce significant reductions 
in the flexure and attendant moments in the vicinity of the base.
Finally, the displacement histories illustrate the complex nature of 
typical transient responses and the difficulty in appreciating the 
structural motion from such a presentation. This again serves to suggest 
the advantages that can be gained from the use of an animated simulation 
of the displacement response of the structure, such as has been 
developed by the author.
As a further, more 'realistic' example of the utilisation of the 
analysis, the behaviour of an 11.7 metre high prototype steel mast is 
considered. The mast and the five node idealisation which is used to 
represent it in the analysis, are shown in Figure 17a. The mast is part 
of a superstructure which is designed to withstand transient loading in 
the form of gross translational accelerations and explosive blast 
pressures. The specific forcing functions to be used as the excitation 
for the mast are also shown in Figure 17a. The pressure transient is
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the structure and the pulse profile illustrated is obtained from the
three-part piecewise linear approximation technique as described in
Section 4.3. The effective minimum spill width of the structure is
20 cm, and the clearing time for the blast to diffuse around the
structure is 400 p,sec. Correspondingly, the rise time for the pressure
acting on the rear face of the structure is 600 p.sec and the entire
pressure pulse is of 0.15 second duration. The 'instantaneous'
maximum overpressure due to the blast, as seen by the mast, is 114 kPa.
\
The accompanying base acceleration function shown in Figure 17a is a 
digitized record of the substructural movement due to the blast. It 
should be noted that the base displacement associated with this 
accelerometer trace is approximately proportional to the time elapsed 
after the pressure pulse has reached the structure. The double 
integration of accelerometer traces from many explosive-generated base 
excitations reveals a similar approximate proportionality in the base 
displacement history. Consequently, it is often satisfactory to use a 
doubly differentiated linear displacement ramp as a base acceleration 
function. In this case the base acceleration function results in a 
total base displacement of 10 cm during the first 2.5 seconds of the 
structural response.
The use of the analysis as developed in the previous chapter, 
makes it possible to study the individual and combined effects of these 
dynamic loading conditions very efficiently. This is valuable in cases 
such as this, where more than one mode of loading is operating during 
the response, since it might be established that a given form of loading 
may be neglected, or alternatively, that the consideration of an 
additional forcing function may actually lead to a reduction in the 
stressing of the structure. A further advantage of the time stepping 
approach, namely the ability to alter the time step size at any stage
the r e su lt  of a 1 .7  k ilo to n  explosion  occurring some 1000 metres from
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in the analysis, is brought out by this example. An application of 
the stability criterion reveals that a time step of 0.6 msec would be 
adequate to ensure computational stability. However, there are 
significant changes in the structural pressure loading during the first 
0.4 msec of the excitation history and this would be lost if a 0.6 msec 
step size were used. Consequently, the response histories computed for 
this mast utilise a 0.1 msec step for the first millisecond of the 
response, whereafter a second step size of 0.5 msec is used in the time 
integration algorithm. The deflection response of the mast under the 
action of blast pressure alone is shown in Figure 17b, from which it can 
be seen that the natural frequency of the mast is about 0.7 Hz. It is 
interesting to note that the maximum stress, tip deflection and base 
moment all develop long after the blast pressure pulse has died away.
The computed maximum deflection of the tip of the mast was 35*6 cm, 
occurring 2.44 seconds after the arrival of the blast wave, and a 
maximum structural acceleration of approximately 10 g was predicted at 
node 3 during the diffraction phase of the pressure pulse. This initial 
study does not consider the effects of structural damping which, as is 
discussed and illustrated in the next chapter, may play a crucial role 
in the transient structural response. Figure 17c shows the corresponding 
undamped deflection history for the case where the combined action of 
the pressure pulse and base acceleration forcing functions is analysed.
It can be seen that, in this case, the higher vibrational modes of the 
mast are excited to a greater extent. The predicted maximum tip 
deflection is now 4l cm, occurring some 35 milliseconds earlier in the 
response history, and there is a negligible change in the peak nodal 
acceleration. It is notable that the interaction of the two modes of 
loading has slightly reduced the maximum moment occurring at the base of 
the mast, despite the fact that the computed maximum tip deflection is 
some 16% greater. In both of the loading cases studied for this mast,
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a maximum stress of about 0.43 of the yield stress occurred at node 4 
of the idealisation.
The versatility of this technique is illustrated by these 
examples, and the efficiency with which useful design information can 
be obtained is underlined by the fact that the second example took 
less than two hours to develop. This two hours included the idealisation 
and input of the structural and excitation parameters, and the formatting 
and presentation of the output data. The second example also serves to 
illustrate the importance of being able to investigate the interactive 
effects of the simultaneous application of different forms of 
excitation. However, for this technique to be of real value for design 
parameter studies it is important to incorporate sensible modelling of 
structural damping into the analysis. This is an area of weakness in 
many existing structural dynamics programs and the problem is considered 
in some detail in the following chapter.
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THE EFFECTS OF DAMPING UPON DYNAMIC STRUCTURAL RESPONSE
The dynamic structural analysis which has been developed in the 
previous chapter is such that the computed response will never decay 
even if the external forcing is removed. The energy dissipation 
mechanisms which cause such a decay in real structures must be modelled 
numerically if the analysis is to yield a useful simulation of dynamic 
structural response. The incorporation of representative damping 
functions into the integration algorithm is of particular importance 
when studying transient response problems. As is shown subsequently, 
the neglect of the dissipative processes in such cases can lead to 
erroneous predictions of the location and magnitude of critical 
structural stress. A comparison of the performance of various numerical 
models for structural damping is conducted. This allows a rational 
choice to be made on the basis of the accuracy with which a given model 
simulates the physical damping process involved. The importance of 
energy dissipation at the base of the structure is recognised and a new 
approach to modelling this effect is developed. Damping due to bolted 
joints utilised in the fabrication of a structure can also have a 
significant effect upon the dynamic response and the work: of other 
researchers in this field is discussed as an introduction to the 
experimental work conducted for this thesis.
5.1 Modes of Damping
All engineering components when subjected to dynamic loading will 
dissipate some of the applied energy and thus exhibit damping phenomena. 
There are several well defined sources of damping and their relative 
significance is dependent upon the particular structure under 
consideration. In the case of tall, slender structures damping will
CHAPTER FIVE
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(i) internal friction of the structural materials 
(ii) interaction between the structure and the surrounding 
media
(iii) energy loss at joints and interfaces 
(iv) energy dissipation through the structural support/ 
foundation.
Other possible sources of energy loss such as electro-mechanical and 
acoustic damping will be neglected in this thesis. They are rarely 
encountered in the type of structure considered and when present they 
are usually of relatively minor importance. Throughout this work the 
term 'structural damping' will be used to describe the total damping 
present in a structure for a given environment and may thus include 
any combination of the factors listed above.
The study of damping properties in engineering materials dates 
back almost two centuries, with Coulomb discussing damping mechanisms 
in his Memoirs on Torsion in 1784. The measurement of damping was 
attempted as long ago as 1862 by Helmholtz and since that time 
researchers have developed many methods for this purpose. The 
experimental and theoretical analysis of damping has evolved for two 
separate reasons. Physical scientists have adopted a microstructural 
approach as a means of studying internal material structure and slip 
and dislocation phenomena on the atomic scale. The alternative 
approach considers the macroscopic effects that damping has upon the 
behaviour of complete components and structures. It is this area,. 
which has arisen from the growing importance of damping as an 
engineering property, that is of interest in this work.
A review of the damping literature reveals a diversity of 
nomenclature and units, resulting largely from the many different 
methods developed for the measurement of damping. The lack of unique
u su a lly  a r ise  from the fo llow ing sources:
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definitions and the ambiguity of many units presents difficulties if 
data from different sources is to be summarized or correlated. 
Lazan^108  ^ has, however, reviewed the various damping units in common 
use and indicates their relationship. In this thesis the measures of 
damping used are 'logarithmic decrement' and 'energy loss per cycle'. 
These were chosen since they have an immediate physical interpretation 
in terms of structural response and are used by a relatively large 
number of other researchers. The logarithmic decrement, S , is 
usually quoted in one of the following forms:
or
& = - log (1 -A u/u)
S =  log (u /u )n ^e n o
(5.1a)
(5.1b)
where A u is the amplitude loss per cycle and, referring to the 
diagram below, n is the number of cycles between amplitudes 
and U .
Energy loss per cycle, A  W, is a measure of the kinetic energy 
dissipated during one cycle of a structure undergoing simple free or 
forced oscillatory motion. This quantity is normally considered to be 
a function of both frequency and stress amplitude, so that,
AW = 0 ( f ,  u) (5. 1c)
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damping, is the most fundamental energy loss mechanism present in any
( 1 0 9 )deforming structure. Kelvin , who was one of the first researchers
in this field, proposed that internal friction was a viscous
phenomenon, but his torsion experiments did not verify this.
(110)Hopkinson and Williams later presented internal friction as a
hysteresis effect, although they misleadingly referred to it as
(111)•elastic hysteresis*. The work of Foppl , in which any strain is
considered to contain an elastic and a plastic portion (the latter 
being unrecoverable), highlights this misnomer. During the last fifty 
years a vast amount has been published on internal friction by 
physicists, metallurgists and engineers and the reader is directed to 
Lazan’s posthumous book (see Bibliography). This text contains a 
comprehensive literature survey and has become widely accepted as the 
reference book for material damping.
The current concensus is that internal friction arises from a 
combination of micromechanisms such as local plastic strain, magneto­
striction and grain boundary shear, and that the resulting material 
damping is nonlinear. The material damping in monolithic structures
has been studied quite extensively, with significant contributions from
( 1 1 2 )  ( 1 1 3 )Kimball and Lovell , Contractor and Thompson , Robertson and
Y o r g i a d i s ^ a n d  Lazan^44B\  However, the majority of the information
#
is of a specific, expirical nature and the underlying physical effects 
are only qualitatively understood. Most of the work that has been 
conducted does, nonetheless, indicate that the damping in metals is 
dependent upon the amplitude of vibration and is hysteretic rather than 
viscous in nature. By contrast there is little agreement as to the 
dependence, if any, of the internal energy losses upon the frequency 
of vibration. A lot of the investigations into internal friction have 
been conducted by materials scientists using very small deformations,
Internal fr ic t io n , a lso  known as m aterial or h y steretic
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materials at stress levels of engineering interest. To this end, new
(*1*16) (*11V)studies have been undertaken by Lee and McConnell and Adams
using relatively sophisticated modern test techniques. However, a
survey of recently quoted 'damping capacities' for specific materials
reveals wide discrepancies, probably due to small differences in test
configurations, material properties, etc. For example, the intrinsic
& value for steel is commonly quoted as being in the range .002 to
.008.
When a structure vibrates in a fluid its motion is retarded by 
fluid drag. This mode of energy dissipation is composed of viscous 
and pressure drag due to the relative motion between the fluid and the 
structure. Pressure drag is a result of flow separating from the 
structure to produce a low pressure turbulent wake, and viscous drag 
is produced by the shearing of the fluid in the boundary layer adjacent 
to the surface of the structure. For structures vibrating in air the 
energy dissipation due to fluid drag usually makes only a small 
contribution to the overall structural damping. Davenport^88  ^ has 
considered the response of tall, slender structures in air and develops 
a general expression for the logarithmic decrement due to aerodynamic 
drag damping. Davenport's work shows that the drag forces are 
proportional to the square of the relative structural velocity and#
that the aerodynamic damping varies inversely as the frequency of 
vibration. This would imply that the higher structural modes are less 
heavily damped.
The experimental determination of the magnitude of the aerodynamic
damping of real structures is obviously not possible since there is no
way in which the effect can be isolated from other inherent modes of
(118)damping. Baker, Woolam and Young have, however, measured the air
damping of thin cantilever beams by conducting tests under normal
but there i s  a need for more inform ation re la tin g  to structural
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atmospheric conditions and in an evacuated chamber. Several metal 
beams were tested over a range of free vibration amplitudes, A, and 
it was concluded that for low amplitudes (A/1 < .002, where 1 is 
the beam length) the damping force was proportional to the structural 
velocity, whereas at high amplitudes (A/1 > .01) it was proportional 
to the square of the velocity. The response of structures surrounded 
by more viscous fluid media such as water is treated in detail in a 
book by Blevins (see Bibliography). Blevins shows that the damping of 
a structure in a still fluid is a function of the amplitude of 
vibration and a non-dimensional parameter similar to Reynolds number.
The interaction effects that arise in a structure surrounded by 
turbulent water may significantly effect the fluid damping and such 
cases require a rigorous hydrodynamic analysis.
There is little doubt that mechanical damping can play a
significant role in the response of tower-like structures which contain
many structural joints. Typical structural connections can experience
many modes of applied dynamic loading which may result in crushing,
fretting, microslip and sliding at their interfaces. It has been shown
that built-up structures exhibit much higher damping than similar
(119)monolithic structures with the energy loss per cycle being as much
as 100 times higher. The many complex mechanisms which can be involved 
lead to analytical solutions which are very specific and necessarily 
approximate. This 'interface damping' is of particular interest and is 
discussed further in Section 5.5.
Energy dissipation at the base of the type of structure under 
consideration also has an important effect upon the damping of the 
dynamic response. Most of the energy lost at the base of these 
structures takes the form of 'radiation' damping in which the vibrational 
energy dissipates into the surrounding foundation material or supporting 
structure, although some is lost as internal friction in the support.
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Again, particular values of such damping are very dependent upon the
(120)specific structure/base combination under consideration. Whitman
has investigated the damping in the soil surrounding tall buildings,
showing variations by as much as a factor of forty depending upon the
exact form of the foundation. This foundation damping effect probably
explains the different measures of damping obtained by some investigators
for nominally similar structures at different sites. A paper by 
(121)Mentel contains an experimental and theoretical study of the
vibrational energy dissipation at the support junctions of built-in
beams. The analysis is somewhat limited in that no rotation is allowed
at the support and only material damping and longitudinal support
interface motion are considered. Mentel found a general dynamic
treatment to be intractable and could only solve the case of sinusoidal
forcing by an approximation method. Nonetheless it was found that for
thin beams there was a significant increase in the total energy
dissipation due to the support.
Due to the complex nature and interaction of the modes of
damping discussed above, it is not generally possible to obtain a
completely theoretical estimate of the structural damping of a real
built-up structure. For such an estimate to be made, some experimental
data from tests on the real structure is usually necessary. Whilst
damping measurements for full-scale tall structures present practical
difficulties, 'free vibration' tests have been conducted for several'
(122)circular towers and stacks. Scruton and Flint summarize 21 of
these tests by various investigators for steel towers ranging in height 
from 40 to 240 metres. Tip amplitudes of the order of 10 centimetres 
were used, and the resulting logarithmic decrement values ranged from 
0.01 to 0.18. There is seen to be a statistically significant difference 
between the values obtained for towers with differing methods of 
fabrication. Similar data for the damping of 12 tall buildings, as
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determined during the San Fernando earthquake, can be found in a paper
(123)by Hart and Vasudevan , in which a trend towards decreasing damping
with increasing building height can be detected.
(124)Mindlin, Stubner and Cooper have conducted an experimental
investigation into the effects of damping upon the response of cantilever 
beams to transient disturbances. The results of drop tests, in which 
the beams' vibration decay was measured, were compared with theoretical 
solutions for the damped response of such a system to idealised 
acceleration pulses. It was concluded that the physically inaccurate 
assumption of simple viscous damping in the theoretical solution gave 
an acceptable 'order of magnitude1 response if only the fundamental 
mode of the beam was excited. However, for more complex transient 
responses, such an approach was found to give excessive suppression of 
the higher modes, resulting in predicted strains and accelerations that 
were too small. This indicates the need for mathematical models which 
are based upon the empirically derived behaviour of real structures, 
rather than non-representative idealised damping elements.
5.2 Mathematical Models of Material Damping
(109)It was the work of Kelvin and his contemporaries that led
to the practice of using simple viscous elements to represent the 
damping effect in numerical models of structural dynamics. This use of 
velocity proportional damping in numerical analysis still prevails 
despite the large amount of experimental evidence which shows the energy 
dissipation mechanisms to be both nonviscous and nonlinear. The 
damping force is, however, usually small compared with the inertial 
and elastic forces acting upon a structure. This justifies the use of 
a linear damping model as an approximate simulation of the actual 
damping and leads to an additional term in the general equation of 
structural motion (3.3c) as follows,
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[m]{u^ + [k] Ju] + { Fd (u,u,t)^ = {F(t)} (5.2a)
where £ Fd^ is the effective damping force. If the structural 
damping is considered to consist entirely of simple viscous damping, 
then,
$Fd] = [c ] [u*i (5.2b)
where [c] is the damping matrix. Equation (5.2b) is the form of
damping frequently introduced into dynamic structural analyses, its
main attraction being its mathematical convenience despite the fact that
it can only yield accurate solutions over a very limited frequency
range. This frequency restriction casts serious doubt upon the
suitability of this approach to transient response problems in which
many modes of vibration may be excited. A further problem is
encountered in attempting to evaluate the damping matrix is a sensible
and 'realistic' fashion. To this end, methods of deriving 'equivalent
(19 128)viscous damping' matrices have been developed ’ based upon
obtaining correct damping ratios for specific modes of structural
deformation. Such an approach is, however, only valid if the structural
response is linear and there is no modal coupling. The latter
criterion is rarely met in practical structures particularly if they
are of the built-up variety, containing many joints and connections.
A further problem with the viscous damping model is that it
contradicts the extensive experimental data which shows the damping to
be dependent upon the amplitude of the structural response. The energy
dissipation per cycle yielded by equation (5.2a) with a viscous damping
term can be derived for the case of forced sinusoidal loading and it is 
(125)shown by Naylor to be dependent upon, but not proportional to the
frequency of the applied load. Whilst there is still considerable 
disagreement over the relationship between dissipation and 
frequency^128’128 \  it would appear that again the viscous model is a
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poor representation. As a result of the inadequacy of equation (5.2b) 
in the simulation of damping, there has been a considerable research 
effort into the development of relatively simple models which can 
represent the behaviour of real materials and structures with sufficient 
accuracy for the engineering analysis of damped structural response.
The most important developments in numerical modelling are
discussed in the next section, although many of them have evolved from
the consideration of vibrational rather than transient or random motion.
As a consequence, several of the more recent sophisticated methods for
treating the damping of invariant oscillatory response cannot be
successfully transferred to the more general case of transient loading
(127)and response. Indeed, recent work by Mead and Mallik upon the
material damping of engineering structures under random excitation 
suggests the use of a simple power law relationship between the energy 
loss and the r.m.s. stress amplitude (with empirically derived 
constants) as the most viable method of modelling non-oscillatory 
structural response.
5.2.1 Theoretical Developments
The simple viscous damping element that has been discussed can 
be thought of as an idealised dashpot which produces a force that is 
linearly proportional to velocity. When such elements are incorporated 
into a discretized elastic structural model, an effective spring- 
dashpot system results. A single spring-dashpot combination is 
generally considered to be the basic rheological unit, with a series 
combination being known as the Maxwell model and a parallel combination 
known as the Kelvin-Voigt model. Lazan (bibliography) has shown that 
the Maxwell model does not realistically simulate the behaviour of real 
materials since, amongst other things, it cannot sustain internal 
stress. The Kelvin-Voigt model overcomes some of these deficiencies
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The way in which the conventional structural damping matrix,
[c], is formed with a dashpot at each node of the discrete idealisation
yields an equivalent composite Kelvin-Voigt system. It is possible to
(125)show that, under sinusoidal forcing, the Kelvin-Voigt model
yields a damping force which is proportional to co u and an energy
~2loss per cycle proportional to co u , where <o is the forcing 
frequency and u is the displacement amplitude. In assessing this 
result, the problem of the contradictory evidence of frequency 
dependency arises. The energy dissipation effect of the Kelvin-Voigt 
model can be written as,
A W  = C, u2 (5.2.1a)d
and can be used as a f i r s t  approximation to a v is c o e la s t ic  s o lid .
where the damping coefficient fe is not necessarily constant.
(112)Kimball and Lovell's early experiments show that, for many
engineering materials, fe is constant. However, later work by Wegel 
( 1 2 9 )and Walther demonstrated that fe had a small, but significant,
linear dependency upon the forcing frequency, co . A more recent
( )investigation by Lazan did, nonetheless, indicate that, if the
material is stressed below its fatigue limit, then fe can be
considered independent of co for practical analyses.
With the assumption that the energy loss was in fact independent
of frequency, the concept of "hysteretic damping" was first introduced
( 1 3 0 )by Bishop . This type of damping is similar to viscous damping in
that it produces a resisting force which is in phase with velocity, 
but differs in that its magnitude is proportional to displacement rather 
than velocity. The resulting relation is,
fe u
Fd = — —  = (h/co) u (5.2.1b)TC 00
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model is often referred to as 'frequency-dependent damping' since the
conventional viscous coefficient, c, is replaced by the term (h/to).
(131)An alternative formulation has been presented by Myklestad in
which the concept of a 'complex damping coefficient' is used. This 
approach does not use a discrete dashpot element, but considers the 
elastic forces in the structure to be of the form,
Fe = k (u + iu) (5.2.1c)
where &u represents the material hysteresis effect. A subsequent
analysis of the case of steady-state harmonic motion using complex
algebra leads to an expression for the damping force which is equivalent
to equation (5.2.1b).
The mathematical derivations described so far are based upon the
case of an invariant sinusoidal forcing function operating at a
frequency, &)• If the concepts are to be applied to the cases of free
vibration or broadband excitation, then a problem arises in the
(132)interpretation of w. Reid has considered this and suggests that,
in terms of a single degree of freedom system, the equation of motion 
with hysteretic damping can be recast as,
where h i s  the 'c o e f f ic ie n t  o f h y stere tic  damping'. This mathematical
u + k u = F ( t )  (5.2.Id)
where b is a constant hysteretic damping coefficient and F(t) can
be zero or a complex function. Reid studies the case of free vibration
(133)in some detail, noting that according to Pinsker the velocity and
displacement of damped free vibrations are not exactly tt/2 radians out
of phase. The Bishop and the Myklestad formulations are also considered
and expressions for their corresponding logarithmic decrements are
tabulated. The case of a broadband forcing function, F(t), is not,
(134)however, studied in any detail. The mathematician Lancaster has
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criticised the 'complex stiffness' approach of Myklestad et al., 
claiming that the solution of the governing equation cannot be given 
a satisfactory physical interpretation and that separation of the real 
and imaginary parts of the equation is unjustifiable. Lancaster cites 
Reid's approach as being physically sensible, yielding a damping force 
which is proportional to displacement and in phase with velocity, 
although the latter is not truly representative of the physical damping 
process.
(135)Milne has attempted to extend this type of hysteretic
damping model to transient mechanical or structural motion. In deriving 
the impulse response solution to the equation of hysteretically damped 
motion, Milne suggests that co in Bishop's formulation is associated 
with the imaginary part of the pair of complex roots. There would,
( 1 2 6 )however, appear to be no clear justification for this interpretation
and the solution of the operational equation for light linear damping
that is derived is too complex for incorporation into a time integration
( 1 3 6 )algorithm. Scanlan and Mendelson have also examined the complex
stiffness approach, noting its inadequacies when adapted to free 
vibration and showing that for certain initial conditions it will in 
fact lead to an exponentially increasing solution. In an attempt to 
alleviate these problems, a modification to the equation of motion is 
suggested which involves the use of a factored structural stiffness 
matrix. This leads to a model which corresponds to the physical 
damping process encountered in free vibration, but the resulting 
expression is unwieldy and not suitable for the case of general 
broadband excitation.
In order to overcome the deficiencies of the basic Maxwell and
Kelvin-Voigt models, various multi-parameter methods have been
.(137,138,139) , .. . . , _developed . These methods use models which consist of
serial or parallel chains of the basic idealised spring-dashpot
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Theological units. The model due to Neubert is typical of this
approach to the representation of internal damping in solid materials.
This model utilises a main elastic element and several parallel
'relaxation zones' consisting of serial spring-dashpot pairs. Neubert
uses relaxation techniques to investigate both the transient and the
steady-state response of the model. Whilst promising comparisons are
made with the internal damping of real materials, the complexity of this
and other multi-parameter models seriously limits their usefulness in
(140)numerical dynamic analyses. Chang and Bieber have noted that the
damping models described above lead to an elliptical hysteresis loop, 
whereas those determined experimentally usually have sharp corners at 
the maxima and minima and are nearly linear in the region of low 
stress-strain. In an attempt to model the physical situation more 
accurately, they have proposed a nonlinear model in which hysteretic 
damping is only operative beyond a limiting displacement amplitude.
Whilst the form of approach used by Chang and Bieber is not amenable 
to time integration analysis, it does indicate the feasibility of 
introducing a nonlinear damping term into the equation of structural 
motion.
Clough has recently studied the modelling of more general
structural damping for specific use with numerical dynamic structural
(18)analyses. In work conducted with Bathe 'stiffness proportional
damping' is considered, in which the damping force vector follows the 
basic criteria of displacement proportionality and velocity phasing.
The damping force vector is yielded by multiplying the stiffness vector 
by a damping factor and then taking the sign of each term to agree with 
the sign of the corresponding nodal velocity:
[Fd} = V  {Fs] (5.2.1e)
(138)
where "v "  denotes that the sign s o f the terms are those of the
v e lo c i t y  v e c to r ,  { u ^ . W ith o u t s t a t in g  t h e i r  s o u rc e s , C lough and 
B ath e  c la im  t h a t  t h i s  fo rm  o f  dam ping o f f e r s  th e  a d v an tag e  o f  p ro d u c in g  
dam ping r a t i o s  w h ich  a re  e s s e n t ia l l y  c o n s ta n t  f o r  a l l  modes o f  
v i b r a t io n .  I t  i s  a ls o  s ta te d  t h a t  th e  f a c t o r  "Y i s  e q u a l to  I t  t im e s  
th e  v is c o u s  dam ping r a t i o  f o r  l i g h t  dam ping. D e s p ite  th e  a p p a re n t  
a d van tag es  o f  e q u a tio n  ( 5 .2 . 1 e )  i t  does n o t a p p ear to  have been used
to  any g r e a t  e x te n t  f o r  th e  dynam ic a n a ly s is  o f  e n g in e e r in g  s t r u c tu r e s .
(1 4 1 )F u r th e r  work i n  a s s o c ia t io n  w ith  M o jta h e d i has c o n s id e re d  th e  use
o f  n o n -p r o p o r t io n a l dam ping m a tr ic e s  i n  th e  a n a ly s is  o f  e a rth q u a k e  
re s p o n s e . C lough and M o jta h e d i n o te  t h a t  th e  m odal c o u p lin g  in tro d u c e d  
by th e  in h o m o g e n e itie s  p re s e n t  i n  most r e a l  s t r u c tu r e s  p r o h ib i t  th e  use  
o f  a s im p le  d ia g o n a l dam ping m a tr ix  and n o d a l s u p e r p o s it io n  m ethods. A 
te c h n iq u e  i s  d e s c r ib e d  f o r  th e  e v a lu a t io n  o f  n o n -p r o p o r t io n a l damping  
m a tr ic e s ,  based upon th e  R a y le ig h  dam ping c o n c ep t as f o l lo w s ,
[ c ]  = a0  [ m ]  + a a [ k ]  ( 5 . 2 . I f )
w here and a^ a re  th e  s o - c a l le d  p r o p o r t io n a l i t y  c o n s ta n ts . I t  i s
p roposed t h a t  t h i s  e q u a tio n  i s  a p p lie d  to  d is c r e te  re g io n s  o f  th e  
s t r u c tu r e  w here d i f f e r i n g  dam ping modes and m ag nitu d es  a re  known to  a c t .
The lo c a l  dam ping m a tr ic e s  w ith  t h e i r  in d iv id u a l  a -v a lu e s  may th e n  be  
assem bled to  y ie l d  th e  o v e r a l l  dam ping m a t r ix .  On th e  b a s is  o f  a f i n i t e  
e lem e n t a n a ly s is  o f  a s e is m ic a l ly  e x c ite d  d a m -fo u n d a tio n  system , C lough  
and M o jta h e d i c o n c lu d e  t h a t  th e  dam ping has a m a jo r in f lu e n c e  upon th e  
resp o n se  a m p litu d e  and sh o u ld  t h e r e fo r e  a lw ays  be in c lu d e d  i n  
m a th e m a tic a l fo r m u la t io n s .  A d d i t i o n a l ly ,  i t  i s  shown t h a t  th e  p resen ce  
o f  lo c a l  e n erg y  lo s s  mechanisms i n  r e a l  s t r u c tu r e s  cause  s ig n i f i c a n t  
c o u p lin g  betw een  th e  v ib r a t io n a l  modes.
I t  i s  n o ta b le  t h a t  i n  a lm o s t e v e ry  dam ping s im u la t io n  te c h n iq u e  
surveyed  above no in d ic a t io n  i s  g iv e n  as to  how th e  dam ping p aram e te rs  
f o r  each  fo r m u la t io n  may be a s s ig n e d  n u m e ric a l v a lu e s .  T h is  p o in ts  to
1 0 4
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th e  a lm o s t u n a v o id a b le  need f o r  r e le v a n t  e x p e r im e n ta l in fo r m a t io n  i f  
a r e a l i s t i c  model o f  th e  d e g re e  o f  dam ping i s  to  be o b ta in e d . F u r th e r -  I
m ore, most in v e s t ig a t o r s  have n o t c o n s id e re d  th e  p e rfo rm a n ce  o f  th e
m a t e r ia l  dam ping m odels f o r  th e  case  o f  b ro ad -b an d  o r  random e x c i t a t io n .
I
T h is  i s  e x p la in e d  to  some e x t e n t ,  by th e  f a c t  t h a t  th e  g o v e rn in g  '
e q u a tio n s  o f  many o f  th e  proposed  m odels can n o t be s o lv e d  e x a c t ly  f o r
such cases  and th u s  d e fy  r ig o r o u s  a n a ly s is .  N o n e th e le s s , no c o m p a ra tiv e  
p e rfo rm a n c e  s tu d ie s  ap p ear to  have been  made f o r  th o s e  m odels w hich  may 
be in c o r p o r a te d  in t o  a t r a n s ie n t  resp o n se  t im e  in t e g r a t io n  a lg o r ith m -  
I n  an a tte m p t to  rem edy t h i s  s i t u a t i o n  th e  a u th o r  has con d u cted  a 
q u a l i t a t i v e  in v e s t ig a t io n  o f  th e  b e h a v io u r  o f  f i v e  fo r m u la t io n s  f o r  
m a te r ia l  dam ping i n  th e  c o n te x t  o f  th e  a n a ly t i c a l  method used i n  t h is  
t h e s is .  O f p a r t i c u l a r  i n t e r e s t  i s  th e  s t a b i l i t y  o f  th e  n u m e r ic a l 
dam ping a lg o r ith m s  and t h e i r  fre q u e n c y  dependency i n  th e  t im e  
i n t e g r a t i o n  schem e.
5 . 2 . 2  C o m p a ra tiv e  S tu d y  o f  M ethods Am enable to  T im e In t e g r a t io n
F iv e  r e p r e s e n t a t iv e  m odels o f  th e  in t e r n a l  dam ping p ro ce ss  have  
been s e p a r a te ly  in c o r p o r a te d  in t o  th e  t im e  in t e g r a t i o n  a n a ly s is  d eve lo ped  
i n  C h a p te r  3 . I n  o rd e r  to  o b ta in  a m e a n in g fu l com pariso n  betw een  th e  
dam ping a lg o r ith m s , th e  a n a ly s is  was used to  s im u la te  th e  i n d i c i a l  
resp o n se  o f  a s in g le  d e g re e  o f  freed o m  i d e a l i s a t i o n  f o r  each model in
t u r n .  T h is  e n a b le d  an e x a m in a t io n  o f  th e  s t a b i l i t y ,  f re q u e n c y  and
d ecay  c h a r a c t e r i s t ic s  to  be made. The f i v e  m odels c o n s id e re d  w ere:
A) S im p le  V isc o u s  Damping
B) V isc o u s  R e s is ta n c e  to  S t r a in
C) D is p la c e m e n t D ependent Damping
D) S t i f f n e s s  P r o p o r t io n a l  Damping
E) 'H y s t e r e t ic '  Dam ping.
The d e s c r ip t iv e  names have been  a t t r ib u t e d  somewhat a r b i t r a r i l y  s in c e ,
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as p r e v io u s ly  m e n tio n e d , th e r e  i s  no s ta n d a rd  n o m e n c la tu re . The b a s is  
f o r  each o f  th e  f i v e  m odels w i l l ,  how ever, become c le a r  i n  th e  
fo l lo w in g  d is c u s s io n s . To f a c i l i t a t e  com parison  b etw een  th e  m odels, 
each o f  th e  a p p r o p r ia te  dam ping c o e f f i c ie n t s  i s  n o n -d im e n s io n a lis e d  
and fa c to r e d  to  y ie l d  a p p ro x im a te ly  s im i la r  d eg rees  o f  dam ping f o r  th e  
same n u m e r ic a l v a lu e s .  The f a c t o r i s a t io n  i s  a ls o  conducted  i n  such a 
way t h a t  th e  f a c to r s  y ie l d  ' r e a l i s t i c '  decay  o f  s t r u c t u r a l  m o tio n  f o r  
c o e f f i c i e n t  v a lu e s  i n  th e  ra n g e  0 to  1 .  F o r c l a r i t y  i n  th e  fo l lo w in g  
d e r iv a t io n s ,  th e  m a tr ix  n o ta t io n  w i l l  be dropped i n  some in s ta n c e s  and 
th e  g o v e rn in g  e q u a tio n s  w i l l  be  d eve lo p ed  f o r  a t y p ic a l  n o d a l p o s i t io n .  
Thus f o r  a p a r t i c u l a r  node, i ,  th e  f i n i t e  d i f f e r e n c e  form  o f  th e  
g e n e ra l e q u a tio n  o f  undamped s t r u c t u r a l  m o tio n  becom es,
S t 2
u . , = 2u. , -  u. ,  (F s . , -  F . , ) ( 5 .2 .2 a )i , t + £ t  i , t  i , t - £ t  rfe i , t  i ? t '
and as a f u r t h e r  s i m p l i f i c a t i o n  th e  *i  * s u b s c r ip ts  w i l l  be o m itte d  
i n  subsequent e q u a tio n s .
A) S im p le  V isco u s  Dam ping:
T h is  i s  th e  b a s ic  fo rm  o f  dam ping w hich  i s  in c o r p o ra te d  in t o  
many p r a c t ic a l  s t r u c t u r a l  dynam ics p ro g ram s. The e q u a tio n  o f  m o tio n  
becomes
[ m ] £ u l j  + + [ c ] { ^ 3  = [  ( 5 .2 .2 b )
where [ c ]  i s  a d ia g o n a l m a tr ix  form ed from  th e  v is c o u s  damping  
c o e f f i c ie n t s  o f  th e  h y p o th e t ic a l  l i n e a r  dash p ots  a t  each o f  th e  nodes o f  
th e  i d e a l i s a t i o n .  I n  o rd e r  to  accommodate th e  dam ping te rm  i n  
( 5 . 2 . 2 b ) ,  a f i n i t e  d i f f e r e n c e  form  o f  th e  n o d a l v e lo c i t y  must be used  
i n  th e  t im e  in t e g r a t i o n  schem e. F o r th e  a lg o r ith m  to  re m a in  e x p l i c i t l y  
s o lu b le ,  a 'b a c k w a r d -d if f e r e n c e 1 must be u s e d .fo r  th e  v e lo c i t y  te rm s .
10?
Consequently the time integration algorithm becomes,
u t+ S t = 2 u -  u -  —  ((F s  -  F ) i tt  t - * t  m \  t  t + c <ut - V - s J ( 5 .2 . 2 c )
The d im en s io n s  o f  th e  c o e f f i c i e n t  c a re  MT , and i n  o rd e r  to
o b ta in  a n o n -d im e n s io n a l c o e f f i c i e n t  th e  a p p r o p r ia te  d im e n s io n a lly
e q u iv a le n t  g ro u p in g  o f  s t r u c t u r a l  p a ra m e te rs  i s  J m  1 E . T hus, w ith
4th e  use  o f  a s c a l in g  f a c t o r  o f  1 0  , th e  fo l lo w in g  s im p le  v is c o u s  dam ping  
c o e f f i c i e n t  r e s u l t s ,
Wc = c (m
-4- 4
1 E) x  10 ( 5 .2 .2 d )
B) V isc o u s  R e s is ta n c e  to  S t r a in :
T h is  a p p ro a ch , w h ich  has a g a in  found some p o p u la r i t y  amongst 
s t r u c t u r a l  d y n a m ic is ts , i s  an a tte m p t to  r a t i o n a l i s e  th e  p o s tu la te  o f  
a v is c o u s  dam ping m echanism . The assum ptio n  made i s  t h a t  th e  t o t a l  
dam ping fo r c e  on th e  m a t e r ia l  i s  p r o p o r t io n a l  to  th e  r a t e  o f  change o f  
e x te n s io n  o f  a m a te r ia l  e le m e n t and i t s  c r o s s -s e c t io n a l  a r e a .  Hence 
th e  dam ping 'm om ent' a c t in g  upon a s e c t io n  o f  th e  m a te r ia l  may be  
found  as fo l lo w s :
P-bSb t ( i )
w here £  i s  th e  lo c a l  norm al s t r a i n  
and y i s  th e  r e s is ta n c e  to  s t r a in  
v e lo c i t y  ( i n t e r n a l  dam ping c o e f f i c i e n t ) .
Damping Moment, Md dA (ii)
w here dA i s  th e  e le m e n ta l c r o s s -  
s e c t io n a l  a r e a .
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Combining (i) and (ii) gives,
( i i i )
and u s in g  th e  fu n d a m e n ta l r e la t io n s h ip s ,
u and I u 2  dA
i t  i s  p o s s ib le  to  r e w r i t e  e q u a tio n  ( i i i )  a s ,
Md = 11 I  — ~
^ x 2  t
( i v ) .
The s ta n d a rd  e le m e n ta ry  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  f o r  th e  f le x u r e  
o f  an E u le r  beam can  be w r i t t e n  a s ,
w here  M i s  th e  g ro ss  moment a c t in g  a t  p o s i t io n  x .  U s u a lly  t h is  
g ro ss  moment i s  o b ta in e d  fro m  e le m e n ta ry  beam th e o ry  a s ,
h o w ever, in  o rd e r  to  in c lu d e  th e  m a te r ia l  dam ping e f f e c t  i n  e q u a tio n  
( v ) ,  th e  dam ping moment as g iv e n  by  ( i v )  i s  in c lu d e d  as a c o n t r ib u t io n  
to  M. Thus th e  g o v e rn in g  e q u a tio n  o f  m o tio n  becomes
C om parison o f  t h i s  r e la t io n s h i p  w ith  e q u a tio n s  (3 .3 b )  and ( 3 .3 c )  shows 
t h a t  th e  dam ping moment i s  e f f e c t i v e l y  added in t o  th e  s t r u c t u r a l  
s t i f f n e s s .  How ever, fro m  a p r a c t i c a l  s ta n d p o in t  i t  i s  p r e fe r a b le  to  
s e p a r a te  th e  dam ping te rm  fro m  th e  e l a s t i c  fo r c e  te rm . C o n s e q u e n tly  
th e  dam ping fo r c e  i n  ( 5 . 2 . 2 e )  i s  is o la t e d  and reduced  u s in g  th e  s ta n d a rd
(v )
(vi)
( 5 .2 .2 e )
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differential beam relationships to give
Fd = u I  I . . V .  _ U. lE S . ( 5 2
fex4 t E
I n  t h i s  case  a f i n i t e  d i f f e r e n c e  fo r m u la t io n  f o r  th e  r a t e  o f  change o f  
th e  e l a s t i c  fo r c e  i s  r e q u ir e d  and a g a in  a backw ard d i f f e r e n c e  i s  
a p p r o p r ia t e .  Thus th e  t im e  in t e g r a t i o n  a lg o r ith m  becomes
Ut + i t  2  ut  Ut - S t  -  m ( (F s t  -  Ft ) i t  ♦ (F s t  -  F s t _ J t ) -g . )  ( 5 .2
-1 -1
The d im en s io n s  o f  th e  dam ping c o e f f i c i e n t  y, a re  M L  T and th e
y -— i- y  . Com bining
5t h i s  w ith  a s c a l in g  f a c t o r  o f  1 0  le a d s  to  th e  f o l lo w in g  n o n -d im e n s io n a l 
dam ping c o e f f i c i e n t  f o r  v is c o u s  r e s is ta n c e  to  s t r a i n ,
Wy. = p. / — x 10B ( 5 .2*' Em
C) D is p la c e m e n t Dependent Dam ping:
T h is  m odel o f  m a t e r ia l  dam ping comes fro m  th e  i n i t i a l  assum ptio n  
made by th e  p ro p o n e n ts  o f  th e  com plex s t i f f n e s s  app ro ach  to  h y s t e r e t ic  
dam ping, nam ely
Fs = (k  + 0 )  u ( 5 .2
T h is  r e la t io n s h ip  i s  e q u iv a le n t  to  th e  M y k le s ta d  e q u a tio n  ( 5 . 2 . 1 c ) ,  
w ith  th e  ' lo s s  c o e f f i c i e n t ' ,  , e f f e c t i v e l y  r e p la c in g  k .£ u /u .  The  
d is p la c e m e n t v a lu e  u i n  ( 5 . 2 . 2 i )  can  be th o u g h t o f  as th e  damped 
v a lu e  u ^ , w hereas i f  $  = 0 , th e n  th e  undamped v a lu e  i s  uq . 
C o n s e q u e n tly ,
Fs , Fs . . .u , = - — and u ~ -r— ( l ) ,d k + 0  o k
and com bin in g  th e s e  e q u a tio n s  to  e l im in a te  th e  s t i f f n e s s  le a d s  to  th e
.2f)
- 2 g)
. 2h).
. 2 i )
(ii)
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F s .u
Ud = Fs +' 0 u ( 5 . 2 . 2 j )o
H ence, i f  th e  undamped d is p la c e m e n t i s  known a t  a g iv e n  t im e , th e n  th e  
e q u iv a le n t  damped v a lu e  may be found  fro m  ( 5 . 2 . 2 j ) .  I n  o rd e r  to  
in c o r p o r a te  t h i s  in t o  th e  n u m e r ic a l a n a ly s is  i t  i s  n e c e s s a ry  to  r e c a s t  
th e  e q u a tio n  as
„ . + (lii)
expression
d \U  Fs  o
The t im e  in t e g r a t i o n  a lg o r ith m  th e n  becomes
-1
U =  2 ------  + ------- 1 ( 5 . 2 . 2 k )
V 2  ut  *  u t - s t  -  (F s t  -  Ft>  S t  /m ) F st
—2The d im en s io n s  o f  th e  lo s s  c o e f f i c i e n t ,  rf, a re  M T and th e  use o f
g
a s c a l in g  f a c t o r  o f  1 0  and th e  in c o r p o r a t io n  o f  th e  d im e n s io n a lly  
e q u iv a le n t  te rm  E 1  le a d s  to  th e  f o l lo w in g  n o n -d im e n s io n a l m a te r ia l  
dam ping lo s s  c o e f f i c i e n t ,
Wq = - r — x  108  ( 5 . 2 . 2 1 )L 1
D) S t i f f n e s s  P r o p o r t io n a l  Dam ping:
T h is  i s  th e  m odel o f  s t r u c t u r a l  dam ping sug g ested  by C lough and 
B ath e  as d is cu s se d  i n  S e c t io n  5 . 2 . 1 .  W ith  th e  in c o r p o r a t io n  o f  th e  
dam ping fo r c e  as quoted  i n  e q u a tio n  ( 5 . 2 . 1 e )  in t o  th e  e q u a tio n  o f  
s t r u c t u r a l  m o tio n , th e  f o l lo w in g  e x p re s s io n  is  o b ta in e d
V
[ » ] M  + { f s }  + Y  { f s }  = £ F ( t  (5 .2 .2 m )
R e c a l l in g  t h a t  ' v ' d e n o te s  t h a t  Y  { Fs*\ assumes th e  s ig n  o f  th e  n o d a l 
v e l o c i t y ,  th e  dam ping fo r c e  i n  (5 .2 .2 m )  becomes,
Fd = Y . s i g n  ( (U fc -  )  { Fs3 ( i )
Ill
H ow ever, s in c e  £ t  >  0 , i t  can  be o m it te d  from  e x p re s s io n  ( i )  and t h i s  
le a d s  to  th e  t im e  in t e g r a t i o n  a lg o r ith m  in  th e  fo l lo w in g  form
Ut+tt = 2 Ut “ Ut-St “ (FS (1 + ^*si9n (Ut“Ut-^t)) “ Ft) ^fc2/rn (5.2.2n)
The dam ping f a c t o r  Y i s  a lr e a d y  a n o n -d im e n s io n a l q u a n t i t y  and th e  
s u i t a b ly  fa c to r e d  dam ping c o e f f i c i e n t  i s  s im p ly  g iv e n  by
Wp = 1 0 0  Y ( 5 .2 .2 o )
E) 'H y s t e r e t ic *  Damping:
(1 3 2 )The a d a p ta t io n  o f  R e id 's  te c h n iq u e  f o r  th e  s im u la t io n  o f
h y s t e r e t i c  m a te r ia l  dam ping fo rm s th e  b a s is  o f  t h i s  m o d e l. I t  i s  a 
s im p le  m a t te r  to  a d a p t e q u a tio n  ( 5 . 2 . Id )  to  th e  f i n i t e  d i f f e r e n c e  
scheme, a lth o u g h  th e  f o l lo w in g  r a t h e r  le n g th y  t im e  in t e g r a t io n  
a lg o r ith m  r e s u l t s ,
U,
U, = 2 U, -  U. -  (F s  —F +bt + £ t  t  t - 6 t  t  t W t t
i t 2/m ( 5 . 2 . 2 p)t  t — 6 t
The h y s t e r e t ic  dam ping c o e f f i c i e n t  b i s  d im e n s io n a lly  e q u a l to  th e
2
s t r u c t u r a l  p a ra m e te r  group E l /m , and w ith  a s c a l in g  f a c t o r  o f  
5
3 x  10 y ie ld s  th e  f o l lo w in g  n o n -d im e n s io n a l c o e f f i c i e n t ,
Wb = x  105  ( 5 .2 .2 q )
El
I n  o rd e r  to  check  t h a t  th e  above a lg o r ith m s  w ere  fu n d a m e n ta lly  
c o r r e c t ,  th e  s im p le  c ase  o f  a t r u l y  e n c a s tre  c a n t i l e v e r  w ith  a s in g le  
d e g re e  o f  freedom  was f i r s t  c o n s id e r e d . M a t r ix  fo r m u la t io n  i s  
in a p p r o p r ia te  f o r  such a b a s ic  system  and a s e p a ra te  program  was w r i t t e n  
w ith  a d i r e c t l y  e v a lu a te d  s t i f f n e s s  te rm  i n  th e  i n t e g r a t i o n  lo o p . An 
i n v e s t ig a t io n  o f  th e  case  o f  f r e e  v ib r a t io n  r e v e a le d  t h a t  e q u a tio n s  
( 5 . 2 . 2 k )  and ( 5 .2 .2 n )  b o th  y ie ld e d  e rro n eo u s  r e s u l t s .  The d is p la c e m e n t  
dam ping model d is p la y e d  s e v e re  a m p litu d e  i n s t a b i l i t y  and in tro d u c e d
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u n a c c e p ta b le  fre q u e n c y  s h i f t s  even  f o r  v e ry  low  v a lu e s  o f  th e  lo s s  
c o e f f i c i e n t  rf . T h is  i s  due to  th e  phase in c o m p a t ib i l i t y  o f  Fs in  
th e  second te rm  o f  e q u a tio n  ( 5 .2 .2 k )  w h ich  r e s u l t s  i n  a dam ping fo r c e  
w hich  i s  a h a l f  c y c le  o u t o f  phase w ith  th e  n o d a l v e l o c i t i e s .  The  
fo l lo w in g  m o d if ic a t io n  was t h e r e fo r e  in tro d u c e d  and was found to  
s t a b i l i s e  th e  m odel by  c o r r e c t in g  th e  phase anom aly ,
-1
1
U
rf
t + f i t
( 2  f e  -  Ut _ s t -  <Fst - F t ) S t  V m ) F s J  s ig n  (Ut -U t _ g t )
( 5 . 2 . 2 r )
The s t i f f n e s s  p r o p o r t io n a l  dam ping m odel was a ls o  fou n d  to  have  
fre q u e n c y  and a m p litu d e  i n s t a b i l i t y .  I n  t h i s  case  i t  was due to  th e  
fo rm  o f  th e  Fd te rm  as sug g ested  b y  C lough and B a th e , w h ich  le a d s  to  
a d is c o n tin u o u s  dam ping f u n c t io n  as shown b e lo w . T h is  was, how ever,
e a s i ly  rem ed ied  b y  a d o p tin g  th e  same form  o f  c o r r e c t io n  as was used f o r  
th e  d is p la c e m e n t m o d e l. C o n s e q u e n tly , th e  m o d if ie d  form  o f  th e  s t i f f n e s s  
p r o p o r t io n a l  model i s ,
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U. = 2 U. -  U,t+ S t  t  t —6 t -  (F s  + Y  | f s  J s ig n  ( f e - l f e  ) -  F fe  & t 2/m ( 5 .2
The e x p l i c i t  s t r u c t u r a l  p a ra m e te r  fo r m u la t io n s  used f o r  t h is  i n i t i a l  
in v e s t ig a t io n  a ls o  re v e a le d  t h a t  th e  v is c o u s ly  based m odels A and B w ere  
in  f a c t  e q u iv a le n t ,  w ith  t h e i r  dam ping c o e f f ic ie n t s  b e in g  r e la t e d  by
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H av in g  checked th e  b a s ic  s t a b i l i t y  o f  th e  dam ping a lg o r ith m s , a
s tu d y  o f  t h e i r  p e rfo rm a n c e  was u n d e r ta k e n . The v is c o u s  r e s is ta n c e  to
s t r a i n  model (B ) was d is re g a rd e d  due to  i t s  e q u iv a le n c e  to  th e  s im p le
v is c o u s  model ( A ) .  I n  o rd e r  to  in v e s t ig a t e  th e  p r a c t ic a l  p erfo rm an ce
o f  th e  m odels f o r  g e n e ra l t r a n s ie n t  s t r u c t u r a l  resp o n se  p ro b lem s , a
c as e  o f  broadband e x c i t a t io n  w h ich  f a c i l i t a t e d  a m e a n in g fu l com parison
was r e q u i r e d .  The s im p le  i n d i c i a l  resp o n se  o f  a s in g le  d eg re e  o f
freed o m  c o n f ig u r a t io n  was chosen  to  conform  to  t h i s  c r i t e r i o n ,  s in c e
t h i s  a llo w e d  a c o m p ariso n  to  be made v ia  th e  lo g a r i th m ic  decrem ent o f
each m o d e l. A 1 .5  m e tre  lo n g , s t e e l  'm a s t' w ith  a 30 cm lo n g ,
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8000 cm s e c t io n  in t e r - s u p p o r t  e le m e n t was used i n  th e  program  as th e
s ta n d a rd  's t r u c t u r e *  f o r  th e  in v e s t i g a t io n .  By u s in g  a h y p o th e t ic a l
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second moment o f  a r e a ,  1 ^ , ra n g in g  fro m  0 . 0 1  cm to  0 .3  m a ra n g e  o f  
fu n d a m e n ta l f r e q u e n c ie s  fro m  0 .2  Hz to  10 kHz c o u ld  b e  s im u la te d . . The 
lo n g -te r m  s t a b i l i t y  o f  th e  d ecrem en ts  o b ta in e d  fro m  each o f  th e  fo u r  
m odels was s tu d ie d  f o r  a ra n g e  o f  dam ping c o e f f i c i e n t s .  F o r each case  
c o n s id e re d  t h is  was a c h ie v e d  by com puting  th e  lo g a r i th m ic  decrem ent 
o v e r each o f  th e  f i r s t  500 c y c le s  o f  th e  d e c a y . A 19 Hz c o n f ig u r a t io n  
o f  th e  id e a l i s a t i o n  u t i l i s i n g  a 1  m il l is e c o n d  in t e g r a t i o n  t im e  s te p  and 
a 15 mm base im p u ls e  was im p lem en ted  f o r  t h i s  p u rp o s e . The r e s u l t in g  
b e h a v io u r  o f  each model i s  i l l u s t r a t e d  i n  th e  g raphs o f  F ig u r e  1 8 , i n  
w hich  th e  t im e  axes a re  n o rm a lis e d  w ith  re s p e c t  to  th e  p e r io d  o f  
o s c i l l a t i o n ,  T .  A l l  th e  m odels can  be seen to  g iv e  a c c e p ta b le  long  
te rm  s t a b i l i t y ,  w ith  no d is c e r n ib le  d r i f t ,  a lth o u g h  a l l  e x h ib i t  some 
c y c l ic  ' r i p p l e ' .  T h is  r i p p l e  i s  u n a c c e p ta b ly  la r g e  i n  th e  d is p la c e m e n t  
d ep en den t dam ping model ( C ) , even  f o r  th e  r e l a t i v e l y  low  n o m in a l 
d ecrem en t o f  0 .0 4  d e p ic te d  i n  F ig u r e  1 8 ( i i ) .  C o n s e q u e n tly  t h i s  model
Ti = ----  (5.2.2W
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D and E, i n  w hich  th e  r i p p l e  was le s s  th a n  2% in  e v e ry  case  c o n s id e re d  
p ro d u c in g  d ecrem ents  i n  th e  ra n g e  0 .0 1  <  S < 0 . 2 .  F o r each model a 
le a s t -s q u a r e s  c u rv e  f i t  was made b etw een  tw e lv e  v a lu e s  o f  damping  
c o e f f i c i e n t  i n  th e  ra n g e  0 . 0 1  t o  1  and th e  c o rre s p o n d in g  mean v a lu e s  
o b ta in e d  by a v e ra g in g  o v e r 500 c y c le s  o f  th e  re s p o n s e . I n  each case  
( in c lu d in g  model C) a z e r o - o f f s e t ,  l i n e a r  r e la t io n s h ip  was o b ta in e d  
w ith  c o r r e la t io n  c o e f f i c ie n t s  b e t t e r  th a n  0 .9 9 9 9 .
The im p o r ta n t  p e rfo rm a n c e  c r i t e r i o n  f o r  n u m e r ic a l m odels o f  
m a te r ia l  dam ping i s  t h e i r  fre q u e n c y  dependence, and t h e r e fo r e  th e  
m odels A , D and E w ere  s tu d ie d  f o r  f re q u e n c ie s  ra n g in g  from  0 .1  Hz to  
10 k H z , u s in g  th e  same s in g le  d e g re e  o f  freedom  i d e a l i s a t i o n .  The 
decrem en ts  o f  th e  com puted re sp o n se s  w ere a g a in  a verag ed  o v e r 500 c y c le s  
a t  18 d i f f e r e n t  f r e q u e n c ie s  f o r  a v a r i e t y  o f  dam ping c o e f f i c i e n t  v a lu e s .  
I n  o rd e r  to  c l e a r l y  d is p la y  any n o n l in e a r i t y  i n  th e  d e c re m e n t-fre q u e n c y  
b e h a v io u r , th e  r e s u l t s  o f  t h i s  s tu d y  a re  p lo t te d  w ith  lo g a r ith m ic  axes  
i n  F ig u r e  1 9 . I t  can  be seen t h a t  s t r a ig h t  l i n e  r e la t io n s h ip s  r e s u l t  
f o r  each model and t h i s  was c o n firm e d  by a le a s t -s q u a r e s  a n a ly s is  w hich  
y ie ld e d  c o e f f i c ie n t s  b e t t e r  th a n  0 .9 9 8  w ith  th e  e x c lu s io n  o f  th e  v e ry  
low  d ecrem en ts  a t  h ig h  fre q u e n c ie s  f o r  model E . The s t a t i s t i c a l  a n a ly s is  
a ls o  re v e a le d  th e  fo l lo w in g  r e la t io n s h ip s :
V is c o u s  Damping M odel (A ) -  6  f re 'qUe"riCy
S t i f f n e s s  P r o p o r t io n a l  M odel (D ) -  £ $  f  ( fre q u e n c y )
1
• H y s t e r e t ic '  Damping M odel (E ) -  S ------------------------—
( fre q u e n c y )
On th e  b a s is  o f  th e  c u r r e n t  o p in io n  t h a t  th e r e  i s  a m in im a l dependence  
o f  dam ping upon s t r u c t u r a l  f re q u e n c y , th e  a u th o r  recommends th e  use o f  
th e  s t i f f n e s s  p r o p o r t io n a l  m odel i n  i t s  m o d if ie d  form  ( 5 . 2 . 2 s ) .  I f ,
was rejected and further investigations were restricted to models A,
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h o w ever, i t  i s  e s s e n t ia l  to  m in im iz e  th e  c o m p le x ity  o f  th e  t im e  
in t e g r a t io n  a lg o r ith m  due to  m achine l im i t a t io n s  o r  t im e  r e s t r i c t i o n s ,  
th e n  th e  s im p le  v is c o u s  dam ping m odel w i l l  g iv e  a re a s o n a b le  a p p ro x im a te  
e x p o n e n t ia l ly  e x p o n e n t ia l  s im u la t io n  o f  s t r u c t u r a l  m a te r ia l  dam ping.
In  c o n d u c tin g  subsequent a n a ly s e s  o f  v a r io u s  t r a n s ie n t  prob lem s on th e  
HP45 d e s k to p  com puter th e  a u th o r  has u t i l i s e d  th e  m o d if ie d  s t i f f n e s s  
p r o p o r t io n a l  dam ping model e x c lu s iv e ly .
I t  i s  a ls o  im p o r ta n t  to  in v e s t ig a t e  any e r r o r  t h a t  th e  damping  
m odels m ig h t in t r o d u c e  i n  th e  form  o f  fre q u e n c y  s h i f t s  o r  phase  
d i s t o r t i o n .  In  o rd e r  to  make a m e a n in g fu l com pariso n  b etw een  m odels  
A, D and E, th e  n o n -d im e n s io n a l c o e f f ic ie n t s  w ere  fa c to r e d  so t h a t  each  
gave a lo g a r ith m ic  d ecrem en t o f  0 . 2  f o r  a c o e f f i c i e n t  v a lu e  o f  u n i t y .  
T h is  was a c h ie v e d  b y  s c a l in g  t h e  s lo p e s  o b ta in e d  fro m  th e  b e s t  s t r a ig h t  
l in e s  o f  th e  g raphs o f  lo g a r i th m ic  decrem ent v e rs u s  dam ping c o e f f i c i e n t  
(F ig u r e  1 3 ) .  T h is  r e s u l t e d  i n  th e  fo l lo w in g  ad jus tm en t's
Wc* = 1 .3 0 8 0  Wc (a )
Wp' = 1 .0 0 2 3  Wp (d )
Wb' = 1 .1 0 8 4  Wb (e )
w here th e  dash d en o tes  th e  n o rm a lis e d  v a lu e s . The 'f re q u e n c y  e r r o r '  
was th e n  d e te rm in e d  f o r  a ra n g e  o f  e le v e n  c o e f f i c i e n t  v a lu e s  by  
com paring  th e  p e r io d  o f  th e  damped resp o n se  w ith  t h a t  o f  th e  undamped 
c a s e , a g a in  u s in g  th e  19 Hz i d e a l i s a t i o n .  The r e s u l t s  a re  p lo t te d  i n  
F ig u re  2 0 , w h ich  shows t h a t  th e  fre q u e n c y  e r r o r  i s  p r a c t i c a l l y  i d e n t ic a l  
f o r  m odels D and E, b e in g  a p p ro x im a te ly  d o u b le  t h a t  f o r  th e  s im p le  
v is c o u s  model ( A ) .  I t  i s  i n t e r e s t in g  to  n o te  t h a t  th e  n o n l in e a r i t y  o f  
th e  p lo t te d  c u rv e s  in d ic a t e s  a d ro p p in g  r a t e  o f  in c r e a s e  i n  e r r o r  as 
th e  dam ping c o e f f ic ie n t s  become l a r g e r .  T h is  would suggest th a t  th e s e  
m odels would n o t le a d  to  an u n s ta b le  a n a ly s is  i f  h ig h  dam ping v a lu e s  
w ere im posed. F o r most a p p l ic a t io n s  th e  e r r o r s  o f  a l l  th r e e  models a re
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a c c e p ta b le  w ith  m odels D and E y ie l d i n g  a w o rs t fre q u e n c y  e r r o r  o f  
abo u t -  0 .4%  f o r  a lo g a r i th m ic  decrem en t o f  0 . 1 .
5 . 2 . 3  C o m p u ta tio n a l Exam ple o f  M a t e r ia l  Damping E f f e c t
The im p o r ta n t  r o le  t h a t  s t r u c t u r a l  damping can  p la y  in  th e  
assessm ent o f  th e  t r a n s ie n t  dynam ic resp o n se  i s  b e s t  i l l u s t r a t e d  by a 
s p e c i f i c  e xam p le . W h i ls t  th e  many o th e r  modes o f  dam ping d is c u s s e d  i n  
t h i s  c h a p te r  may o r  may n o t make a s ig n i f i c a n t  c o n t r ib u t io n  to  th e  
e n e rg y  d is s ip a t io n ,  th e  in h e r e n t  m a te r ia l  dam ping w i l l  be p re s e n t in  
e v e ry  c ase  and i t  i s  th u s  a p p r o p r ia te  to  c o n s id e r  t h i s  mode a lo n e  f o r  
th e  purposes  o f  t h i s  exa m p le . I n  o rd e r  to  m a in ta in  some c o n t in u i t y ,  
th e  1 1 .7  m e tre  p ro to ty p e  m ast (F ig u r e  1 6 ) ,  as d is c u s s e d  i n  S e c t io n  4 .5 ,  
i s  to  be used as a c o n t in u in g  s tu d y . The com bined p re s s u re  p u ls e  and 
base e x c i t a t io n s  a r e  a g a in  c o n s id e re d , b u t i n  t h i s  case  w ith  a r e a l i s t i c  
l e v e l  o f  m a t e r ia l  dam ping in t r o d u c e d . As d is cu s se d  i n  th e  p re v io u s  
s e c t io n ,  th e  fre q u e n c y  in d e p e n d e n t ‘ s t i f f n e s s  p r o p o r t io n a l '  dam ping  
m odel i s  used i n  th e  a n a ly s is .  E x p e r im e n ta l d a ta  a v a i la b le  from  t e s ts  
on s im i la r  m asts u n d e rg o in g  f r e e  v ib r a t io n ,  r e v e a ls  a lo g a r ith m ic  
decrem en t o f  a p p ro x im a te ly  0 .0 4 .  C o n s e q u e n tly , i n  o rd e r  to  o b ta in  a 
r e a l i s t i c  dam ping f a c t o r ,  Y  , f o r  in c o r p o r a t io n  in t o  th e  t im e  
i n t e g r a t i o n  a lg o r ith m , an i n i t i a l  s e t  o f  f r e e  v ib r a t io n  resp o n ses  w ere  
com puted . I n  each o f  th e s e  ru n s , a d i f f e r e n t  v a lu e  o f  Y i n  th e  ran g e  
0  to  1  was u sed , and a subprogram  c a lc u la te d  th e  lo g a r ith m ic  d ec re m en t, 
fe  f o r  each c o rre s p o n d in g  com puted re s p o n s e . A s im p le  p lo t  o f  6  v s .  
Y th e n  a llo w s  th e  a p p r o p r ia te  Y v a lu e  f o r  a £ o f  0 .0 4  to  be  
in t e r p o la t e d  w ith  a d e q u a te  a c c u ra c y .
F ig u r e  21 shows th e  re sp o n se  o f  th e  mast w ith  th e  o p tim is e d  
dam ping f a c t o r  in c o r p o ra te d  in t o  th e  a lg o r ith m . The im p o rta n c e  o f  th e  
s t r u c t u r a l  dam ping i s  d e m o n s tra te d  by th e  s u p p re s s io n  o f  th e  p r e v io u s ly  
p r e d ic te d  maximum s tre s s e s  and d e f le c t io n s .  A maximum s t r u c t u r a l  s tr e s s
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o f  0 .2 9  o f  th e  m a te r ia l  y i e l d  s t r e s s  now o ccu rs  a t  th e  base o f  th e  mast 
r a t h e r  th a n  a t  node 4 , and i t  c o rres p o n d s  to  a base moment some 20% 
le s s  th a n  i n  th e  p r e v io u s ly  a n a ly s e d  undamped c a s e s . The p re d ic te d  
maximum t i p  d e f le c t io n  i n  th e  p re s e n c e  o f  dam ping re d u c es  to  26 cm, 
o c c u r r in g  0 .3 1  seconds a f t e r  th e  o n s e t o f  th e  e x c i t a t io n ,  w h i ls t  th e  
peak 'in s ta n ta n e o u s ' s t r u c t u r a l  a c c e le r a t io n  rem ain s  u n a lte r e d  a t  1 0  g .  
The l e v e l  o f  m a te r ia l  dam ping fe d  in t o  th e  a n a ly s is  c o rres p o n d s  to  a 
lo g a r i th m ic  d ecrem en t o f  0 .0 4  f o r  th e  case  o f  lo w -a m p litu d e  f r e e  
v i b r a t io n .  H ow ever, th e  com puted t r a n s ie n t  resp o n se  i s  d e c a y in g  w ith  
an e q u iv a le n t  decrem ent o f  a b o u t 0 .3 7 .  T h is  i s  due to  th e  s t r e s s /  
a m p litu d e  dependency o f  m a t e r ia l  dam ping (as  n o te d , a c u b ic  r e la t io n s h ip  
i s  f r e q u e n t ly  q u o te d ) w h ich  p la y s  a dom inant r o le  i n  resp o n ses  such as 
t h i s ,  w here th e  broadband n a tu r e  o f  th e  e x c i t a t io n  produces more severe  
f l e x u r a l  d e fo rm a tio n s  i n  th e  s t r u c t u r e .  As can be seen , th e  
in t r o d u c t io n  o f  m a te r ia l  dam ping in t o  th e  resp o n se  c o m p u ta tio n  le a d s  to  
a r a p id  a t t e n u a t io n  o f  th e  lo w -e n e rg y  h ig h e r  v ib r a t io n a l  modes i n  th e  
re sp o n se  h is t o r y .  The s i g n i f i c a n t  e f f e c t  produced b y  th e  in c lu s io n  o f  
th e  i n t e r n a l  e n e rg y  d is s ip a t io n  model in t o  th e  in t e g r a t i o n  a lg o r ith m , 
s e rv e s  to  i l l u s t r a t e  th e  im p o rta n c e  o f  s t r u c t u r a l  dam ping i n  t h i s  typ e  
o f  t r a n s ie n t  a n a ly s is .
5 .3  N u m e ric a l S im u la t io n  o f  A erodynam ic Damping
T h e re  i s  g e n e ra l agreem en t amongst t h e o r e t ic a l  a e r o e la s t ic ia n s
t h a t  th e  dam ping fo r c e  due to  aerodynam ic  e f f e c t s  i s  p r o p o r t io n a l  to
th e  s q u are  o f  th e  r e l a t i v e  s t r u c t u r a l  v e l o c i t y * ' ^ . E x p e r im e n ta l is ts
h av e , how ever, o b ta in e d  e v id e n c e  t h a t  th e r e  i s  a s im p le  l i n e a r
(1 1 8 )r e la t io n s h ip  w h ich  o p e ra te s  a t  low  resp o n se  a m p litu d e s  . The a u th o r
proposes  t o  use a s im p le  v e lo c ity -s q u a r e d  r e la t io n s h ip  on th e  grounds  
t h a t  th e  aerodynam ic  dam ping i s  g e n e r a l ly  a r e l a t i v e l y  m inor s t r u c t u r a l  
f o r c e .  Thus any low  a m p litu d e  in a c c u ra c y  i n  th e  n u m e r ic a l model i s
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la r g e  a m p litu d e s  o f  a t r a n s ie n t  re s p o n s e . F u rth e rm o re , i f  th e
e m p ir ic a l l y  based r e la t io n s h ip s  w ere  to  be m o d e lle d , th e  a n a ly s is
w ould be slow ed down c o n s id e r a b ly  by  th e  n e c e s s a ry  c h o ic e  and e v a lu a t io n
o f  th e  a p p r o p r ia te  dam ping la w  a t  each t im e  s te p . In t r o d u c in g  th e
thiaerodynam ic  dam ping f o r c e ,  th e  e q u a tio n  o f  m o tio n  f o r  th e  i  node o f  
an i d e a l i s a t i o n  becom es,
m. u . + F s . + K , u . 2  = F . ( 5 - 3 a )x i 1 - d 1 x
w here i s  th e  aero d yn am ic  dam ping c o e f f i c i e n t .  I n  te rm s  o f  th e
o v e r a l l  m a t r ix  fo r m u la t io n ,  i s  a s c a la r  q u a n t i t y  w h ic h , due to
th e  p r a c t ic a l  d i f f i c u l t y  o f  o b ta in in g  s p e c i f ic  e x p e r im e n ta l v a lu e s ,  
must u s u a l ly  be ad ap ted  fro m  v a lu e s  g iv e n  i n  th e  l i t e r a t u r e  f o r  s im i la r  
s t r u c tu r e s .
The s ig n  o f  th e  dam ping fo r c e  te rm  must change so as to  ensure  
t h a t  th e  lo c a l  dam ping fo r c e  a lw a ys  opposes th e  lo c a l  r e l a t i v e  t ra n s v e rs e  
s t r u c t u r a l  v e l o c i t y .  C o n s e q u e n tly , w ith  th e  o m is s io n  o f  th e  1i ' 
s u b s c r ip ts  f o r  c l a r i t y ,  th e  n o d a l fo rm  o f  th e  t im e  in t e g r a t i o n  
a lg o r ith m  becomes,
U. = 2 U  - IT - ((Fs -F, ) £t2 + K, (U.-U. f, )2 sign (U, ))/m (5.3b)t+St t t-Jt t t d t t-6t t
I t  w i l l  be n o ted  t h a t  a backw ard  f i n i t e  d i f f e r e n c e  has been used to  
d e s c r ib e  th e  n o d a l v e l o c i t y .  The r e a d e r  i s  rem inded t h a t  e q u a tio n  (5 .3 b )  
i s  a m ixed d i f f e r e n c e  scheme and t h a t  as a consequence, th e  e le m e n ta ry  
s t a b i l i t y  c r i t e r i a  may no lo n g e r  be a p p l ie d ,  a lth o u g h  th e y  can  s t i l l  be  
used to  g iv e  an o rd e r  o f  m ag n itu d e  e s t im a t io n  o f  th e  s ta b le  t im e  s te p .
This limitation also applies to those material damping models, developed 
in the previous section, which utilise more than one type of temporal 
finite difference.
unlikely to have a significant effect upon the important initially
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The c h o ic e  o f  th e  form  o f  s t r u c t u r a l  su p p o rt and i t s  r e l a t i v e  
m e r its  have been d is c u s s e d  i n  C h a p te r  3 , and i t  i s  now proposed to  
c o n s id e r  th e  n u m e r ic a l m o d e llin g  o f  e n erg y  lo s s  a t  th e  su p p o rt nodes. 
The ty p e s  o f  s le n d e r  m ast o f  in t e r e s t  to  th e  a u th o r  a re  s u p e r s t r u c tu r a l  
i n  n a tu r e  and th u s  th e  'p in  j o i n t '  b ase  c o n f ig u r a t io n  i s  q u ite  
a p p r o p r ia t e .  W ith  t h i s  a rran g e m en t th e  en e rg y  lo s s e s  must n e c e s s a r i ly  
be c o n c e n tra te d  a t  th e  tw o s u p p o rt n o d es . I t  i s ,  h o w ever, a s im p le  
m a tte r  to  in s e r t  some a d d i t io n a l  dam ping e lem e n ts  b etw een  th e  nodes i n  
o rd e r  to  ex ten d  th e  te c h n iq u e  to  a r e f in e d  a n a ly s is  o f  t a l l  b u i ld in g s  
w ith  inhom ogeneous, n o n lin e a r  fo u n d a t io n  m e d ia . To model th e  dam ping  
w h ich  a r is e s  a t  th e  s u p p o rt nodes , i t  i s  n e c e s s a ry  to  d e r iv e  
e x p re s s io n s  f o r  th e  r o t a t io n  o f  th e  id e a l is e d  beam a t  th e s e  p o s it io n s .  
R o ta t io n a l  in fo r m a t io n  can  be  o b ta in e d  by c o n s id e r in g  an im a g in a ry
5.4 Energy Loss at the S tructura l Supports
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moment M* a c t in g  a t  each s u p p o rt i n  a d d i t io n  to  th e  t r a n s v e r s e  n o d al 
lo a d s  and s u p p o rt r e a c t io n s ,  as shown a b o ve . A s t r a in  e n erg y  a n a ly s is  
s im i la r  to  t h a t  i n  S e c t io n  3 .3  may now be c o n d u c te d , as i s  sum marized  
b e lo w . A f u l l  e x p o s i t io n  o f  th e  d e r iv a t io n  may be found in  A ppendix  
A .2 .
The t o t a l  s t r a in  e n e rg y  i n  th e  id e a l is e d  beam i s  s t i l l  g iv e n  by  
e q u a tio n  ( 3 . 3 e ) ,  b u t i n  t h i s  c as e  th e  b en d in g  moment a c t in g  betw een th e  
s u p p o rt nodes in c lu d e s  th e  im a g in a ry  'dummy' moment M^ + l*  The  
r o t a t i o n ,  0  n+^» ° f  th e  beam a t  node (n + 1 ) i s  o b ta in e d  u s in g  
C a s t i g l i a n o 1s theorem  by ta k in g  th e  p a r t i a l  d i f f e r e n t i a l  o f  th e  t o t a l  
s t r a in  en e rg y  w ith  re s p e c t  to  th e  moment a c t in g  a t  t h a t  node, i . e . ,
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H av in g  done t h i s ,  th e  dummy moment may be e l im in a te d ,  th u s  le a v in g  an 
e x p re s s io n  f o r  0  i n  term s  o f  th e  p h y s ic a l s t r u c t u r a l  p a ra m e te rs
and th e  n o d a l lo a d s . A s im i la r  p ro c e d u re  can  be c a r r ie d  o u t f o r  node 
(n + 2 ) u s in g  th e  dummy moment M ^ + 2  £o ^ n+2 ’ and bbe r e s u l £ d n 9
e x p re s s io n s  a r e ,  a f t e r  s im p l i f i c a t i o n ,
0
0
M
n + 1
n + 1
n + 2
3 E „ I  . n + 1  n + 1
-  M
n + 1
6  E ,  I  . • n + 1  n+ 1
(5
(5
T h is  g iv e s  th e  in t e r e s t in g  r e s u l t  t h a t  th e  r o t a t io n  o f  th e  beam a t  node
(n + 1 ) i s  a lw ays  tw ic e  t h a t  o f  node (n + 2 ) .
To in c lu d e  th e  e f f e c t  o f  lo s s e s  a t  th e  n o d a l s u p p o rts  i t  i s
n e c e s s a ry  .to  c o n s id e r  th e  e f f e c t  o f  r e s i s t i v e  moments a c t in g  a t  th o s e
p o in ts  i n  th e  absence o f  any e x t e r n a l  n o d a l lo a d in g . The r e s u l t a n t
n o d a l d is p la c e m e n ts  can be o b ta in e d  b y  p la c in g  dummy fo r c e s  F * a t
K.
each o f  th e  e x t e r n a l  nodes, as shown b e lo w , and th e n  c o n d u c tin g  a n o th e r
by d i f f e r e n t i a t i n g  th e  t o t a l  s t r a in  e n erg y  w ith  re s p e c t  to  th e  dummy
fo r c e s  w hich  a re  s u b s e q u e n tly  p u t to  z e r o .  T h is  r e s u l t s  i n  th e
d is p la c e m e n t v . a t  node i  due to  th e  e x is te n c e  o f  moments M and
l  A
M b e in g  g iv e n  b y ,D
v . = ( 2 M . - M ) ( ~ ~ ------ (x  - x . )A B 6  En + 1  I  n+J  n+1 i (5
.4 a )
,4 b )
.4c)
.4d)
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I t  i s  now n e c e s s a ry  to  c o n s id e r  th e  form  o f  th e  r e s i s t i v e  moments M 
and w h ich  p roduce th e  e n e rg y  lo s s e s  i n  th e  s u p p o rt nodes o f  th e
i d e a l i s a t i o n .  The a u th o r  p ro p o ses  t h a t  th e s e  moments sho u ld  be produced  
by s im p le  l i n e a r  v is c o u s  dam pers w h ich  oppose th e  r o t a t io n a l  m o tio n  o f  
th e  beam a t  th e  s u p p o rts , i . e . ,
MA = - C1 0 n +1 and MB ■ - C2 0 n +2 ( 5 ' 4 e )
w here  and C^ a re  v is c o u s  dam ping c o e f f i c i e n t s .  C o n s e q u e n tly ,
th e  d is p la c e m e n t -e f fe c t  e q u a tio n  ( 5 .4 d )  can be r e w r i t t e n  r e p la c in g  M^ 
and M by th e  r e la t io n s h ip s  i n  ( 5 « 4 e ) .  N o tin g  th e  r e la t io n s h ipD
b etw een  and ®n +2 ’ aS m entdoned dn th e  p re v io u s  p a ra g ra p h , t h i s
le a d s  t o ,
v = -  ( 4 C  + C  ) — ----------n i l — ] ( X - X . ) M  ( 5 . 4 f )
1  \ 3 6  E2  . I 2  /  n + 1  1  n + 1
x n + 1  n+ 1 '
The S u p e rp o s it io n  P r in c ip le  a llo w s  t h i s  fo r m u la t io n  o f  th e  s u p p o rt
dam ping e f f e c t  to  be added d i r e c t l y  to  th e  f l e x i b i l i t y  c o e f f i c ie n t s
d e v e lo p e d  f o r  th e  undamped a n a ly s is  and g iv e n  i n  e q u a tio n  ( 3 . 3 g ) .  The
c o e f f ic ie n t s  o f  M „ i n  e q u a tio n  ( 5 . 4 f )  fo rm  th e  e le m e n ts  o f  a 'b a se  
n + i
d is s ip a t io n  v e c t o r '  such t h a t ,  i n  te rm s  o f  th e  m a tr ix  fo r m u la t io n  f o r  
th e  e q u i l ib r iu m  o f  th e  s t r u c t u r e ,
[ m ] { u ]  + [ k ] { u ]  -  [ k ] [ b }  Mn + 1  = { F ( t ) }  ( 5 .4 g )
F o r c o n v e n ie n c e  i n  th e  c o m p u ta t io n a l a n a ly s is ,  i t  i s  c o n v e n ie n t to  
d e f in e  a su p p o rt lo s s  ' lo a d '  v e c to r ,  such t h a t ,
[ b ]  = [ k ]  [ b ]  ( 5 .4 h )
and th e  t im e  in t e g r a t i o n  a lg o r ith m  f o r  s t r u c t u r a l  m o tio n  in c lu d in g  en e rg y  
d is s ip a t io n  a t  th e  s u p p o rts  becom es,
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- i t 2 [m]'1 ( W f u J , - - ( B )  <Mn+l,t'Mln + 1 , t - S t ) / £ t )  ( 5 . 4 i )
A backw ard  f i n i t e  d i f f e r e n c e  has been  used i n  ( 5 . 4 i )  to  d e te rm in e  th e  
r a t e  o f  change moment a t  node (n + 1 ) in  o rd e r  to  m a in ta in  th e  e x p l i c i t  
fo rm  o f  th e  a lg o r ith m . T h is  e q u a tio n  may be im p lem ented  i n  a t im e -  
s te p p in g  lo o p  i n  e x a c t ly  th e  same way as th e  undamped e q u a tio n  ( 3 . 3 j ) 
and th e  sequence o f  c o m p u ta tio n  w i t h in  th e  lo o p  i s  in d ic a te d  in  
A p p en d ix  A .2 .
The i n i t i a l  im p le m e n ta tio n  o f  t h i s  a lg o r ith m  showed t h a t  i t  had 
lo n g  te rm  s t a b i l i t y  and produced a s e n s ib le  d ecay  e n v e lo p e  f o r  th e  
harm onic  re sp o n se  o f  a s im p le  s t r u c t u r a l  i d e a l i s a t i o n .  The e f f e c t  o f  
t h i s  mode o f  e n e rg y  d is s ip a t io n  i s  to  q u ic k ly  suppress  th e  h ig h  fre q u e n c y  
com ponents o f  a t r a n s ie n t  re s p o n s e , w h i ls t  a l lo w in g  th e  h ig h  a m p litu d e , 
low  fre q u e n c y  com ponents to  d ecay  more s lo w ly . T h is  ty p e  o f  damping was 
d e te c te d  i n  subsequent e x p e r im e n ta l in v e s t ig a t io n s  u s in g  a base  r e s t r a in t  
w ith  a s im i la r  c o n f ig u r a t io n .  The b e h a v io u r  i s  i l l u s t r a t e d  i n  F ig u re  2 2 , 
i n  w h ic h  th e  resp o n se  o f  th e  i d e a l i s a t i o n  d e p ic te d  i n  F ig u re  9 i s  
com pared f o r  th e  undamped a lg o r ith m  and th e  su p p o rt lo s s  a lg o r ith m  w ith  
th e  r o t a t i o n a l  dam ping c o e f f i c i e n t s ,  and C^, e q u a l.  The fo r c in g
o f  th e  s t r u c tu r e  f o r  t h i s  exam ple  to o k  th e  form  o f  a t r ia n g u la r  
a c c e le r a t io n  c y c le  a t  th e  b a s e , r e s u l t in g  i n  a 3 cm t r a n s v e rs e  
t r a n s la t io n  o f  th e  base i n  2 0  m i l l is e c o n d s .
A f i n a l  p o in t  o f  i n t e r e s t  i s  t h a t  e q u a tio n  ( 5 . 4 f )  shows t h a t  i f  
th e r e  i s  a homogeneous s u p p o rt c o n d i t io n ,  th e n  th e  dam ping e f f e c t  a t th e  
u p p er s u p p o rt node (n + 1 ) i s  fo u r  t im e s  g r e a te r  th a n  t h a t  a t  th e  lo w er  
s u p p o r t . T h is  has im p o r ta n t  im p l ic a t io n s  i n  th e  cases  w here i t  i s  
w ished to  d e s ig n  e i t h e r  m axim al o r  m in im a l dam ping in t o  a s t r u c tu r e .
I t  i s  in d ic a te d  t h a t  th e  d e t a i l  d e s ig n  tow ards  th e  to p  o f  a b ase  f ix in g  
w i l l  have a dom inant e f f e c t  upon th e  s u p p o r t 's  c o n t r ib u t io n  to  th e
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V e ry  few  t a l l ,  s le n d e r  s t r u c tu r e s  a re  m o n o lith ic  and a lm o st a l l
w i l l  c o n ta in  a s i g n i f i c a n t  number o f  m e ch a n ica l c o n n e c tio n s  o f  some
fo rm . S t r u c t u r a l  j o i n t s  can  have im p o rta n t  e f f e c t s  upon th e  dam ping
o f  such b u i l t - u p  s t r u c tu r e s ,  a lth o u g h  th e  e x a c t  e n e rg y  d is s ip a t io n
mechanisms in v o lv e d  can  be q u i t e  c o m p lex . The en e rg y  lo s s e s  may a r is e
fro m  any c o m b in a tio n  o f  s h e a r in g , ro c k in g  and c ru s h in g  movements a t  a
j o i n t  i n t e r f a c e ,  d ep en d in g  upon th e  o r ie n t a t i o n  and g eo m etry  o f  th e
c o n n e c t iv e  e lem e n ts  and th e  ty p e  o f  lo a d  a p p l ie d .  T h is  ty p e  o f  dam ping
may be advantageous f o r  s t r u c t u r a l  d e s ig n s  i n  w h ich  v ib r a t io n
a m p litu d e s  a re  to  be  l i m i t e d ,  and te c h n iq u e s  have been  d e v e lo p e d  f o r
m a x im iz in g  th e  e f f e c t  by in te r p o s in g  v is c o e la s t ic  in s e r t s  o r  lu b r ic a n t s
(14 2  1 43 )b etw een  j o i n t  in t e r f a c e s  ’ . I n  some s t r u c tu r e s ,  h o w ever, i t
may be im p o r ta n t  to  l i m i t  th e  amount o f  d is s ip a t i v e  m o tio n  a t  j o in t s  in
o rd e r  to  a v o id  th e  p ro d u c t io n  o f  f r e t t i n g  c o r ro s io n  o v e r  th e  c o n ta c t
(1 4 4 )
a re a  o f  th e  in t e r f a c e s  . I n  e i t h e r  in s ta n c e  i t  i s  im p o r ta n t  to
q u a n t i f y  th e  dam ping c a p a c ity  o f  m e ch a n ica l c o n n e c tio n s  and to  assess  
t h e i r  c o n t r ib u t io n  to  th e  o v e r a l l  s t r u c t u r a l  dam ping.
The im p o r ta n t  f e a t u r e  o f  a m e ch a n ica l j o i n t  i s  t h a t  s l i p  may 
o cc u r un d er th e  a c t io n  o f  s h e a r in g  fo r c e s  a c t in g  p a r a l l e l  to  i t s  
i n t e r f a c e .  T h is  in t ro d u c e s  n o n l in e a r i t y  in t o  th e  dynam ic b e h a v io u r  and 
p r o h ib i t s  th e  use o f  s im p le  v is c o u s  e lem e n ts  as a r e p r e s e n t a t iv e  model 
o f  th e  d is s ip a t io n  phenomena. The r e l a t i v e  m o tio n  a c ro s s  a j o i n t  
i n t e r f a c e  may be on a m acro sco p ic  l e v e l ,  i n  w h ich  case  th e  f r i c t i o n  
law s a t t r ib u t e d  to  Amontons and Coulomb may be a p p l ie d ,  o r  on a m ic ro ­
s c o p ic  le v e l  in v o lv in g  p l a s t i c  y ie ld in g  o f  a s p e r i t i e s  on th e  in t e r f a c e  
s u r fa c e s . The Coulomb s l id in g  f r i c t i o n  model has a p p e a l t o  th e  
e n g in e e r , s in c e  i t  i s  easy  to  d e f in e  m a th e m a t ic a l ly  and i t s  p h y s ic a l
overall structural damping.
5.5 Discussion of Damping due to Mechanical Construction
s ig n i f ic a n c e  i s  w e l l  u n d e rs to o d . F o r th e s e  reaso n s  i t  has f r e q u e n t ly
been used in  th e  a n a ly s is  o f  i n t e r f a c e  dam ping p ro b lem s , a lth o u g h  as
w i l l  be* d is c u s s e d  i t  i s  n o t a lw ays  a s e n s ib ly  r e p r e s e n ta t iv e  m o d el.
(1 4 5 )I n  1930 Den H a rto g  p re s e n te d  a m a th e m a tic a l a n a ly s is  o f
th e  resp o n se  o f  a damped, s in g le  d e g re e  o f  freed o m , s p rin g -m a ss  system
s u b je c te d  to  harm onic  e x c i t a t i o n .  The cases  o f  Coulomb f r i c t i o n  a lo n e
and com bined Coulomb f r i c t i o n  and v is c o u s  dam ping w ere  s tu d ie d  and a
c lo s e d  form  s o lu t io n  to  th e  e q u a tio n  o f  m o tio n  was d e r iv e d .  I t  was shown
t h a t ,  dep en din g  upon th e  v a lu e s  o f  th e  system  p a ra m e te rs , th e  mass
w ould  e i t h e r  move c o n t in u o u s ly  o r  w ould be a r r e s te d  d u r in g  c e r t a i n  phases
o f  each lo a d in g  c y c le  ( t h i s  l a t t e r  b e h a v io u r  has become p o p u la r ly  known
as ' s t i c t i o n ' ) .  Den H a rto g  c o n c lu d ed  t h a t  th e r e  was no s im p le  e x p re s s io n
f o r  th e  a m p litu d e  o f  th e  system  w ith  com bined dam ping, u n le s s  th e
fo r c in g  fu n c t io n  was o p e r a t in g  a t  th e  n a t u r a l  fre q u e n c y  o f  th e  sys tem .
One o f  th e  e a r l i e s t  s y s te m a tic  in v e s t ig a t io n s  o f  th e  mechanisms o f
f r i c t i o n a l  dam ping was p roduced  by M in d lin ^ 1 4 8  ^ w h i ls t  s tu d y in g  th e
co m p lia n c e  o f  two m e ta l s p h eres  p re ss ed  in t o  c o n ta c t .  M in d l in  d eve lo p ed
a s o p h is t ic a te d  a n a ly s is  based  upon d i f f e r e n t i a l  e q u a tio n s  o f  e l a s t i c
e q u i l ib r iu m  f o r  a s o l id  co n tin u u m  fro m  w hich e x p re s s io n s  w ere d e r iv e d
f o r  th e  s l i p  b etw een  th e  tw o sp h e res  u n d er th e  a c t io n  o f  t a n g e n t ia l
lo a d s . In  th e  d e r iv a t io n  i t  was assumed t h a t  th e  Coulomb f r i c t i o n  law s
o p e ra te d  i n  such a way t h a t  lo c a l  s l i p  would o cc u r i n  re g io n s  where th e
f r i c t i o n  fo r c e  was e xc ee d ed . Subsequent e x p e r im e n ta l in v e s t ig a t io n s  by
(1 4 7 )Johnson v e r i f i e d  th e  a n a ly s is ,  b u t u n fo r t u n a t e ly ,  an e q u iv a le n t
e x a c t  t re a tm e n t  f o r  f l a t  i n t e r f a c e  s u r fa c e s  is  n o t p o s s ib le .
(14 8  149 )P la n  ’ has d e v e lo p e d  s p e c i f i c  a n a ly s e s  f o r  th e  tre a tm e n t
o f  Coulomb dam ping a t  th e  in t e r f a c e s  o f  b u i l t - u p  c a n t i l e v e r  beams w ith  
b o lte d  o r  r iv e t e d  la p  j o i n t s .  These a n a ly s e s , w h ich  w ere  found to  
a g re e  w e l l  w ith  c o rre s p o n d in g  e x p e r im e n ta l d a ta ,  a re  however o n ly  
a p p l ic a b le  to  cases  in v o lv in g  s u b s t a n t i a l l y  u n ifo rm  i n t e r f a c e  c lam p in g
124-
1 2 5
p re s s u re s  and harm onic  f r e e  v i b r a t io n  o f  th e  beam. P ia n 's  work in d ic a t e s  
th a t  th e  dam ping i s  a m p litu d e  dependent and th u s  c o u ld  n o t be m o d e lled  
w ith  l i n e a r  v is c o u s  e le m e n ts . C o n s e q u e n tly , i t  w ould be re a s o n a b le  to  
e x p e c t a more r e a l i s t i c  a n a ly s is  w h ich  c o n s id e re d  th e  n o n -u n ifo rm  
p re s s u re  d i s t r i b u t i o n  around th e  c la m p in g  b o l t s  to  r e s u l t  i n  a 
s i g n i f i c a n t l y  n o n lin e a r  mode o f  dam ping . A f u r t h e r  d e f ic ie n c y  i n  
P ia n 's  work i s  t h a t  th e  v e lo c ity -d e p e n d e n c e  o f  th e  f r i c t i o n  c o e f f i c i e n t  
i s  n e g le c te d . How ever, P ia n  c la im s  t h a t  th e  b a s ic  dam ping mechanism is  
m o d e lle d  a d e q u a te ly  and t h a t  th e  a n a ly s is  c o u ld  be exten d ed  t o  more 
c o m p lic a te d  and r e a l i s t i c  p ro b le m s . Goodman and Klum pp^48^  adopted  
a s im i la r  app ro ach  f o r  th e  s tu d y  o f  a u n ifo r m -p re s s u re  b i l e a f  c a n t i le v e r  
and r e s u l t s  w ere o b ta in e d  w h ich  ag ree d  s a t i s f a c t o r i l y  w ith  e x p e r im e n ta l  
m easurem ents .
A co m pariso n  b etw een  s l i p  and m a te r ia l  dam ping has been made by
(1 5 1 )
L azan  w ith  th e  aim  o f  p r e s e n t in g  u s e fu l  d e s ig n  in f o r m a t io n .  A
b i l e a f  c a n t i l e v e r  w ith  a u n ifo r m  p re s s u re  d is t r i b u t i o n  i s  a g a in  used as  
th e  a n a ly t i c a l  model and i t s  b e h a v io u r  un d er re s o n a n t c o n d it io n s  i s  
c o n s id e r e d . L azan  n o te s  t h a t  g e n e r a l iz a t io n s  re g a rd in g  th e  r e l a t i v e  
m ag n itu d es  o f  th e  two ty p e s  o f  dam ping a re  in a p p r o p r ia t e .  T h is  i s  due 
to  th e  f a c t  t h a t  m a te r ia l  dam ping i s  a v o lu m e tr ic  phenomenon w hereas  
s l i p  dam ping i s  a c o n ta c t  s u r fa c e  phenomenon and c o n s e q u e n tly  th e  
p h y s ic a l fo rm  o f  th e  j o i n t ,  w i l l  l a r g e l y  d e te rm in e  w h ich  is  th e  dom inant 
m echanism . N o n e th e le s s , L azan  c la im s  t h a t  m a te r ia l  dam ping d o m in ates  
a t  h ig h  s t r e s s ,  w hereas u n d er o p tim is e d  in t e r f a c e  p re s s u re s  a t  low  and 
in te r m e d ia te  s t r e s s ,  s l i p  dam ping u s u a l ly  d is s ip a te s  th e  la r g e s t  
amounts o f  e n e rg y . Goodman^4 8 2  ^ and U ngar^4 ^ ^  have b o th  produced  
re v ie w s  o f  te c h n iq u e s  f o r  th e  a n a ly s is  o f  i n t e r f a c i a l  en e rg y  d is s ip a t io n  
i n  b u i l t - u p  s t r u c t u r e s .  Goodman c o n c e n tra te s  upon t h e o r e t ic a l  s tu d ie s  
co n d u cted  i n  th e  USSR and n o te s  t h a t  th e  e x is t in g  a n a ly s e s  f a l l  in t o  
one o f  two c a t e g o r ie s ,  d ep e n d in g  upon th e  mode o f  s l i p  c o n s id e re d .
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P a r t i a l  i n t e r f a c i a l  s l i p  r e q u ir e s  a minimum le v e l  o f  e x c i t a t io n  to  
i n i t i a t e  m o tio n  a c ro s s  th e  i n t e r f a c e ,  and t h is  lo a d  dependency le a d s  to  
a n a ly s e s  o f  some c o m p le x ity .  The second , s im p le r  mode o f  s l i p  i s  th a t  
w h ich  o ccu rs  as soon as s h e a r fo r c e s  app ear a cro ss  th e  in t e r f a c e .  The 
v a r io u s  in v e s t ig a t io n s  re v ie w e d  by Goodman a l l  in d ic a t e  t h a t ,  f o r  t h is  
l a t t e r  s l i p  mode, th e  e n e rg y  d is s ip a t io n  i s  p r o p o r t io n a l  to  th e  cube o f  
th e  a p p lie d  lo a d  a m p litu d e . I n  sum m ariz ing  th e  r e v ie w , Goodman sug g ests  
t h a t  t h i s  c u b ic  r e la t io n s h ip  o cc u rs  w henever th e  a re a  o f  th e  s l i p  r e g io n  
i s  p r o p o r t io n a l  to  th e  a p p lie d  lo a d .  Ungar c o n s id e rs  some o f  th e  
t h e o r e t ic a l  and e x p e r im e n ta l w ork t h a t  has been c a r r ie d  o u t i n  th e  l a s t  
two d ec ad e s . T h is  re v ie w  makes i t  a p p a re n t t h a t  some do u bt e x is ts  as  
to  w h e th e r Coulomb f r i c t i o n  i s  th e  dom inant in t e r f a c e  dam ping m echanism , 
e x c e p t a t  q u i t e  la r g e  a m p litu d e s . U ngar co n c lu d es  t h a t  f u r t h e r  in t e n s iv e  
in v e s t ig a t io n s  a r e  r e q u ir e d  i f  th e  u n d e rs ta n d in g  o f  i n t e r f a c e  dam ping i s  
to  be d ev e lo p e d  to  a s ta g e  w here  s t r u c t u r a l  resp o n ses  can  be p r e d ic te d
w it h  c o n f id e n c e .
(15 3)Caughey has n o te d  t h a t  th e  ty p e  o f  d is s ip a t io n  b e h a v io u r
a s s o c ia te d  w ith  in t e r f a c e  dam ping can  be m o d e lled  by an id e a l is e d  
h y s te r e s is  lo o p  i n  th e  fo rm  o f  a p a r a l le lo g r a m . The e q u a tio n  o f  m o tio n  
f o r  a s in g le  d e g re e  o f  freed o m  u n d er s in u s o id a l fo r c in g  was s o lv e d  by  
Caughey and i t  was shown t h a t  th e  system  resp o n se  i s  s in g le -v a lu e d  and 
does n o t e x h ib i t  n o n lin e a r  ’ jum p ' b e h a v io u r . An a n a lo g u e  com puter 
s im u la t io n  was a ls o  used and i t  was found to  g iv e  good agreem ent w ith  
th e  th e o r y ,  showing t h a t  f o r  v e ry  h ig h  e x c i t a t io n  le v e ls  th e  system
e x h ib i t s  undamped re s o n a n c e .
(1 5 4 )
E a r le s  has s tu d ie d  th e  f r i c t i o n a l  d is s ip a t io n  o f  e n erg y  a t
a s im p le  tw o -p a r t  la p  j o i n t  clam ped by a s in g le  b o l t .  A t h e o r e t ic a l  
e s t im a te  o f  th e  dam ping c a p a c ity  o f  such a c o n n e c tio n  i s  made, based  
upon th e  assum ptions  o f  p u re  s h e a r lo a d in g  o f  th e  j o i n t  and t im e  
i n v a r i a n t  c lam p in g  p r e s s u r e . A p a r a b o l ic a l ly  d e c re a s in g  r a d i a l  in t e r f a c e
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p re s s u re  d i s t r i b u t i o n  i s  used to  s im u la te  th e  c lam p in g  p re s s u re  around  
th e  b o l t .  I t  i s  shown t h a t  maximum e n e rg y  d is s ip a t io n  o ccu rs  when th e  
c la m p in g  fo r c e  i s  such t h a t  th e  a p p lie d  s h ear i s  t r a n s fe r r e d  by f r i c t i o n  
a lo n e  th ro u g h o u t th e  j o i n t .  E a r le s  c o n s id e rs  o n ly  c o n s ta n t a m p litu d e  
e x c i t a t io n ,  u s in g  a p ie c e w is e  a n a ly s is  o f  th e  q u a d ra n ts  o f  th e  e f f e c t i v e  
h y s te r e s is  lo o p . T h is  ap p ro ach  i s  o f te n  a t t r ib u t e d  to  P a n o v k o ^ .
I t  w ou ld  be p o s s ib le  to  a d o p t th e  p ro c e d u re  f o r  a d e t e r m in is t ic  a n a ly s is  
o f  t r a n s ie n t  re sp o n se  to  broadband  e x c i t a t io n ,  b u t th e  g o v e rn in g  
e q u a tio n s  would have to  be c o n t in u o u s ly  u p d a te d , le a d in g  to  an u n w ie ld y  
and t im e  consum ing a n a ly s is .  I n  a f u r t h e r  s tu d y  con d u cted  w ith  
P h i lp o t ^ 1 8 8 \  a s im i la r  d e r iv a t i o n  i s  g iv e n  f o r  an a x ia l  d o u b le  la p  
j o i n t ,  i n  w h ich  i t  i s  shown t h a t  u n d er c y c l ic  lo a d in g  th e  d is p la c e m e n t  
i s  a q u a d r a t ic  fu n c t io n  o f  th e  a p p lie d  lo a d . The th e o ry  a ls o  y ie ld s  
an e n e rg y  d is s ip a t io n  w h ich  i s  p r o p o r t io n a l  to  th e  cube o f  th e  lo a d  and 
in v e r s e ly  p r o p o r t io n a l  to  th e  c o e f f i c i e n t  o f  f r i c t i o n .  I t  i s  in t e r e s t in g  
t o  n o te  t h a t  E a r le s  n e g le c ts  v a r ia t io n s  i n  th e  c o e f f i c i e n t  o f  f r i c t i o n ,  
s t a t in g  t h a t  f o r  most p r a c t ic a l  a p p l ic a t io n s  i t  i s  s u f f i c i e n t  to  
e s t im a te  th e  dam ping to  w i t h in  + 30 p e r  c e n t .
The f a c to r s  a f f e c t i n g  th e  dam ping in  la p  jo in t s  have a ls o  been  
(15  7)s tu d ie d  by Brown . The in v e s t ig a t io n  i s  p r im a r i l y  concerned  w ith
th e  m a x im iz a t io n  o f  e n e rg y  d is s ip a t i o n ,  b u t th e  p ap e r does c o n ta in  an
in t e r e s t in g  d is c u s s io n  on in t e r f a c e  p h y s ic s  and th e  v a r i a b i l i t y  o f  th e
c o e f f i c i e n t  o f  f r i c t i o n .  The work o f  E a r le s  and P h i.lp o t i s  c r i t i c i s e d
by Brown, who c la im s  t h a t  t h e i r  assum ptio n  o f  s te a d y -s ta te  c o n d it io n s
i s  n o t v a l i d  f o r  a t  le a s t  th e  f i r s t  1 0 ,0 0 0  lo a d in g  c y c le s .  I n  a
s ig n i f i c a n t  d e p a r tu r e  fro m  th e  a n a ly t i c a l  te c h n iq u e s  d is c u s s e d  so f a r ,
( 158)
Hunt has adopted  a g e n e ra l s t r u c t u r a l  m a tr ix  approach  to  th e
s y s te m a tic  in v e s t ig a t io n  o f  s t r u c t u r a l  j o i n t s .  A ' t y p i c a l  f r i c t i o n  
j o i n t '  i s  exam ined and , by  way o f  exam p le , a r e p r e s e n t a t iv e  t im e  
v a r ia n t  s t i f f n e s s  m a t r ix  i s  d e r iv e d  f o r  a s im p le  s t r u c tu r e  c o n ta in in g
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such a c o n n e c t io n . W h i ls t  H u n t 's  fo r m u la t io n  i s  id e a l  f o r  n u m e ric a l 
c o m p u ta tio n , and c o u ld  be in c o r p o ra te d  in t o  a t im e  s te p p in g  scheme, 
t h e r e  i s  no in d ic a t io n  as to  how th e  t im e  v a r ia n t  s t i f f n e s s  m a tr ix  may 
be a ss ig n ed  p e r t in e n t  n u m e r ic a l v a lu e s .  T h is  i s  due to  th e  f a c t  th a t  
th e  s t i f f n e s s  m a t r ix  o n ly  in c o r p o r a te s  th e  s im p le  Coulomb f r i c t i o n  
r e la t io n s h i p ,  and does n o t c o n s id e r  th e  p h y s ic a l phenomena a t  th e  
i n t e r f a c e  w ith  t h e i r  dependency upon such p a ra m e te rs  as j o i n t  geom etry  
and c la m p in g  p re s s u r e . T h is  i s ,  i n  th e  o p in io n  o f  th e  a u th o r ,  a s e r io u s  
sh o rtc o m in g  o f  H u n t1s app ro ach  to  th e  p rob lem  o f  m e c h a n ic a l s t r u c t u r a l  
dam ping .
(159)
Mayes and Mowbray have  r e c e n t ly  g iv e n  c o n s id e r a t io n  to  th e
in c o r p o r a t io n  o f  Coulomb dam ping in t o  n u m e r ic a l s t r u c t u r a l  a n a ly s is .  
U n lik e  th e  fo r m u la t io n  due t o  H a r t ,  tw o d is c r e te  te rm s  -  one f o r  
a b s o lu te  s l i p  and one f o r  r e l a t i v e  s l i p  -  a re  in c lu d e d  i n  th e  e q u a tio n  
o f  s t r u c t u r a l  m o tio n . N u m e ric a l t im e  in t e g r a t i o n  i s  s t i l l  p o s s ib le  and 
th e  a u th o rs  su g g est th e  use  o f  th e  W ils o n  0 m ethod. I n  t h i s  p ap er th e  
n e c e s s ity  o f  e x p e r im e n ta lly -b a s e d  resp o n se  in fo r m a t io n  f o r  th e  
e v a lu a t io n  o f  th e  a n a ly t i c a l  dam ping c o n s ta n ts  i s  made c l e a r .  A c lo s e d  
fo rm  s o lu t io n  f o r  a s t r u c tu r e  w ith  com bined v is c o u s  and Coulomb damping  
u n d er th e  a c t io n  o f  s in u s o id a l  f o r c in g  i s  d eve lo p ed  so t h a t  a d i r e c t  
com pariso n  w ith  e q u iv a le n t  e x p e r im e n ta l ly  d e te rm in e d  resp o n ses  can be  
m ade. As an exam ple a f i v e  s to r e y  b u i ld in g  i s  a n a ly s e d  and i t  i s  shown 
t h a t  th e  in a p p r o p r ia te  use o f  v is c o u s  e lem e n ts  le a d s  to  an u n d e re s t im a te  
o f  th e  dynam ic s tre s s e s  when m o d e llin g  s e is m ic  e x c i t a t i o n .  The a u th o r  
n o te s  t h a t  in  d e v e lo p in g  t h i s  p r a c t ic a l  n u m e r ic a l approach  to  s t r u c t u r a l  
dam ping, Mayes and Mowbray a p p e a r to  have n e g le c te d  en e rg y  lo s s e s  a t  th e  
s t r u c t u r a l  s u p p o rt , and t h i s  c o u ld  i n  some cases  be a s e r io u s  o m is s io n . 
I n  some cases  i t  may be p o s s ib le  to  e v a lu a te  th e  f r i c t i o n a l  damping  
fo r c e  v e c to rs  fro m  p u b lis h e d  d a ta  on th e  f r i c t i o n  c o e f f i c ie n t s  f o r  
m e c h a n ic a l and s t r u c t u r a l  j o i n t s .  The re a d e r  i s  r e f e r r e d  to  th e  work
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o f  N o l le  and R ic h a rd so n  , w h ich  in c lu d e s  a re v ie w  o f  a v a i la b le  
f r i c t i o n a l  d a ta  f o r  s t e e l  in t e r f a c e s  as w e ll  as s u p p ly in g  new 
in fo r m a t io n  f o r  th e  r e la t io n s h i p  betw een  c o n ta c t  p re s s u re  and th e  
c o e f f i c i e n t  o f  f r i c t i o n .
The fu n d a m e n ta l dependence o f  in t e r f a c e  dam ping mechanisms upon 
j o i n t  g eo m e try , c o n ta c t  p re s s u re  and mode o f  lo a d in g , p re c lu d e s  th e  
develo pm en t o f  a g e n e r a l ,  p h y s ic a l ly  a c c u r a te , t h e o r e t ic a l  a n a ly s is .
As i s  a p p a re n t fro m  th e  fo r e g o in g  d is c u s s io n , even th e  a n a ly s e s  w hich  
h ave b een  d ev e lo p e d  f o r  q u i t e  s p e c i f i c  j o i n t  c o n f ig u r a t io n s  have  
in v o lv e d  s im p l i f y in g  assum ptio n s  w h ich  a re  n e c e s s a r i ly  in a c c u r a te .  I t  
i s  a ls o  c le a r  t h a t  i n  o rd e r  t o  e v a lu a te  any t h e o r e t ic a l  m odel, i t  i s  
n e c e s s a ry  to  have access  to  some r e le v a n t  e x p e r im e n ta l d a ta .
I t  was th e  a u t h o r ' s in t e n t io n  to  in v e s t ig a t e  and model th e  
b e h a v io u r  o f  a ty p e  o f  j o i n t  w h ich  i s  o f  p a r t i c u la r  im p o rta n c e  i n  t a l l  
m a s t - l ik e  s t r u c tu r e s .  I n  v ie w  o f  th e  o b s e rv a t io n s  made above, i t  was 
o b v io u s  t h a t  a c a r e f u l l y  con d u cted  s e t  o f  e x p e rim e n ts  would need to  be 
con d u cted  to  e n a b le  e v a lu a t io n  o f  th e  dam ping b e h a v io u r . U n lik e  th e  
s im p le  j o in t s  c o n s id e re d  b y  p re v io u s  w o rk e rs , th e  c o n n e c tio n  o f  in t e r e s t  
to  th e  a u th o r  w ould e x p e r ie n c e  a c o m b in a tio n  o f  s h e a r in g , ro c k in g  and 
c ru s h in g  lo a d s , even u n d er th e  a c t io n  o f  s im p le  s t r u c t u r a l  e x c i t a t io n .  
T h is  le a d s  to  a com plex c o m b in a tio n  o f  lo c a l  dam ping mechanisms a t  th e  
i n t e r f a c e ,  w h ich  d e f ie s  s im p le  m a th e m a tic a l m o d e ll in g . A t r u l y  
r e p r e s e n t a t iv e  t h e o r e t i c a l l y  based n u m e r ic a l model o f  a j o i n t  s u b je c te d  
to  such com bined lo a d in g  would be to o  com plex f o r  in c o r p o r a t io n  in t o  th e  
t im e  in t e g r a t i o n  scheme d e v e lo p e d  by th e  a u th o r .  Thus th e  e xp e rim e n ts  
to  be conducted  would s e rv e  th e  a d d i t io n a l  fu n c t io n  o f  a l lo w in g  an  
e m p ir ic a l ly -b a s e d  dam ping model to  be  fo r m u la te d .
T h e re  i s  a la c k  o f  p u b lis h e d  in fo r m a t io n  r e g a rd in g  th e  p erfo rm an ce  
o f  t im e  in t e g r a t i o n  schemes i n  com pariso n  to  c a r e f u l l y  in s tru m e n te d  r e a l  
s t r u c t u r a l  re s p o n s e . A ls o  th e  e f f e c t  o f  s t r u c t u r a l  jo i n t s  upon th e
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t r a n s ie n t  resp o n se  o f  a s t r u c tu r e  does n o t app ear to  have been s tu d ie d  
i n  any d e t a i l .  C o n s e q u e n tly , i t  became a lo g ic a l  s te p  to  expand th e  
scope o f  th e  e x p e r im e n ta l work to  c o v e r  th e  m easurem ent o f  th e  b e h a v io u r  
o f  s le n d e r  v e r t i c a l  s t r u c tu r e s ,  w ith  and w ith o u t  m e ch a n ica l c o n n e c tio n s , 
to  broadband t r a n s ie n t  e x c i t a t io n .
5 .6  A Summary o f  th e  Prob lem s o f  S t r u c tu r a l  Damping S im u la t io n
T h is  c h a p te r  has h ig h l ig h te d  s e v e r a l o f  th e  prob lem s w hich  a re  
e n c o u n te re d  when c o n s id e r in g  th e  dynam ic e f f e c t s  o f  s t r u c t u r a l  dam ping. 
T h e re  i s  by  no means a unanim ous o p in io n  as to  th e  n a tu re  o f  th e  laws  
w h ich  g o vern  th e  v a r io u s  modes o f  dam ping and t h i s  i s  p a r t i c u l a r l y  so 
f o r  th e  cases  o f  m a te r ia l  and i n t e r f a c e  lo s s e s . C o n s e q u e n tly  th e r e  i s  
a lm o s t an o b l ig a t io n  to  co n d u ct a t  le a s t  some ru d im e n ta ry  p h y s ic a l t e s t s  
upon a r e p r e s e n t a t iv e  model o r  s e c t io n  o f  th e  s t r u c tu r e  u n d er s tu d y , i n  
o rd e r  to  assess  b o th  th e  m ag n itu d e  and n a tu re  o f  th e  en e rg y  d is s ip a t io n .  
S in c e  th e  o v e r a l l  s t r u c t u r a l  dam ping i s  so dependent upon th e  p a r t i c u la r  
p h y s ic a l form  o f  th e  s t r u c tu r e  i t  i s  n o t p o s s ib le  to  d e v e lo p  a p r a c t ic a l  
'u n iv e r s a l '  dam ping model t h a t  w i l l  a d e q u a te ly  s im u la te  a l l  o f  th e  
d i f f e r e n t  l i n e a r  and n o n lin e a r  d is s ip a t io n  mechanisms w h ich  may be  
o p e r a t in g  s im u lta n e o u s ly .
I n  d e v e lo p in g  and a s s e s s in g  m a th e m a tic a l id e a l i s a t i o n s  o f  damping 
phenomena, v a r io u s  in v e s t ig a t o r s  have s ta r te d  fro m  d i f f e r i n g  and som etimes  
c o n t r a d ic t o r y  a ss u m p tio n s , e s p e c ia l ly  w ith  re g a rd  to  a m p litu d e  and 
fre q u e n c y  dependency. T h is  can  be e x p la in e d  by th e  im p o r ta n t  in f lu e n c e  
t h a t  g eo m e try , m a t e r ia l ,  f i x i n g  c o n d it io n s ,  f a b r ic a t io n  methods and 
e x c i t a t io n  a l l  have upon b o th  th e  s t r u c t u r a l  m o tio n  and th e  modes o f  
en erg y  d is s ip a t io n .  C o n s e q u e n tly , i t  i s  q u ite  p o s s ib le  t h a t  two  
n o m in a lly  s im i la r  s tu d ie s  m ig h t i n  f a c t  c o n ta in  a d i s p a r i t y  i n  one o f  
th e  aboye p a ra m e te rs , w h ich  w i l l  le a d  to  s u b s ta n t ia l  d i s s i m i l a r i t i e s  
betw een  th e  r e s u l t s .
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i n  th e  dynam ics o f  aero s p a c e  s t r u c tu r e s  and, in  p a r t i c u l a r ,  th e  f l u t t e r
o f  a i r c r a f t  w in g s . Such re sp o n se s  a re  u s u a l ly  o s c i l l a t o r y  o r  v e ry
n arro w  band and hence most e f f o r t  has been d ir e c te d  to w ard s  th e
d eve lo pm en t and a n a ly s is  o f  dam ping m odels u n d e rg o in g  f r e e  v ib r a t io n
o r  c o n s ta n t  a m p litu d e  harm onic  f o r c in g .  These cases  a r e  r e l a t i v e l y
easy  to  s o lv e  a n a l y t i c a l l y  s in c e  th e  h y s te r e s is  lo o p  w i l l  have a
c o n s ta n t  shape, and i n  th e  c as e  o f  s te a d y -s ta te  f o r c in g ,  c o n s ta n t
m a g n itu d e . The u se  o f  'e n e rg y  lo s s  p e r  c y c le '  as th e  d e f in in g  q u a n t i t y
i n  such cases  i s  q u i t e  m e a n in g fu l and i s  r e l a t i v e l y  s im p le  to  c a lc u la t e
u s in g  a P a n o v k o -ty p e  a n a ly s is ^ 4 8 5 ^ . H ow ever, when th e  s t r u c t u r a l
system  u n d er c o n s id e r a t io n  i s  u n d e rg o in g  a com plex re s p o n s e , e n erg y
lo s s  p e r  c y c le  becomes a m e a n in g le s s  q u a n t i t y .  I n  an a tte m p t to  r e s o lv e
(180)t h i s  p ro b lem , M e t h e r e l l  and D i l l e r  ex ten d ed  th e  Panovko a n a ly s is
o f  a u n ifo rm  p re s s u re  la p  j o i n t  to  y i e l d  e x p re s s io n s  f o r  th e  in s t a n t ­
aneous en e rg y  d is s ip a t io n  r a t e .  A subsequent in v e s t i g a t io n  o f  th e  
cases  o f  s in u s o id a l  and t r i a n g u la r  d is p la c e m e n t e x c i t a t io n  showed t h a t  
th e  a c tu a l  d is s ip a t io n  r a t e  i s  c o n s id e r a b ly  d i f f e r e n t  from  t h a t  i n  a 
l i n e a r  system , w ith  most o f  th e  e n e rg y  b e in g  d is s ip a te d  a t  th e  end o f  
each lo a d in g  p h as e . I t  i s  a ls o  shown t h a t  th e  en e rg y  d is s ip a t io n  p e r  
c y c le  i s  p r o p o r t io n a l  to  th e  cube o f  th e  lo a d in g  a m p litu d e  and t h i s  
a g re e s  w ith  s e v e r a l e x p e r im e n ta l in v e s t ig a t io n s .  By c o n t r a s t ,  th e  
assu m p tio n  o f  a l i n e a r  system  w ith  a c o n s ta n t dam ping c o e f f i c i e n t ,  as 
used i n  many s t r u c t u r a l  a n a ly s e s , r e s u l t s  i n  e n e rg y  d is s ip a t io n  
p r o p o r t io n a l  to  th e  s q u a re  o f  th e  a m p litu d e . H ence, i n  th e  l i g h t  o f  
th e  c o n t r a d ic t o r y  e x p e r im e n ta l and t h e o r e t ic a l  e v id e n c e , t h i s  
a s s u m p tio n 's  v a l i d i t y  must be q u e s t io n e d . M e th e r e l l  and D i l l e r  c o n c lu d e  
t h a t  w h i ls t  l in e a r is e d  te c h n iq u e s  can  s a t i s f a c t o r i l y  r e p r e s e n t  damped 
s t r u c tu r e s  u n d e rg o in g  s te a d y -s ta t e  v ib r a t io n ,  th e y  a re  in a d e q u a te  f o r  
system s u n d er t r a n s ie n t  re sp o n se  c o n d it io n s .
Most of the investigators in this field have had an interest
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A f u r t h e r  d i f f i c u l t y  i n  th e  n u m e r ic a l a n a ly s is  o f  broadband  
resp o n se  is  t h a t  t im e  in t e g r a t i o n  a n a ly s e s  r e q u ir e  th e  d is s ip a t iv e  
e f f e c t s  to  be m o d e lle d  as d is c r e t e  'dam ping f o r c e '  in c re m e n ts . I t  i s  
n o t p o s s ib le  to  tra n s p o s e  many o f  th e  t h e o r e t ic a l  dam ping m odels in t o  
a s u i t a b le  te m p o ra l f i n i t e  d i f f e r e n c e  fo r m a t , and th e y  must t h e r e fo r e  
be d is m is s e d . The advance o f  M e t h e r e l l  and D i l l e r  does n o t a l l e v i a t e  
t h i s  p ro b le m , s in c e  i t  i s  n o t c le a r  as to  how th e  'in s ta n ta n e o u s  
d is s ip a t io n  r a t e '  may be r e la t e d  to  th e  'dam ping fo r c e  in c r e m e n t ' .  
F u rth e rm o re , as has been shown, some o f  th o s e  m odels w h ich  a re  am enable  
to  t im e  in t e g r a t i o n  te n d  to  'b lo w  u p ' when used f o r  cases  o f  t r a n s ie n t  
re s p o n s e .
An aw areness o f  th e s e  p ro b lem s had le d  many s t r u c t u r a l  
d y n a m ic is ts  to  r e l in q u is h  th e  q u es t f o r  a r e a l i s t i c  s t r u c t u r a l  dam ping  
m o d el, i n  fa v o u r  o f  th e  s im p le  v is c o u s  dam ping a p p ro a c h . As a 
consequence, q u i t e  w e l l  d e f in e d  p ro c e d u re s  have been d ev e lo p e d  f o r  th e  
e v a lu a t io n  o f  'e q u iv a le n t  v is c o u s  dam ping m a t r ic e s ' ,  w h ich  o p tim is e  
t h i s  r a t h e r  c ru d e  a p p ro a ch . Such te c h n iq u e s  can y ie ld  ad e q u ate  r e s u l t s  
f o r  resp o n ses  i n  w h ich  o n ly  th e  lo w e r  v ib r a t io n a l  modes a re  e x c ite d ,  and 
w here th e  modes a re  n o t c o u p le d  and can th u s  be t r e a te d  in d e p e n d e n t ly .  
These c r i t e r i a  a re  m e t, to  a d e g re e  o f  a p p ro x im a tio n , by many t a l l  
b u i ld in g s  when s u b je c te d  t o  r e l a t i v e l y  low  fre q u e n c y , n arro w  band 
e x c i t a t io n .  F o r t h i s  re a s o n  th e  v is c o u s  dam ping approach  has been  
adopted  i n  many la r g e - s c a le  c i v i l  e n g in e e r in g  s t r u c t u r a l  dynam ics  
p ro g ram s. Many o f  th e s e  program s u se  an i m p l i c i t  t im e  in t e g r a t io n  
a lg o r ith m , and th u s  a l i n e a r  v is c o u s  dam ping m a tr ix  i s  e a s i ly  
accom m odated. The in c o r p o r a t io n  o f  n o n lin e a r  n o n -p r o p o r t io n a l dam ping  
in t o  such a n a ly s e s  can  pose s e v e r a l  c o m p u ta tio n a l p ro b lem s , and t h is  
i s  p ro b a b ly  a n o th e r  re a s o n  why th e  v is c o u s  approach  has become 
re a s o n a b ly  w e l l  e s ta b l is h e d .
The need to  d e s ig n  t a l l ,  f a b r ic a t e d  m a s t - l ik e  s t r u c tu r e s  to
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w ith s ta n d  s e v e re  t r a n s ie n t  lo a d in g  d o es , how ever, in v a l i d a t e  some o f  
th e  reaso n s  w h ich  j u s t i f y  th e  use o f  an e q u iv a le n t  v is c o u s  dam ping  
m a t r ix .  F i r s t l y ,  th e  e x c i t a t io n  and th e  resp o n se  w i l l  be broadband  
i n  n a tu r e ,  w ith  s i g n i f i c a n t  e n e rg y  i n  th e  h ig h e r  v ib r a t io n a l  modes.
T h is  g r e a t ly  in c re a s e s  th e  work in v o lv e d  i n  th e  d e te r m in a t io n  o f  
e f f e c t i v e  dam ping r a t i o s  f o r  each  mode, and in c re a s e s  th e  'a p p ro x im a t io n  
e r r o r '  i n  p r o p o r t io n  to  th e  number o f  modes t h a t  i t  i s  n e c e s s a ry  to  
c o n s id e r .  S e c o n d ly , th e  n o n l in e a r i t i e s  i n  th e  d is s ip a t i v e  fo r c e s  w i l l  
have  a more p ronounced , i f  n o t  do m in an t e f fe c t* ,  due to  th e  more s e v e re  
d e fo rm a tio n  p r o f i l e s  p re s e n t  i n  such a re s p o n s e . F o r le s s  s e v e re  
narrow band e x c i t a t io n ,  th e  n o n l in e a r i t i e s  a re  s t i l l  p r e s e n t ,  b u t t h e i r  
e f f e c t  i s  d im in is h e d  and can  be a d e q u a te ly  re p re s e n te d  by q u a s i - l in e a r  
dam ping fu n c t io n s  o v e r r e s t r i c t e d  ra n g e s  o f  s tre s s  and f l e x u r e .  A 
s im i la r  argum ent can  be a p p lie d  to  th e  assum ptio n  o f  n e g l i g ib le  modal 
c o u p lin g  t h a t  i s  made i n  many a n a ly s e s . A l l  r e a l  s t r u c tu r e s ,  u n le s s  
t r u l y  m o n o lith ic  and homogeneous, w i l l  have some modal c o u p lin g , and 
t h i s  w i l l  be p a r t i c u l a r l y  p r e v a le n t  i n  s t r u c tu r e s  in v o lv in g  a s ig n i f i c a n t  
number o f  b o l t e d ,  w elded  o r  g lu e d  c o n n e c t io n s . T h is  e f f e c t  i s  o f  no 
consequence i n  t im e  i n t e g r a t i o n  a n a ly s e s , w h i ls t  i t  can  s e r io u s ly  im p a ir  
th e  p e rfo rm a n ce  o f  dynam ic re sp o n se  c o m p u ta tio n s  w h ich  a re  based upon  
m odal s u p e r p o s it io n  te c h n iq u e s .
The ease w ith  w h ich  n o n lin e a r  te rm s  can be in c lu d e d  i n  th e  
e x p l i c i t  a lg o r ith m  used i n  t h i s  t h e s is  i s  a d e f i n i t e  a d v an tag e  when 
c o n s id e r in g  th e  e f f e c t s  o f  s t r u c t u r a l  dam ping. As a r e s u l t  o f  
e x p e r im e n ta l work to  be d e s c r ib e d  i n  subsequent c h a p te r s , a dam ping  
fo r c e  te rm  i s  in c o r p o ra te d  in t o  th e  in t e g r a t i o n  a lg o r ith m , w hich  is  
b a s ic a l l y  a m a th e m a tic a l d e s c r ip t io n  o f  th e  p h y s ic a l decay  c h a r a c t e r i s t ic s  
re c o rd e d  from  th e  t e s t s .  I t  i s  a p p a re n t t h a t  r e a l  s t r u c t u r a l  dam ping  
i s  a com plex p ro c e s s , and has a dependency upon many f lu c t u a t in g  and
often ill-defined parameters. Thus this empirical approach is 
considered to be an optimum way to obtain a sensible numerical model 
of damping in transient response problems and is a method to which 
the explicit time integration analysis is ideally suited.
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6 .1  The Aims and B a s is  o f  th e  E x p e r im e n ta l Work
The aim s o f  th e  e x p e r im e n ta l work w ere tw o fo ld .  F i r s t l y ,  i t  
was r e q u ir e d  to  o b ta in  v e r i f i c a t i o n  o f  th e  r e s u l t s  y ie ld e d  by th e  
n u m e r ic a l a n a ly s is .  S e c o n d ly , a g r e a t e r  u n d e rs ta n d in g  o f  th e  a c t io n  
and s ig n i f ic a n c e  o f  th e  e n e rg y  d is s ip a t io n  i n  a p a r t i c u la r  form  o f  
s t r u c t u r a l  j o i n t  was s o u g h t.
W h ils t  much i s  p u b lis h e d  on th e  r e l a t i v e  m e r its  o f  v a r io u s  
c o m p u ta t io n a l m ethods a p p lie d  to  t r a n s ie n t  resp o n se  p ro b lem s , v e r y  
l i t t l e  e x p e r im e n ta l work has been c a r r ie d  o u t to  com pare .n u m e ric a l 
p r e d ic t io n s  w ith  m easurem ents ta k e n  fro m  r e a l  s t r u c tu r e s .  T h is  i s  
c o n s id e re d  to  be an im p o r ta n t  o m is s io n , s in c e  th e  r e s u l t s  o f  a l l  
n u m e r ic a l te c h n iq u e s  depend upon th e  assum ptions made and th e  e x a c t  
fo rm  o f  th e  m odel u s e d . C o n s e q u e n tly , c e r t a i n  m ethods may be found to  
be c r i t i c a l l y  dependent i n  t h i s  r e s p e c t  and t h i s  can o n ly  be s e n s ib ly  
in v e s t ig a t e d  by n u m e r ic a l m o d e llin g  o f  a p h y s ic a l t e s t  s t r u c tu r e  f o r  
w hich  t e s t  d a ta  a re  a v a i l a b l e .  T h e  ty p e  o f  lo a d in g  in v e s t ig a te d  
e x p e r im e n ta l ly  i s  t h a t  o f  t r a n s ie n t  m o tio n  o f  th e  s t r u c t u r a l  su p p o rt  
p o in ts ,  s in c e  t h i s  ty p e  o f  ’ ground a c c e le r a t io n '  lo a d in g  i s  p r e v a le n t  
i n  many shock lo a d in g  p ro b le m s . To m eet t h is  re q u ire m e n t, a t e s t  r i g  
has been  d e s ig n ed  and b u i l t  w h ich  can  im p a rt  a ra n g e  o f  t r a n s ie n t  lo a d s  
in t o  v a r io u s  model c o n f ig u r a t io n s  r e p r e s e n t in g  s le n d e r  m a s t - l ik e  
s t r u c t u r e s .  One re a s o n  f o r  th e  la c k  o f  e x p e r im e n ta l d a ta  i s  th e  
p r a c t ic a l  d i f f i c u l t y  o f  o b ta in in g  good q u a l i t y  in fo r m a t io n  from  t r a n s ie n t  
t e s t s .  Recent advances i n  th e  d e s ig n  and p e rfo rm a n ce  o f  in s tr u m e n ta t io n  
and c o m p u ter-b ased  d a ta  a c q u is i t io n  equ ipm ent have im proved  t h is  
s i t u a t i o n ,  and i t  was d e c id e d  to  e x p lo i t  such d e v ic e s  and a t te n d a n t  
d i g i t a l  d a ta  p ro c e s s in g  te c h n iq u e s  to  p roduce an e f f i c i e n t  and p r e c is e
C H A P T E R  pm
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F lang ed  jo in t s  a re  a ty p e  o f  s t r u c t u r a l  c o n n e c tio n  w h ich  o f te n
o cc u rs  i n  t a l l ,  s le n d e r  s t e e l  s t r u c tu r e s  such as m a s ts . F ig u re  2 3 , due 
(5 4 )
to  L e o n h a rd t , i l l u s t r a t e s  two t y p ic a l  jo in t s  o f  t h i s  ty p e , as found
on te le c o m m u n ic a tio n  to w e rs . As re v e a le d  i n  th e  fo l lo w in g  s e c t io n
( 6 . 2 ) l i t t l e  e x p e r im e n ta l work has been u n d e rta k e n  to  in v e s t ig a t e  th e
e f f e c t  and s ig n i f ic a n c e  o f  such j o i n t s  i n  th e  dam ping o f  s t r u c t u r a l
m o tio n . The b e h a v io u r  o f  a b o lte d  j o i n t  under th e  a c t io n  o f  dynam ic
lo a d s  i s  q u i t e  c o m p lex . V a r ia b le s  w hich  may a f f e c t  th e  m ag nitu d e  and
mode o f  e n e rg y  d is s ip a t io n  in c lu d e  j o i n t  c o n f ig u r a t io n ,  i n t e r f a c e
s u r fa c e  ro u g h n ess , f la n g e  th ic k n e s s  to  m a tin g  a re a  r a t i o ,  b o l t  te n s io n ,
modes o f  lo a d in g  and j o i n t  m a t e r ia ls .  I t  i s  known t h a t  th e  c o n ta c t
a re a  around a b o lte d  c o n n e c tio n  i s  l im i t e d  to  a r e l a t i v e l y  s m a ll
(15  7 158)
a n n u la r  re g io n  around each b o l t  h o le  ’ , and i t  i s  t h i s  c o n ta c t
a re a  o v e r w h ich  any i n t e r f a c e  dam ping phenomena w i l l  o c c u r . How ever, 
th e  p re se n c e  o f  c h a n g in g  lo a d s  on th e  j o i n t  i n  th e  dynam ic s i t u a t i o n  
w i l l  a l t e r  th e  s iz e ,  shape and m ag n itu d e  o f  th e  p re s s u re  d is t r i b u t i o n  
around each b o l t  h o le .  These fe a tu r e s  o f  th e  b o lte d  j o i n t  make th e  
d e r iv a t io n  o f  a g e n e r a l ly  a p p l ic a b le  t h e o r e t ic a l  model an im p r a c t ic a l  
p r o p o s it io n  and th u s  e m p ir ic a l  r e s u l t s  must be o b ta in e d . By c o n d u c tin g  
a s e r ie s  o f  s t a t i c ,  v ib r a t o r y  and t r a n s ie n t  t e s ts  th e  e n erg y  d is s ip a t io n  
due to  a f la n g e d  j o i n t  o f  p a r t i c u l a r  geom etry  s u b je c te d  to  a ran g e  o f  
f a s te n in g  and lo a d in g  c o n d it io n s  has been q u a n t i f ie d .  The in v e s t ig a t io n  
le a d s  to  th e  in c o r p o r a t io n  o f  a s im u la t io n  o f  t h i s  ty p e  o f  dam ping in t o  
th e  n u m e r ic a l a n a ly s is .  A summary o f  th e  r e le v a n t  s p e c i f ic a t io n s  f o r  
a l l  th e  tra n s d u c e rs  and in s tr u m e n ta t io n  used in  th e  e x p e r im e n ta l work  
can be found i n  A ppend ix  A .3 .
test facility.
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6 . 2 . 1  Im p u ls iv e  Load T e s t in g
T e s t in g  m achines w h ich  w i l l  d e l i v e r  a v a r ie t y  o f  im p u ls iv e
lo a d s  have been d es ig n ed  and b u i l t  by re s e a rc h  i n s t i t u t e s  d u r in g  th e  
(16  3 )
l a s t  t h i r t y  y e a rs  . The ty p e  o f  s o -c a l le d  'sh o ck  m ach in e ' o f
i n t e r e s t  i n  t h i s  work i s  one w h ich  w i l l  p roduce a s in g le  com plex  
im p u ls iv e  lo a d  w h ich  i s  b o th  c o n t r o l la b le  and r e p e a ta b le .  In  th e  e a r ly  
1 9 5 0 's ,  th e  U .S . Navy was in t e r e s t e d  i n  th e  e f f e c t s  o f  t r a n s ie n t  lo a d in g  
upon s h ip b o rn e  e q u ip m e n t. C o n s e q u e n tly , a ra n g e  o f  'im p a c t shock  
m a ch in e s ' was p ro d u ced ^4 8 4  ^ f o r  th e  g e n e ra t io n  o f  e x c i t a t io n s  ra n g in g  
fro m  f r a c t io n s  o f  a 'g '  to  s e v e r a l  hundred ' g ' .  These m achines a l l  
produced  t r a n s ie n t  m o tio n s  i n i t i a t e d  by a hammer s t r i k i n g  an a n v i l  
assem bly  upon w h ich  th e  t e s t  ite m  was m ounted. F is c h e r ^ 4 8 8  ^ has used 
such a m achine to  in v e s t ig a t e  th e  s tre s s e s  in d u ced  i n  a u n ifo rm  f i x e d -  
f ix e d  beam s u b je c te d  to  t r a n s ie n t  lo a d in g .  A number o f  n o m in a lly  
t r i a n g u l a r  t r a n s v e r s e  d is p la c e m e n t p u ls e s  w ere a p p lie d  to  th e  beam, 
w hich  was in s tru m e n te d  w ith  s t r a in  gauges fe e d in g  a r e c o rd in g  o s c i l l o ­
sco p e . The peak s tre s s e s  o b ta in e d  e x p e r im e n ta l ly  w ere com pared w ith  
th o s e  y ie ld e d  by an o p e r a t io n a l  c a lc u lu s  s o lu t io n  o f  th e  beam e q u a tio n  
f o r  an id e a l is e d  t r a n s ie n t  f o r c in g  f u n c t io n .  The t h e o r e t ic a l  and 
e x p e r im e n ta l v a lu e s  showed a p p ro x im a te  a g reem en t, a lth o u g h  d e t a i le d  
a n a ly s is  was p r o h ib i te d  by th e  amount o f  'n o is e ' and z e r o - s h i f t  p re s e n t  
i n  th e  e x p e r im e n ta l d a ta .
R ip p e rg e r  and Abram son^4 8 8  ^ have a ls o  s tu d ie d  th e  t r a n s ie n t  
f l e x u r a l  b e h a v io u r  o f  u n ifo rm  beam s. In  t h i s  c a s e , h ow ever, im p u ls iv e  
lo a d in g  was produced by f i r i n g  a s m a ll s te e l  b a l l  a t  th e  f r e e  end o f  a 
c i r c u l a r - s e c t io n  c a n t i l e v e r  beam w h ich  was a g a in  in s tru m e n te d  w ith  
s t r a in  g auges. The a u th o rs  com pared th e  e x p e r im e n ta l resp o n ses  w ith  
th o s e  o b ta in e d  from  v a r io u s  a p p ro x im a te  and e x a c t  t h e o r e t ic a l  s o lu t io n s .
6.2 Review of Existing Experimental Information
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e q u a tio n s  p r e d ic te d  th e  resp o n se  a m p litu d e  and p r o p a g a t io n a l v e lo c i t i e s
very well for all but the most severe impacts. This indicates that
th e  use  o f  an E u le r  beam as th e  b a s is  o f  th e  n u m e ric a l a n a ly s is
d ev e lo p e d  i n  C h a p te r  3 w i l l  n o t produce any in h e r e n t ly  e rro n eo u s
t r a n s ie n t  resp o n se  p r e d ic t io n s .  An im p a c t shock m achine has been used  
(1 6 8 )
by O 'H a ra  to  s tu d y  th e  e f f e c t  o f  changes i n  s t r u c t u r a l  p a ram e te rs
such as mass and s t i f f n e s s  upon th e  shock s p e c tra  p ro d u c e d . The 
r e c ta n g u la r  fram e  w h ich  form ed th e  t e s t  s t r u c tu r e  c o n ta in e d  b o lte d  
j o i n t s  i n  re g io n s  o f  r e l a t i v e l y  h ig h  s t r e s s ,  a lth o u g h  th e  e f f e c t s  o f  
t h i s  f a b r ic a t io n  w ere  n o t c o n s id e re d  i n  th e  s tu d y . U sing  a re e d  gauge  
to  m o n ito r  th e  fre q u e n c y  c o n te n t  o f  th e  re s p o n s e s , O 'H a ra  con c lu d ed  t h a t  
s i g n i f i c a n t l y  o v e rc o n s e r v a t iv e  d e s ig n s  c o u ld  r e s u l t  fro m  th e  in c o r r e c t  
usage o f  shock s p e c tra  fro m  t r a n s ie n t  t e s t s .  T h is  i s  due to  th e  c a re  
needed i n  d is t in g u is h in g  s p e c tra  r e p r e s e n t in g  th e  fo u n d a tio n  m o tio n  from  
th o s e  peaks caused b y  n a t u r a l  f re q u e n c ie s  o f  th e  t e s t  system  as a 
w h o le .
I n  m easu rin g  dynam ic s t r a in s  i n  a p re lo a d e d  b o l t ,  N eu b e rt and 
P o e t l / 48^  used a ' b a l l i s t i c  pendulum ' to  produce t r a n s ie n t  lo a d in g  
c o n d it io n s .  T h is  t e s t  m achine c o n s is te d  o f  a p a i r  o f  50 kg pendulum s, 
one o f  w h ic h , th e  a n v i l ,  was used as a b ase  upon w h ich  th e  t e s t  b o l t s  
w ere m ounted. The o th e r  'ham m er' pendulum  was used as th e  e x c i t a t io n  
s o u rce  by b e in g  draw n back and s u b s e q u e n tly  re le a s e d  to  h i t  th e  ' a n v i l ' .  
The a u th o rs  fa v o u re d  t h i s  a rran g e m en t as b e in g  r e l a t i v e l y  in e x p e n s iv e  
and found t h a t  c o u ld  g e n e ra te  im p u ls iv e  lo a d s  w ith  good r e p e a t a b i l i t y .  
W h ils t  th e  d e t a i l s  o f  th e  work a re  n o t r e le v a n t  to  t h i s  t h e s is ,  i t  i s  
i n t e r e s t in g  to  n o te  t h a t  N e u b e rt and P oeth  e x p e r ie n c e d  some d i f f i c u l t y  
in  e x t r a c t in g  th e  d e s ire d  in fo r m a t io n  from  th e  a c c e le ro m e te r  t r a c e s  th e y  
re c o rd e d . I t  was found t h a t  a n a lo g u e  s ig n a l f i l t r a t i o n  was n ec es s ary  
to  rem ove tra n s d u c e r  reso n an ce  e f f e c t s ,  b u t th e  c h o ic e  o f  c u t - o f f
A relevant conclusion which was drawn was that the Timoshenko/Euler
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fre q u e n c y  had to  be made on a t r i a l  and e r r o r  b a s is .  T h is  le d  to  an 
a t t e n u a t io n  o f  r e le v a n t  resp o n se  in fo r m a t io n  in  some c a s e s . The d i g i t a l  
f i l t r a t i o n  te c h n iq u e s  used b y  th e  a u th o r  to  p ro cess  th e  t r a n s ie n t  t e s t  
d a ta  o b ta in e d  f o r  t h i s  t h e s is ,  c irc u m v e n t t h i s  p ro b lem .
6 . 2 . 2  In v e s t ig a t io n  o f  E nergy  D is s ip a t io n  a t  J o in t  In t e r f a c e s
When a s s e s s in g  th e  r e s u l t s  o f  dam ping m easurem ents conducted  by
d i f f e r e n t  r e s e a r c h e r s , i t  i s  im p o r ta n t  to  c o n s id e r  th e  re as o n s  f o r  th e
a p p a re n t d is c re p a n c ie s  w h ich  a r e  o f t e n  e n c o u n te re d . Even th e  s l ig h t e s t
a l t e r a t i o n  o f  specim en g eo m etry  o r  a tta c h m e n t c o n d it io n s  w i l l  a l t e r  th e
a p p a re n t s t r u c t u r a l  dam ping , and i t  i s  u s u a l ly  a d v is a b le  to  ta k e  th e
(1 7 0 )lo w e s t re p o r te d  v a lu e  o f  d is s ip a t io n  as b e in g  'c o r r e c t '  . D i f f e r i n g
te c h n iq u e s  f o r  m easu rin g  dam ping phenomena can a ls o  le a d  to  in c o m p a t ib le  
m easures o f  d is s ip a t io n ,  f o r  in s ta n c e ,  lo g a r ith m ic  decrem ent i s  m eaning­
le s s  f o r  a m u lt i -d e g r e e  o f  freed o m  system  un d er th e  a c t io n  o f  random  
e x c i t a t io n
One o f  th e  f i r s t  in v e s t ig a t io n s  in t o  th e  e f f e c t s  o f  i n t e r f a c i a l
e n e rg y  d is s ip a t io n  i n  s t r u c t u r a l  jo in t s  was conducted  by P la n  and
(1 4 8 )H a l lo w e l l  i n  1 9 5 0 . The b en d in g  o f  a s im p le  b u i l t - u p  c a n t i le v e r
beam w ith  t h i n  r e in f o r c in g  s p a r caps fa s te n e d  by screw s was s tu d ie d ,
u n d er th e  a c t io n  o f  c y c l ic  lo a d in g .  A t h e o r e t ic a l  a n a ly s is  p r e d ic te d
t h a t  th e  n o n lin e a r  com ponent o f  th e  lo a d - d e f le c t io n  c u rv e  would c o n ta in
a dom inant second power te rm  and t h a t  th e  e n erg y  lo s s  p e r  c y c le  was
a p p ro x im a te ly  p r o p o r t io n a l  to  th e  cube o f  th e  c y c l ic  a m p litu d e .
E x p erim en ts  in v o lv in g  s t a t i c  h y s te r e s is  t e s ts  c o n firm e d  th e  a n a ly s is ,
showing t h a t  th e  e n e rg y  lo s s  p e r  c y c le  was a p p ro x im a te ly  i n  in v e r s e
p r o p o r t io n  to  th e  'u n ifo r m ' s u r fa c e  c o n ta c t  p re s s u r e . I n  195 7 , P ia n
w ent on to  s tu d y  th e  case  w here th e  s p a r caps w ere a tta c h e d  by r i v e t s
(1 4 9 )o r  t i g h t l y  f i t t i n g  screw s . I n  t h i s  c a s e , e x p e r im e n ta l d a ta  was
obtained from the free vibration decay of the built-up cantilever beam
1 4 0
c a r r y in g  a la r g e  end m ass. F o r la r g e  v ib r a t io n  a m p litu d e s  th e  e n erg y  
lo s s  p e r  c y c le  was found to  be p r o p o r t io n a l  to  a lo w e r power o f  s tr e s s  
a m p litu d e  th a n  f o r  th e  in v e s t i g a t io n  o f  1 9 5 0 .
Goodman and Klum pp^4 8 9  ^ have m easured th e  e f f e c t  o f  s l i p  
dam ping i n  a b i l e a f  c a n t i l e v e r  beam w ith  a n o m in a lly  u n ifo rm  c lam p in g  
p re s s u re  a c t in g  o v e r th e  e n t i r e  i n t e r f a c e .  Energy lo s s  p e r  c y c le  was 
m easured by b o th  a s e r ie s  o f  s t a t i c  h y s te r e s is  t e s t s  and a fo rc e d  
v ib r a t io n  phase a n g le  te c h n iq u e . E x p e r im e n ta l ly  o b ta in e d  e n e rg y  lo s s  
d a ta  was found to  c o r r e la t e  t o  w i t h in  5% o f  a t h e o r e t ic a l  a n a ly s is  based  
upon s im p le  Coulomb f r i c t i o n  m echanism s. Goodman and Klumpp e x p e r ie n c e d  
d i f f i c u l t y  i n  f i l t e r i n g  th e  dynam ic s ig n a ls  w ith o u t  d is t o r t i n g  im p o r ta n t  
h ig h  fre q u e n c y  com ponents o f  th e  fo r c e  s ig n a l .  The a c t io n  o f  f r i c t i o n a l  
dam ping o c c u r r in g  a t  c o n ta c t in g  p la n e  s t e e l  s u r fa c e s  s u b je c te d  to  
o s c i l l a t o r y  t a n g e n t ia l  e x c i t a t i o n ,  has been in v e s t ig a t e d  by E a r le s  and 
P h i lp o t ^ 4 0 8 ^. Good agreem ent was o b ta in e d  betw een  a s im p le  Panovko- 
ty p e  a n a l y t i c a l  p r e d ic t io n  o f  e n e rg y  d is s ip a t io n  and th e  e x p e r im e n ta l  
r e s u l t s  f o r  th e  case  o f  p a r t i a l  i n t e r f a c e  s l i p .  H ow ever, le s s  
s a t is f a c t o r y  c o r r e la t io n  was found u n d er gross  s l i p  c o n d it io n s ,  t h i s  
b e in g  a t t r ib u t e d  to  v a r ia t io n s  i n  th e  e x p e r im e n ta l c o e f f i c i e n t  o f  
f r i c t i o n .  The e x p e r im e n ta l d a ta  in d ic a te d  t h a t ,  u n d er r e l a t i v e l y  low  
d is p la c e m e n t a m p litu d e s , th e  f r i c t i o n a l  c o n d it io n s  w ere  s ta b le  f o r  a t
le a s t  2  x  1 0 °  c y c le s ,  y ie l d i n g  a t im e -in d e p e n d e n t e n e rg y  d is s ip a t io n .
(1 7 1 )S p ie rs  and C u ll im o r e  have conducted  a p h o to e la s t ic  s tu d y  o f
th e  t r a c t i o n  s tre s s e s  o v e r th e  c o n ta c t  s u r fa c e  o f  f r i c t i o n - g r i p  b o lte d  
j o i n t s .  C le a r ly  d e f in e d  re g io n s  o f  s l i p  and a d h e s io n  w ere  d e te c te d  a t  
lo a d s  b elow  th e  s l i p  v a lu e  and lo c a l is e d  h ig h  t r a c t i o n  and in - p la n e  
s tre s s e s  w ere i d e n t i f i e d .  B a lan ced  and u n b alan ced  la p  j o i n t s  w ere  
in v e s t ig a t e d  u n d er th e  a c t io n  o f  i n - l i n e  sh ear lo a d in g . O v a l i t y  was 
d e te c te d  i n  th e  c o n ta c t  r e g io n  and th e  un b alan ced  j o i n t  c o n f ig u r a t io n  
was found to  have maximum t e n s i l e  s t r e s s  a t  th e  edge o f  th e  b o l t  h o le
1 4 1
o f  a b o lte d  j o i n t  s u b je c te d  to  re p e a te d  ta n g e n t ia l  s t a t i c  lo a d s  has
(1 7 2 )been  in v e s t ig a te d  i n  Japan .. M ic r o s l ip  o f  th e  o rd e r  o f  te n th s  o f  
m ic ro m e tre s  r e s u l t in g  fro m  s t a t i c  h y s te r e s is  t e s ts  was m easured u s in g  
a m ic ro sco p e  m ic ro m e te r . I t  was found th a t  m ic r o s l ip  o c c u rre d  even  
w ith  h ig h  b o l t  te n s io n s  w h ich  w ere  c r e a t in g  l i m i t i n g  Coulomb f r i c t i o n  
fo r c e s  i n  excess o f  th e  a p p lie d  t a n g e n t ia l  lo a d . M easurem ents o f  th e  
e l e c t r i c a l  c o n ta c t  r e s is ta n c e  a c ro s s  th e  j o i n t  le d  to  th e  s u g g e s tio n  
t h a t  th e  m ic r o s l ip  may be d e r iv e d  fro m  i n t e r f a c i a l  p l a s t i c  d e fo rm a tio n  
r a t h e r  th a n  p u re  s l i d in g .
I n  an a tte m p t to  c l a r i f y  th e  r e la t io n s h ip  b etw een  th e  s t a t i c
c o e f f i c i e n t  and c o n ta c t  p re s s u re  f o r  s t e e l  j o i n t  in t e r f a c e s ,  N o b le  and
R i c h a r d s o n ^ ^  have d e v e lo p e d  a n o v e l f r i c t i o n  m easurem ent r i g .  R e s u lts
fro m  a s e r ie s  o f  s t a t i c  and dynam ic o s c i l l a t o r y  t e s t s  showed t h a t  th e
c o e f f i c i e n t  o f  s t a t i c  f r i c t i o n  was c o n s ta n t f o r  a ra n g e  o f  c o n ta c t
p re s s u re s  b etw een  0 .7  and 70 MPa. S in c e  t h i s  encompasses th e  ran g e  o f
u s e fu l  e n g in e e r in g  b o l t  p r e - lo a d s  th e  r e s u l t s  may be ta k e n  as some
j u s t i f i c a t i o n  f o r  th e  assu m p tio n  o f  a c o n s ta n t c o e f f i c i e n t  found in
many a n a ly s e s . The s t a t i c  f r i c t i o n  c o e f f ic ie n t s  o b ta in e d  under
s in u s o id a l t a n g e n t ia l  lo a d s  w e re , how ever, found to  be n u m e r ic a lly  le s s
(1 4 3 )th a n  th o s e  f o r  s t a t i c  c o n d it io n s .  I n  1 97 5 , I t o  and Masuko s tu d ie d
th e  e f f e c t  o f  j o i n t  s u r fa c e  c o n d it io n  upon th e  en e rg y  d is s ip a t io n  in  
b o lte d  j o i n t s .  M easurem ent o f  th e  lo g a r ith m ic  decrem en t and n a tu r a l  
fre q u e n c y  o f  a b u i l t - u p  c a n t i l e v e r  showed t h a t  th e  in t e r f a c e  s u r fa c e  
c o n d it io n  a f f e c te d  th e  dam ping c a p a c ity  b u t d id  n o t s i g n i f i c a n t l y  a l t e r  
th e  ’ s t i f f n e s s '  o f  th e  j o i n t .  The r e s u l t s  p re s e n te d  e x h ib i t  c o n s id e r a b le  
s c a t t e r  and some r a t h e r  d u b io u s  c u rv e s  a re  drawn th ro u g h  th e  e x p e r im e n ta l 
d a ta  p o in ts .  N o n e th e le s s , th e  d a ta  f o r  ground s t e e l  in t e r f a c e s  
in d ic a t e s  a n e g l i g ib le  e f f e c t  f o r  in t e r f a c e  p re s s u re s  b e low  10 MPa, 
w h i ls t  above t h i s  ra n g e  th e  s u r fa c e  roughness can a l t e r  th e  lo g a r ith m ic
which was lower than for the balanced joint. The detailed behaviour
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decrem ent by as much as 2 0 %.
(1 7 3 )
Yoshim ura has m easured dam ping r a t io s  f o r  a f r e e - f r e e
beam c o n ta in in g  a c e n t r a l  b o lte d  f la n g e  by means o f  th e  b a n d -w id th  
( 175)
method . I t  was found t h a t  th e  e q u iv a le n t  dam ping c o e f f i c i e n t  and
e q u iv a le n t  s t i f f n e s s  in c re a s e d  w ith  c lam p in g  p re s s u re  u n t i l  a lm o st 
c o n s ta n t le v e ls  w ere  a t t a in e d  f o r  mean p re s s u re s  beyond 1 .2  MPa. 
Yoshim ura makes com parisons w ith  a com puter m odel, b u t u n fo r tu n a te ly  
la c k  o f  in fo r m a t io n  a b o u t th e  a n a l y t i c a l  approach p re v e n ts  th e  re a d e r  
fro m  d ra w in g  any c o n c lu s io n s  fro m  th e  w o rk . The dam ping o f  s t r u c t u r a l  
v i b r a t io n  by r o t a t i o n a l  s l i p  i n  b o lte d  jo in t s  has been  in v e s t ig a te d  b y '
(1 7 4 )
B eards and W il l ia m s  . E x p e r im e n ta l m o b i l i t y  ( v e l o c i t y / f o r c e )
resp o n se  c u rv e s  w ere  o b ta in e d  f o r  a b o lte d  r e c ta n g u la r  fram e  s u b je c te d
to  fo rc e d  s in u s o id a l v i b r a t i o n .  S te e l  s p r in g s  p la c e d  u n d er th e  b o l t
heads w ere  used to  in d ic a t e  th e  c la m p in g  p re s s u re  and i t  was found t h a t
t h e r e  e x is te d  a c l e a r l y  d e f in e d  v a lu e  f o r  optimum e n e rg y  d is s ip a t io n .
Good q u a l i t a t i v e  agreem ent was o b ta in e d  betw een  th e  e x p e r im e n ta l
r e s u l t s  and an a n a ly t i c a l  'r e c e p ta n c e ' a n a ly s is ,  a lth o u g h  th e  a u th o rs
c o n c lu d ed  t h a t  th e r e  i s  a need f o r  more e x te n s iv e  e x p e r im e n ta l work in
o rd e r  to  make p r a c t ic a l  q u a n t i t a t i v e  assessm ents o f  dam ping c a p a c ity .
(1 7 5 )The re a d e r  i s  d ir e c te d  to  a p ap e r by P lu n k e t t  f o r  a d e s c r ip t io n  o f
th e  v a r io u s  w e l l - e s t a b l is h e d  te c h n iq u e s  f o r  th e  m easurem ent o f  dam ping . 
An in t r o d u c t io n  to  some o f  th e  more s o p h is t ic a te d  m ethods w h ich  have
been d ev e lo p e d  d u r in g  th e  l a s t  two decades is  p ro v id e d  i n  a h  e x c e l le n t
n , ( 1 2 6 )  re v ie w  by B e rt
A lm ost a l l  o f  th e  e x p e r im e n ta l in v e s t ig a t io n s  in t o  th e  e f f e c t s  
o f  c o n n e c tio n s  upon s t r u c t u r a l  dam ping have been c o n fin e d  to  pseudo­
s t a t i c  o r  s im p le  s te a d y -s ta t e  harm onic  modes o f  lo a d in g . W h ils t  such  
cases  a re  am enable to  t h e o r e t ic a l  a n a ly s is ,  i t  i s  n o t o b v io u s  how such 
d e r iv a t io n s  may be a p p lie d  to  more ’ r e a l i s t i c *  broadband e x c i t a t io n  
c o n d it io n s .  A ls o , v e ry  l i t t l e  e x p e r im e n ta l work has been c a r r ie d  o u t
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to  d e te rm in e  th e  e n e rg y  d is s ip a t io n  a r is in g  from  f la n g e d  b o lte d  jo in t s  
o f  th e  ty p e  o f t e n  found i n  f a b r ic a t e d  s te e l  m a s ts . As n o te d  in  
S e c t io n  5 .5 ,  t h i s  fo rm  o f  s t r u c t u r a l  c o n n e c tio n  in h e r e n t ly  in v o lv e s  a 
c o m b in a tio n  o f  s e v e r a l i n t e r f a c e  d is s ip a t io n  phenomena. I t  was 
t h e r e fo r e  c o n s id e re d  w o r th w h ile  to  u n d e rta k e  an e x p e r im e n ta l s tu d y  o f  
t h i s  ty p e  o f  j o i n t  u n d er b o th  h arm onic  and t r a n s ie n t  resp o n se  
c o n d it io n s .
6 .3  T e s t  M odels
The m odels to  be te s te d  i n  th e  s e r ie s  o f  e x p e r im e n ta l i n v e s t i ­
g a t io n s  were to  s im u la te  th e  ty p e  o f  m a s t - l ik e  s t r u c tu r e  c o n s id e re d  i n  
th e  a n a ly t i c a l  work i n  t h i s  t h e s is .  The s e le c t io n  o f  a s u i t a b le  form  
o f  model was bounded by two c r i t e r i a .  F i r s t l y ,  i t  was im p o r ta n t  to  
in c lu d e  a form  o f  b ase  a tta c h m e n t w h ich  c o u ld  model b o th  th e  v e r s a t i l e  
d o u b le  'p in n e d ' s u p p o rt c o n s id e re d  i n  th e  fo r e g o in g  a n a ly t i c a l  work and 
a ls o  th e  e n c a s tre  c o n d it io n  o f t e n  used i n  dam ping in v e s t ig a t io n s .  
S e c o n d ly , a method o f  s im p le  a tta c h m e n t o f  a d ju s ta b le  masses to  th e  
b a s ic  'm a s t' w a s .r e q u ir e d .
I t  was d e c id e d  to  u se  c i r c u l a r  c ro s s  s e c t io n  tu b in g  to  form  th e  
b a s ic  model s in c e  t h i s  s t r u c t u r a l  fo rm  is  commonly e n c o u n te red  i n  r e a l  
m asts and because i t  i s  p a r t i c u l a r l y  am enable to  th e  above c r i t e r i a .
The tu b in g  used was c o ld  draw n seam less p la in  ca rb o n  s t e e l  (C D S -2) w ith  
an o u ts id e  d ia m e te r  o f  30 mm and a w a l l  th ic k n e s s  o f  3 mm. The c o ld
drawn s t a t e  was chosen s in c e  i t  would be s t r a ig h t e r  and has h ig h e r  p ro o f
-2 -2and u l t im a t e  t e n s i l e  s tre n g th s  o f  360 Nmm and 420 Nmm r e s p e c t iv e ly .  
I n  t e s ts  where th e  e n c a s tre  c o n d it io n  was to  be s im u la te d  a m assive  
s t e e l  b lo c k  was clam ped around th e  end o f  th e  tu b e  (s e e  s e c t io n  6 . 4 . 1 ) .  
The d o u b le  su p p o rt c o n f ig u r a t io n  was a c h ie v e d  th ro u g h  th e  use o f  a p a i r  
o f  s e l f - a l i g n in g  b a l l  b e a r in g s . These b e a r in g s  w ere f i t t e d  w ith  ta p e re d  
a d a p to r  s le e v e s  w hich  e n a b le d  them to  be s l i d  a lo n g  th e  tu b e  to  th e
d e s ire d  p o s i t io n  and th e n  clam ped f i r m ly  around th e  tu b e  u s in g  a 
lo c k in g  r in g  (s e e  P la t e  1 0 b ) .  U s ing  t h i s  system  an a d ju s ta b le  s u p p o rt  
s p a c in g  was a t t a i n a b le .  The b e a r in g s  w ere  mounted i n  b e a r in g  b lo c k s  
to  s u i t  each o f  th e  t e s t  s e t -u p s  to  be d e s c r ib e d  s u b s e q u e n tly . The 
o b v io u s  d is a d v a n ta g e  o f  t h i s  method o f  s u p p o rt i s  t h a t  th e  mast i s  
f r e e  to  r o t a t e  ab o u t i t s  lo n g i t u d in a l  a x is .  In  an i n i t i a l  a tte m p t to  
r e s t r i c t  t h i s  r o t a t io n  a t h i n  anchored  p la t e  was p la c e d  in  a s lo t  w h ich  
had been  m i l le d  a c ro s s  a d ia m e te r  a t  th e  s u p p o rt end o f  th e  tu b e .
S in c e  th e  a n g u la r  r o t a t io n  o f  th e  tu b e  a lo n g  i t s  lo n g i t u d in a l  a x is  was 
s m a ll i n  t h i s  p o s i t io n ,  i t  was hoped t h a t  th e  f r i c t i o n a l  lo s s e s  
in tro d u c e d  would be s m a ll .  H ow ever, i t  was found t h a t  a f i t  t h a t  was 
s u f f i c i e n t l y  lo o s e  to  a l lo w  th e  b e a r in g  to  a l ig n  f r e e l y  w ith  th e  
deform ed p r o f i l e  o f  th e  tu b e , would in t r o d u c e  r a t t l i n g  and a t te n d a n t  
h ig h  fre q u e n c y  v ib r a t i o n  'n o is e *  i n  th e  dynam ic s i t u a t i o n .  C o n s e q u e n tly  
a more s a t is f a c t o r y  method o f  r o t a t i o n  l i m i t a t i o n  was d e v is e d . A p a i r  
o f  s t e e l  c o l la r s  w ere made w h ich  c o u ld  be clam ped to g e th e r  to  sandw ich  
a s t r i p  o f  0 .2 5  mm b ra s s  shim  b etw een  them . The in t e r n a l  d ia m e te r  o f  
th e  c o l la r s  was 32 mm p ro d u c in g  a c le a ra n c e  o v e r th e  tu b e  and th r e e  
e q u isp aced  r a d i a l  screw s a llo w e d  th e  co m p o s ite  c o l la r /s h im  assem bly to  
be clam ped a t  any p o s i t io n  a lo n g  th e  tu b e . The b ra s s  shim  was thu s  
a tta c h e d  t r a n s v e r s e ly  to  th e  tu b e  and i t s  f r e e  ends w ere  clam ped v ia  
s u i t a b le  d is ta n c e  p ie c e s  to  th e  b ase  end b e a r in g  b lo c k  (s e e  P la t e  1 0 a ) .  
C o n s e q u e n tly , due to  i t s  o r i e n t a t i o n ,  th e  f l e x i b l e  shim  o f f e r e d  l i t t l e  
r e s is ta n c e  to  f le x u r e  o f  th e  tu b e  w h i ls t  e f f e c t i v e l y  p re v e n t in g  r o t a t io n  
abo u t th e  a x is .
The le n g th s  o f  tu b in g  used to  s im u la te  m asts w ere  to  be in  th e  
ran g e  from  1  to  2  m e tre  and a s u i t a b le  c o rre s p o n d in g  ra n g e  o f  a tta c h e d  
masses was c o n s id e re d  to  b e  0 .5  to  5 k i lo g r a m . I n  o rd e r  to  m a in ta in  
th e  a d a p t a b i l i t y  o f  th e  m o d e ls , a s e t  o f  c y l i n d r i c a l  w e ig h ts  o f  
d i f f e r e n t  h e ig h ts  w ere  p roduced  such t h a t  th e y  c o u ld  be b o lte d  to g e th e r
1 4 4
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to  th e  tub es  was a c h ie v e d  u s in g  R in g fe d e r  RfN 7012 f r i c t i o n  lo c k in g
r in g s  w h ich  c o u ld  be p o s it io n e d  anyw here a lo n g  th e  tu b e  b e fo re  b e in g
clam ped i n  p o s i t io n .
I n  o rd e r  to  s tu d y  th e  e f f e c t s  o f  in t e r f a c e  dam ping in  b o lte d
j o i n t s  en c o u n te red  i n  t h is  ty p e  o f  m ast a two p a r t  f la n g e d  tu b e  was
p ro d u ce d . S te e l  f la n g e s  1 2 .5  mm t h ic k  w ith  ground m a tin g  fa c e s  w ere
b ra z e d  around th e  m a tin g  ends o f  each s e c t io n  o f  tu b e . The f la n g e s  w ere
76 mm i n  d ia m e te r  and had s ix  eq u isp aced  9 mm h o le s  d r i l l e d  on a
59 mm p i t c h  c i r c l e  d ia m e te r .  I n  o rd e r  to  be a b le  to  make a c o m p a ra tiv e
s tu d y , a second s in g le  le n g th  o f  tu b e  was produced w ith  a s o l id
a n n u lu s  w ith  th e  same d im en s io n s  as th e  p a i r  o f  f la n g e s  b ra ze d  i n  an
e q u iv a le n t  p o s i t io n .
S e v e ra l d i f f e r e n t  c o m b in a tio n s  o f  a tta c h e d  mass, f la n g e  and base
s u p p o rt c o n f ig u r a t io n  w ere  to  be em ployed in  th e  t e s t  program m e. F o r
ease o f  r e fe r e n c e  each c o n f ig u r a t io n  i s  g iv e n  an i d e n t i f i c a t i o n  number
and i s  s p e c i f ie d  i n  d e t a i l  i n  F ig u r e  2 4 .
Some method o f  q u a n t i f y in g  th e  c lam p in g  fo r c e  e x e r te d  on th e
flange by the connecting bolts was required. Previous investigators
have used b o th  c a l ib r a t e d  to rq u e  w renches and th e  ' t u r n  o f  th e  n u t*
(*176)method to  p roduce known b o l t  te n s io n s . These m ethods a re  however
s u b je c t  to  c o n s id e r a b le  v a r i a b i l i t y  in  th e  to r q u e - te n s io n  
(1 7 7 )
r e la t io n s h ip  due m a in ly  to  v a r ia t io n s  i n  th re a d  c o n d it io n  and
lu b r i c a t i o n .  C o n s e q u e n tly  i t  was d ec id e d  to  use a s e t  o f  s t r a in
gauged b o l t s  to  o b ta in  a d i r e c t  re a d in g  o f  th e  s t r a in s  produced by th e
te n s io n s  i n  each b o l t  as i t  was t ig h te n e d .  H igh  t e n s i l e  g ra d e  R b o l t s  
5
35 mm lo n g  w ith  a /1 6  in c h  BSF th re a d  w ere used f o r  t h is  p u rp o se . The  
minimum y ie ld  lo a d  f o r  th e s e  b o l t s  as o b ta in e d  from  BS 1 08 3 :1 9 6 5  is  
2 1 .3 5  k N ew ton. Each b o l t  had a p a i r  o f  4 mm w id e  d ia m e t r ic a l ly  
opposed f l a t s  m achined on th e  19 mm p la in  shank and a p a i r  o f  1 mm
to give an adjustable mass. The attachment of the weight combinations
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d ia m e te r  h o le s  d r i l l e d  v e r t i c a l l y  th ro u g h  th e  b o l t  head to  b re a k  in t o  
th e  m achined re g io n s  (s e e  F ig u r e  2 5 ) .  A f o i l  s t r a in  gauge o f  120 SI 
r e s is ta n c e  and a te r m in a l  pad was adhered  to  each f l a t  and a p a i r  o f  
le a d  w ir e s  b ro u g h t th ro u g h  each h o le  i n  th e  b o l t  h ead . The in s t a l l a t i o n s  
w ere th e n  e n c a p s u la te d  i n  epoxy r e s in  to  r e s to r e  th e  b o l t  shanks to  
t h e i r  o r ig i n a l  g e o m e try .. The s e n s i t i v e  a x is  o f  each gauge was i n  l i n e  
w ith  th e  lo n g i t u d in a l  a x is  o f  th e  b o l t s  and each p a i r  was co n n ected  i n  
s e r ie s  and used as th e  s e n s i t iv e  arm i n  a c o n v e n t io n a l q u a r te r  
W h eats to n e  b r id g e  s t r a i n  m easurem ent c i r c u i t .  Seven gauged b o l t s  w ere  
produced  so t h a t  one w ould be a v a i la b le  f o r  te m p e ra tu re  com pen satio n  
purposes  i n  th e  dummy arm o f  th e  b r id g e .  I n  a l l  t e s t s  th e  b o l t  s t r a in s  
w ere m easured u s in g  a s ta n d a rd  P -3 5 0  A s t r a in  in d ic a t o r  and c a l i b r a t io n  
v a lu e s  w ere used to  c o n v e r t  re a d in g s  from  m ic r o s t r a in  to  t e n s i l e  lo a d  
i n  Newtons. C a l ib r a t io n  was e f f e c te d  u s in g  a H o u n s fie ld  te n s o m e te r w ith  
s p l i t  c o l l e t  a tta c h m e n ts . Each gauged b o l t  was lo a d e d  betw een  th e  
u n d e rs id e  o f  th e  b o l t  head and th e  h e a d -fa c in g  s id e  o f  a n u t p o s it io n e d  
so as to  g iv e  th e  same w o rk in g  le n g th  on th e  b o l t s  as would be 
en c o u n te red  on th e  f la n g e s .  The s t r a i n  o u tp u t from  each b o l t  was 
m easured w h i ls t  i t s  t e n s i l e  lo a d ,  as m easured on th e  te n s o m e te r , was 
in c re a s e d  to  ^7 k  Newton i n  s te p s  o f  1 k N ew ton. By f i t t i n g  a l i n e a r  
law  c u rv e  to  th e  s e t  o f  re a d in g s  f o r  each b o l t  u s in g  a le a s t  squares  
te c h n iq u e , th e  c a l i b r a t i o n  c o n s ta n ts  w ere  d e te rm in e d . The d e r iv a t io n  
o f  th e  c a l i b r a t i o n  p o in ts  fro m  th e  f i t t e d  l i n e a r  r e la t io n s h ip s  
in d ic a te d  t h a t  b o l t  te n s io n  v a lu e s  c o u ld  be d e te rm in e d  to  a r e s o lu t io n  
b e t t e r  th a n  30 N ew tons.
I t  was d e s ire d  to  o b ta in  a m easure o f  th e  s tre s s e s  o c c u r r in g  in  
th e  m odels d u r in g  t e s t i n g .  To a c h ie v e  t h i s ,  s t r a i n  gauges w ere  a tta c h e d  
to  each le n g th  o f  tu b in g  i n  a p o s i t io n  n ea r to  th e  up p er m ounting  
re g io n  where th e  maximum s tre s s e s  w ere  l i k e l y  to  o c c u r . The f i r s t  tu b e  
used had a p a i r  o f  s in g le  e le m e n t gauges adhered  in  d ia m e t r a l  o p p o s it io n
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w ith  t h e i r  s e n s i t iv e  axes i n  l i n e  w ith  th e  lo n g i t u d in a l  a x is  o f  th e  
tu b e . These gauges w ere  w ire d  in t o  o p p o s ite  arms o f  a s t r a i n  
m e asu rin g  b r id g e  and a p a i r  o f  p r e c is io n  'dummy' r e s is t o r s  com pleted  
th e  c i r c u i t .  T h is  c i r c u i t  gave th e  d e s ire d  s e n s i t i v i t y  to  b en d in g  
moments i n  th e  tu b e  b u t was found  to  be prone to  p ic k -u p  o f  r a d ia te d  
e l e c t r i c a l  in t e r f e r e n c e  i n  th e  t e s t  a r e a .  C a r e fu l s c re e n in g  and 
a v o id a n c e  o f  e a r th  lo o p s  o n ly  p a r t i a l l y  e l im in a te d  t h i s  p rob lem  and 
subsequent tu b e s  w ere  gauged w ith  tw o 9 0 °  r o s e t te s  fo rm in g  a f u l l  
b r id g e  c i r c u i t  i n  'P o is s o n  o r i e n t a t i o n * .  T h is  gauge c o n f ig u r a t io n  gave  
s u p e r io r  n o is e  im m u n ity  as w e l l  as h a v in g  s e l f - te m p e r a tu r e  c o m p en sa tio n . 
The f la n g e  model and i t s  s o l id  e q u iv a le n t  had a d d i t io n a l  gauge  
i n s t a l l a t i o n s ,  a g a in  w ith  b e n d in g  moment s e n s i t i v i t y ,  lo c a te d  e i t h e r  
s id e  o f  th e  f la n g e  f o r  purposes  d is c u s s e d  i n  s e c t io n  6 . 5 . 4 .  A l l  s t r a in  
gauge i n s t a l l a t i o n s  w ere c o a te d  w ith  s i l i c o n  ru b b e r f o r  in s u la t io n  and 
p r o te c t io n  and a l l  c o n n e c tin g  le a d s  w ere  form ed in t o  't w is t e d  p a i r s '  i n  
o rd e r  to  m in im is e  in t e r f e r e n c e  p ic k  u p . The p o s i t io n  o f  each gauge 
i n s t a l l a t i o n  used i s  i l l u s t r a t e d  i n  F ig u r e  2 4 , and P la t e  6 a shows th e
f la n g e d  tu b e  w ith  th e  s t r a i n  gauged b o l t s  i n s t a l l e d .
6 .4  In v e s t ig a t io n  o f  S t a t ic  H y s te re s is  in  th e  M odels
As a f i r s t  s te p  i n  th e  e x a m in a tio n  o f  th e  dam ping a r is in g  in  th e  
t e s t  m o d els , a s e r ie s  o f  s t a t i c  h y s te r e s is  t e s ts  was c o n d u c te d . By 
s t a t i c a l l y  d e fo rm in g  a s t r u c tu r e  th ro u g h  a c y c le  o f  known lo a d s , 
encom passing b o th  p o s i t iv e  and n e g a t iv e  v a lu e s , and m easu rin g  th e  
c o rre s p o n d in g  s t r u c t u r a l  d e fo rm a tio n s , i t  i s  p o s s ib le  to  p lo t  a c u rv e  
o f  lo a d  v e rs u s  d e f le c t io n .  F o r any r e a l  s t r u c tu r e  t h e r e  w i l l  be a lo s s  
o f  e n e rg y  d u r in g  such a lo a d in g  c y c le .  T h is  causes th e  lo a d /d e f le c t io n  
r e la t io n s h ip  to  e x h ib i t  a h y s te r e s is  lo o p  r a th e r  th a n  b e in g  a s in g le  
v a lu e d  fu n c t io n  (s e e  F ig u re  2 6 ) .  A s im p le  c o n s id e r a t io n  o f  th e
m echanics o f  t h i s  p ro cess  r e v e a ls  t h a t  th e  a re a  e n c lo s ed  by th e
h y s te r e s is  lo o p  i s  e q u a l to  th e  amount o f  en erg y  d is s ip a te d  in  th a t  
c y c le .  The en e rg y  lo s s e s  to  be m easured in  th e s e  t e s t s  a re  th o se  
a r is in g  from  in t e r n a l  f r i c t i o n  i n  th e  tu b e  m a te r ia l  and lo s s e s  o c c u rr in g  
a t  c la m p in g  and s u p p o rt p o in ts  on th e  tu b e . In  a d d i t io n  th e  f la n g e d  
m odel was exp ec ted  to  e x h ib i t  e n e rg y  d is s ip a t io n  due to  lo s s e s  a t  th e  
f la n g e  i n t e r f a c e .  C o n s e q u e n tly  i t  was n ec es s ary  to  d e v is e  e x p e r im e n ta l  
a p p a ra tu s  to  a l lo w  th e  d e t e c t io n  and m easurem ent o f  th e s e  h y s t e r e t ic  
e n e rg y  lo s s e s  i n  th e  m ast c o n f ig u r a t io n s  c o n s id e re d .
6 . 4 . 1  E x p e r im e n ta l A p p a ra tu s
As o u t l in e d  i n  th e  p re v io u s  s e c t io n  th e  e n e rg y  lo s s e s  i n  th e
m odels a r is e  fro m  more th a n  one c a u s e . I n  d e te rm in in g  a s u i t a b le  t e s t
a rran g e m en t i t  was hoped to  s e p a ra te  th e  causes to  some e x t e n t .  One o f
th e  most s i g n i f i c a n t  sou rces  o f  e n e rg y  lo s s ,  a s id e  fro m  th e  i n t e r f a c e
d is s ip a t io n  t h a t  a r is e s  i n  th e  f la n g e d  m odel, can o cc u r a t  th e
(121)s t r u c t u r a l  s u p p o rt ju n c t io n s  . T h e re  a re  two c o n f ig u r a t io n s  w h ich
a re  commonly used f o r  in v e s t ig a t io n s  in t o  dam ping c h a r a c t e r i s t i c s ,
nam ely  th e  ' f r e e - f r e e '  beam and th e  ' f i x e d - f r e e '  c a n t i le v e r  beam. The
fo rm e r c o n f ig u r a t io n  i s  g e n e r a l ly  used f o r  dam ping s tu d ie s  w h ich  in v o lv e
s te a d y -s ta te  v ib r a t io n ,  and i t  i s  n o t d i r e c t l y  am enable to  a s t a t i c
h y s te r e s is  in v e s t i g a t io n .  How ever, th e  c a n t i le v e r  c o n f ig u r a t io n  is
(149  175 )
i d e a l l y  s u ite d  to  such an in v e s t i g a t io n  ’ and c o n s e q u e n tly  i t  was
d e c id e d  to  s u p p o rt th e  m odels as e n c a s tre  beams. T h is  c o n f ig u r a t io n  has  
th e  a d d i t io n a l  m e r it  o f  b e in g  an a p p ro x im a tio n  to  th e  ty p e  o f  su p p o rt  
c o n d it io n s  e n c o u n te red  i n  r e a l  m asts and to w e rs . I t  was im p o rta n t  th a t  
th e  en e rg y  lo s s  a t  th e  s u p p o rt was k e p t as low  and l i n e a r  as p o s s ib le ,  
so t h a t  t h is  d is s ip a t io n  mechanism d id  n o t d o m in ate  to  such an e x te n t  
th a t  i t  m ig h t swamp any o th e r  dam ping phenomena w hich  m ig h t be p r e s e n t .
T h is  was a c h ie v e d  by m a ch in in g  a two p ie c e  s p l i t  s t e e l  c o l l e t  18 cm lo n g , 
th e  i n t e r n a l  d ia m e te r  o f  w h ich  m atched th e  3 0 -mm tu b e  d ia m e te r .  The
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e x t e r n a l  shape o f  th e  c o l l e t  was m achined to  m atch th e  s ta n d a rd  'V ' 
f i t t i n g s  o f  a 65 k ilo g ra m  s t e e l  c lam p in g  b lo c k  w h ich  form ed p a r t  o f  a 
v i b r a t io n  t e s t in g  r i g .  T h is  c la m p in g  b lo c k  was i n  t u r n  f i r m l y  b o lte d  
down o n to  a c a s t  i r o n  m achine bedway mounted on a c o n c re te  p l i n t h .
A sch em atic  d ia g ram  o f  th e  lo a d in g  and m easu rin g  system  used i s  
g iv e n  i n  F ig u re  2 7 . As i s  c o n v e n t io n a l i n  th e  h y s te r e s is  t e s t in g  o f  
such com ponents, th e  m odels w ere  to  be lo aded  t r a n s v e r s e ly  to  t h e i r  
lo n g i t u d in a l  axes a t  a p o in t  c lo s e  to  t h e i r  f r e e  end s . T h is  was 
a c h ie v e d  by d r i l l i n g  tw o 1  mm d ia m e te r  d ia m e t r ic a l ly  opposed r a d i a l  
h o le s  9 mm fro m  th e  end o f  each tu b e  u se d . A 'le n g th  o f  s tra n d e d  s te e l  
w ir e  w ith  a b a l l  a t  one end form ed fro m  s i l v e r  s o ld e r  to  a c t  as a s to p  
was th e n  pushed th ro u g h  each h o le  fro m  th e  in s id e  o f  th e  tu b e s . T h is  
p ro v id e d  a means o f  t r a n s f e r r in g  lo a d s  to  th e  t i p  o f  th e  tub es  i n  e i t h e r  
o f  tw o o pposing  d i r e c t io n s  v ia  th e  s t e e l  w ir e  (s e e  P la t e  8 b ) .  S in c e  th e  
m odels w ere  clam ped i n  a h o r iz o n t a l  o r ie n t a t io n ,  i t  was n e c e s s a ry  to  
pass each o f  th e  two w ir e s  o v e r p u l le y s  p o s it io n e d  e i t h e r  s id e  o f  th e  
tu b e  t i p  so as to  m a in ta in  th e  l i n e  o f  lo a d  a p p l ic a t io n  t r a n s v e r s e  to  
th e  tu b e  a x is .  P u l le y  b ra c k e ts  w ere  m achined fro m  4 in c h  x 2 in c h  
C -s e c t io n  s te e l  c h a n n e l and s lo t s  w ere  m il le d  i n  such a way t h a t  th e y  
c o u ld  be clam ped i n  a v a r i e t y  o f  p o s it io n s  on th e  bedway v ia  keyway  
b o l t s .  By a l lo w in g  th e  p u l le y  w h ee ls  to  o verhang  th e  bedway, w e ig h t pans 
c o u ld  be a tta c h e d  to  th e  f r e e  ends o f  th e  s te e l  w ir e s  th u s  f a c i l i t a t i n g  
th e  use  o f  dead w e ig h ts  as th e  s o u rc e  o f  lo a d  (s e e  P la te  9 b ) .  I n i t i a l l y  
th e  two p u l le y  w h ee ls  w ere  tu rn e d  from  b ra s s  b a r  and s i l v e r  s te e l  dowel 
p in s  w ere  used as a x le s .  H ow ever, s e v e r a l p ro v in g  t e s ts  showed th a t  th e  
f r i c t i o n  a r is in g  i n  th e  p u l le y s  was a f f e c t i n g  th e  re a d in g s  ta k e n .  
C o n s e q u e n tly  th e  p u l le y  w h e e ls  w ere  adap ted  to  a c c e p t r o l l e r  b e a r in g s  
and th e  r e s u l t a n t  r e d u c t io n  i n  f r i c t i o n  a l l e v ia t e d  th e  p ro b lem .
I n  o rd e r  to  m easure th e  t i p  d is p la c e m e n ts  due to  a p p lie d  lo a d ,  
a r e fe r e n c e  s u r fa c e  a t  th e  f r e e  end o f  th e  tu b e s  was r e q u ir e d .  A 25 mm
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s q u a re  s a d d le  was m achined to  m atch th e  tu b e  s u r fa c e  c o n to u r  and was 
a tta c h e d  to  th e  ends o f  th e  tu b e  b y  two f i x i n g  screw s th u s  p r o v id in g  a 
datum  f a c e .  S in c e  t i p  d is p la c e m e n ts  as la r g e  as 25 mm w ere exp ec ted  
u n d e r th e  h ig h e s t  lo a d s  to  be u se d , a p a i r  o f  26 mm t r a v e l ,  l i n e a r  
movement d i a l  gauges w ere  used as m easu rin g  d e v ic e s . These gauges, 
w h ic h  w ere  c a l ib r a t e d  i n  in c re m e n ts  o f  0 . 0 0 0 1  in c h ,  w ere  a tta c h e d  v ia  
lo c k a b le  s w iv e l j o in t s  to  m a g n e tic  c lam p in g  b lo c k s . One gauge was 
p la c e d  e i t h e r  s id e  o f  an e x te n s io n  p la t e  f i t t e d  t o  th e  t i p  s a d d le  w ith  
t h e i r  p lu n g e rs  p a r a l l e l  t o  th e  lo a d in g  w ire s  (s e e  P la t e  8 b ) .  Thus by  
a p p ly in g  a known w e ig h t to  a c a r r i e r  on one s id e  o f  th e  tu b e , a t i p  
d e f le c t io n  was produced w h ich  c o u ld  be m easured on th e  d i a l  gauge 
c o rre s p o n d in g  to  th e  s id e  o f  th e  lo a d in g .
Dead w e ig h ts  w ere  used i n  p re fe re n c e  to  a m e c h a n ic a l lo a d in g  
system  s in c e  th e y  a re  more r e l i a b l e  and c o n s ta n t i n  c a l i b r a t i o n .  A l l  
th e  w e ig h ts  used i n  th e s e  t e s t s  w ere  c a l ib r a t e d  to  b e t t e r  th a n  + 0 . 2 % 
o f  t h e i r  n o m in a l v a lu e .  I n  o rd e r  to  keep  th e  s u p p o rt c o n d it io n s  as 
s i m i l a r  as p o s s ib le  f o r  each m odel t e s te d ,  th e  fo l lo w in g  p ro c e d u re  was 
a d o p te d . A l l  c la m p in g  b o l t s  w ere  t ig h te n e d  to  a p p ro x im a te ly  th e  same 
t e n s io n  u s in g  a to rq u e  w rench and a l l  c o n ta c t in g  s u r fa c e s  w ere c le a n e d  
u s in g  ca rb o n  t e t r a c h lo r i d e .
6 . 4 . 2  T e s t Programme
A s e r ie s  o f  106 t e s t s  was co n d u cted  p r im a r i l y  to  in v e s t ig a t e  th e  
e f f e c t  o f  i n t e r f a c e  p re s s u re  and c y c l ic  lo a d  a m p litu d e  on th e  e n erg y  
lo s s  i n  th e  f la n g e d  m o d el. The f la n g e d  tu b e  and i t s  s o l id  e q u iv a le n t  
w ere  used w ith  a f r e e  le n g th  o f  1 .2 0  m e tre  (M odel 01 and Model 0 2 ,
F ig u r e  24 ) i T h is  f r e e  le n g th  was e q u iv a le n t  to  t h a t  used i n  subsequent 
t e s t s  em p lo yin g  th e  d o u b le  s u p p o rt c o n d it io n .  I t  i s  norm al f o r  th e  s iz e  
o f  t h e  h y s te r e s is  lo o p  o b ta in e d  fro m  such te s ts  to  v a r y  o v e r th e  i n i t i a l  
and subsequent lo a d  c y c le s ,  e v e n t u a l ly  s t a b i l i s i n g  and 'c lo s in g '  to  a
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f ix e d  a r e a .  F o r t h i s  re a s o n , i n  each o f  th e  105 t e s t s ,  re a d in g s  were 
ta k e n  o v e r th r e e  c o m p le te  lo a d in g  c y c le s .
I t  was c o n s id e re d  t h a t  th e  en e rg y  d is s ip a t io n  d u r in g  one 
sym m etric  c y c le  o f  lo a d in g  would depend upon th e  a m p litu d e  o f  th e  load  
c y c le .  C o n s e q u e n tly  i t  was d e c id e d  t h a t  each model c o n f ig u r a t io n  would  
be te s te d  a t  seven d i f f e r e n t  lo a d  a m p litu d e s . The minimum number o f  
lo a d  in c re m e n ts  to  be used i n  any q u a r te r  lo a d  c y c le  was fo u r  and th e  
t a b le  b e lo w  shows th e  n o m in a l v a lu e s  o f  each lo a d  a m p litu d e  and th e
Load
A m p litu d e
(N ew ton)
36 6 7 .5 8 8 1 1 0 132 154 178
Load
In c re m e n t
(N ew ton)
9 1 3 .5 2 2 2 2 2 2 2 2 4 4 .5
c o rre s p o n d in g  in c re m e n ts  u s e d . The la r g e s t  maximum lo a d  a m p litu d e  used  
(17 8  N) was d e te rm in e d  fro m  c o n s id e r a t io n  o f  th e  maximum b en d in g  s tre s s e s  
o c c u r r in g  a t  th e  r o o t  o f  th e  e n c a s tre  tu b e . T h is  lo a d  a m p litu d e  
c o rres p o n d e d  to  a maximum b en d in g  moment o f  211 Nm a t  th e  ro o t  g iv in g  
r i s e  to  a t h e o r e t ic a l  maximum s tr e s s  o f  38% o f  th e  tu b e  m a n u fa c tu re r 's  
quoted  p ro o f  s t r e s s .
The second v a r ia b le  c o n s id e re d  was t h a t  o f  th e  in t e r f a c e  c o n ta c t  
p re s s u re  i n  th e  f la n g e d  m o d e l. As d is cu s se d  in  s e c t io n  6 . 1 ,  th e  p re s s u re  
d i s t r i b u t i o n  o v e r th e  c o n ta c t  s u r fa c e  o f  a b o lte d  j o i n t  i s  n o t u n ifo rm . 
H ow ever, f o r  c o n v e n ie n c e , th e  n o m in a l c o n ta c t  p re s s u re s  r e f e r r e d  to  
h e r e in  a re  th o s e  c a lc u la te d  from  th e  assum ptio n  o f  a u n ifo rm  p re s s u re  
a c t in g  o v e r th e  g ro ss  c o n ta c t  s u r fa c e .  I t  was d e c id e d  to  t e s t  th e  
f la n g e d  b o l t  u s in g  b o th  th r e e  and s ix  c o u p lin g  b o l t s .  T h is  p ro v id e d  two  
e f f e c t i v e  ran ges  o f  i n t e r f a c e  p re s s u re  as w e l l  as p re s e n t in g  two 
d i f f e r e n t  modes o f  lo a d  s h a r in g  b etw een  th e  b o l t s  when th e  model was
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o f  lo a d in g  i s  i l l u s t r a t e d  i n  F ig u re  2 8 . In  b o th  th e  th r e e  and s ix  b o l t
c o n f ig u r a t io n s ,  seven d i f f e r e n t  cases  o f  b o l t  te n s io n  w ere  t e s te d .
T hese te n s io n s , as m easured fro m  th e  a tta c h e d  s t r a i n  gauges, w ere 0 .5 ,
1 , 2 , 3 .5 ,  5 , 10 and 15 k i lo n e w to n s . T h is  ran ge  was c o n s id e re d  to
encompass th e  ra n g e  o f  te n s io n s  e n c o u n te red  i n  s e r v ic e  c o n d it io n s .  The
c ase  o f  15 kN te n s io n  c o rres p o n d s  to  70% o f  th e  minimum y ie l d  lo a d  o f
-2th e  b o l t s  and an i n t e r f a c e  p re s s u re  o f  24 N mm f o r  th e  s ix  b o l t  
c o n f ig u r a t io n .  The s t r a i n  gauged b o l t  used f o r  te m p e ra tu re  com pensation  
and c o m p le tio n  o f  th e  b r id g e  c i r c u i t  was f i t t e d  in t o  a sp a re  p a i r  o f  
f la n g e s  and p la c e d  i n  c lo s e  p r o x im ity  to  th e  model d u r in g  te n s io n in g  o f  
th e  f la n g e  b o l t s .
I n  each o f  th e  t e s t s  th e  dead w e ig h ts  used w ere  a p p lie d  g e n t ly  
to  th e  w e ig h t c a r r i e r s  and th e  r e a d in g  from  th e  a p p r o p r ia te  d i a l  
in d ic a t o r  was re c o rd e d . I n  o rd e r  to  ensu re  t h a t  th e r e  was no ' s t i c t i o n '  
o c c u r r in g  i n  th e  lo a d in g  o r  m easu rin g  system , th e  te n s io n e d  lo a d in g  w ir e  
was tap p ed  l i g h t l y  w ith  a p e n c i l  b e fo r e  ta k in g  each r e a d in g . I t  was 
th o u g h t t h a t  th e r e  m ig h t be an e le m e n t o f  t im e  dependency in  th e  
re a d in g s  i n  as much as th e  b o lte d  j o i n t  m igh t ten d  to  c r e e p . However, 
i n  an i n i t i a l  p ro v in g  t e s t  th e  in d ic a te d  d is p la c e m e n t re a d in g s  w ere  
o b served  f o r  two m in u te s  a t  each lo a d  le v e l  and no d is c e r n ib le  change  
i n  d is p la c e m e n t was d e te c te d .  F i n a l l y ,  in  o rd e r  to  assess th e  e f f e c t  o f  
th e  b o lte d  j o i n t  i n  th e  98 t e s t s  d e s c r ib e d , a f u r t h e r  seven t e s ts  were  
c a r r ie d  o u t u s in g  M odel 02 w ith  th e  e q u iv a le n t  s o l id  f la n g e  a t  each o f  
th e  p r e v io u s ly  s ta te d  c y c l ic  lo a d  a m p litu d e s .
6 . 4 . 3  N ote  on th e  A n a ly t ic a l  R e p re s e n ta t io n  o f  I n t e r f a c e  Damping
As has a lr e a d y  been in d ic a t e d ,  th e  e x a c t  n a tu re  and a c t io n  o f  th e  
d is s ip a t i v e  mechanisms a c t in g  a t  a s t r u c t u r a l  j o i n t  a re  la r g e ly  
d e te rm in e d  by th e  p h y s ic a l p a ra m e te rs  o f  th e  p a r t i c u la r  j o i n t  i n
deformed. The geometry o f the flange bo lts  in  re la t io n  to the d ire c t ion
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q u e s t io n . F o r a s t i f f ,  d ry  j o i n t  s u b je c te d  o n ly  to  fo r c e s  w hich  a c t
p a r a l l e l  to  th e  i n t e r f a c e ,  i t  i s  f e a s ib le  to  assume t h a t  Coulomb
f r i c t i o n  i s  th e  dom inant e n e rg y  d is s ip a t io n  m echanism . H ow ever, in
r e a l  f a b r ic a t e d  s t r u c tu r e s ,  such c o n d it io n s  a re  r a r e l y  e n c o u n te re d , and
th e  s t r u c t u r a l  dam ping i s  l i k e l y  to  be a com plex fu n c t io n  o f  th e  j o i n t
lo a d in g  and g e o m e try . I t  i s  t h e r e fo r e  n o t s u r p r is in g  t h a t  many
t h e o r e t ic a l  d is s ip a t io n  a n a ly s e s  f o r  t a n g e n t ia l l y  lo a d e d , u n ifo r m ly
clam ped l a p - j o i n t s  may be fo u n d . The m a jo r i t y  o f  th e s e  a n a ly s e s  a re
v a r ia n t s  o f  th e  b a s ic  Panovko ap p ro a ch ^ 4 8 8 ^, i n  w h ich  th e  s h e ar fo r c e
d i s t r i b u t i o n  a c ro s s  th e  in t e r f a c e  i s  c o n s id e re d  f o r  each phase o f  a
s im p le  harm onic  lo a d in g  c y c le .  The Panovko a n a ly s is  o f  a v a r i e t y  o f
s im p le  id e a l is e d  jo in t s  in d ic a t e s  t h a t  th e  en e rg y  d is s ip a t io n  i s
(152)p r o p o r t io n a l  to  th e  d o u b le  lo a d  a m p litu d e  . U n fo r tu n a te ly  r e a l i s t i c
s t r u c t u r a l  jo in t s  g e n e r a l ly  in v o lv e  unknowns and com plex p a ra m e te rs  t h a t  
c an n o t be t r e a te d  i n  t h i s  p u r e ly  a n a ly t i c a l  w ay. F u rth e rm o re , most 
s t r u c tu r e s  w i l l  e x p e r ie n c e  com plex  r a t h e r  th a n  s im p le  harm onic  e x c i t a t io n  
and th e  e x te n s io n  o f  th e  p h a s e -w is e  a n a ly s is  to  th e  case  o f  n o n -c v c lic  
lo a d in g  i s  a cumbersome and t im e  consum ing p ro c e d u re .
R ig o ro u s  t h e o r e t ic a l  t re a tm e n ts  o f  i n t e r f a c i a l  energ y  d is s ip a t io n
have in v o lv e d  such id e a l is e d  e le m e n ts  as p o in t  c o n ta c t  s p h e res ^ 4 4 8  ^ o r
i n f i n i t e l y  s t i f f  p la te s  w ith  u n ifo rm  o r  c o n tin u o u s  c lam p in g
p re s s u re s ^ 4 8 8 ^. The a d a p ta t io n  o f  such th e o r ie s  to  r e a l i s t i c  jo in t s  w ith
s i g n i f i c a n t  f l e x i b i l i t y  and d is c o n tin u o u s  n o n lin e a r  p re s s u re
d is t r ib u t io n s  (such  as a re  produced  by c lam p in g  b o l t s )  i s  an im p r a c t ic a l
(1 4 8  149)
p r o p o s it io n .  T h is  has le d  re s e a rc h e r s  such as P ia n  ’ and
Goodman and Klum pp^4BG  ^ to  ado p t a s e m i-e m p ir ic a l approach  to  th e  
in v e s t ig a t io n  and a n a ly s is  o f  i n t e r f a c e  dam ping . R h e o lo g is ts  o f te n  
q u o te  m a te r ia l  e n erg y  d is s ip a t io n  as b e in g  p r o p o r t io n a l  to  th e  square  
o f  th e  s tr e s s  a m p litu d e  (s e e  L azan : b ib l io g r a p h y ) ,  w h i ls t  th e  Panovko- 
ty p e  a n a ly s e s  sug g est a c u b ic  r e la t io n s h i p  f o r  m e ch a n ica l in t e r f a c e
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dam ping . C o n s e q u e n tly  i t  has become custom ary  f o r  e m p ir ic is t s  to  
assume a p o w e r-la w  r e la t io n s h ip  f o r  th e  en erg y  d is s ip a t io n  b e h a v io u r  
o f  r e a l  s t r u c tu r e s  i n  w h ich  a c o m b in a tio n  o f  dam ping mechanisms (b o th  
l i n e a r  and n o n lin e a r )  a re  a c t in g .
The a u th o r  has ado p ted  th e  s e m i-e m p ir ic a l ap p ro a ch , i n  w hich
th e  e x p e r im e n ta l ly  a c q u ire d  h y s te r e s is  d a ta  i s  c o r r e la t e d  w ith  id e a l
p o w e r-la w  r e la t io n s h i p s .  P ia n 's  s tu d ie s  w ith  b u i l t - u p  r e in fo r c e d  
(148  149 )beams 1 i l l u s t r a t e  th e  s u c c e s s fu l use o f  t h i s  te c h n iq u e  f o r  th e
a p p ro x im a te  a n a ly s is  o f  r e a l  damped s t r u c t u r a l  re s p o n s e . I t  i s ,  how ever, 
im p o r ta n t  to  em phasise t h a t  th e  assumed power law s a re  used to  y ie ld  a 
u s e fu l  m easure and s im u la t io n  o f  th e  g ro ss  in t e r f a c e  dam ping e f f e c t ,  and 
a re  n o t in te n d e d  to  model th e  d e t a i l s  o f  th e  com plex p h y s ic a l dam ping  
phenomena o c c u rr in g  a c ro s s  th e  j o i n t  in t e r f a c e s .  T h is  use o f  s im p le , 
e m p ir ic a l l y  d e r iv e d  m a th e m a tic a l r e la t io n s h ip s  p ro v id e s  a c o n v e n ie n t  
and a d e q u a te ly  r e p r e s e n t a t iv e  means o f  g e n e ra t in g  a n a ly t i c a l  damped 
re sp o n se  d a ta .
6 . 4 . 4  R e s u lts  and D is c u s s io n
The f i r s t  s ta g e  i n  p ro c e s s in g  th e  in fo r m a t io n  c o l le c t e d  was to  
ty p e  th e  r e s u l t s  in t o  th e  HP45 com puter and c r e a te  f lo p p y  d is c  d a ta  
f i l e s  f o r  each o f  th e  105 t e s t s  u n d e r ta k e n . U sing  a p p lie d  lo a d  v ersu s  
t i p  d e f le c t io n  axes th e  h y s te r e s is  lo o p s  form ed by th e s e  v a lu e s  were  
draw n u s in g  l i n e a r  in t e r p o la t i o n  on th e  g ra p h ic s  VDU f o r  each t e s t .
T h is  f a c i l i t a t e d  th e  q u ic k  c h e c k in g  o f  th e  s to re d  v a lu e s  and showed how 
r a p id ly  th e  h y s te r e s is  lo o p s  c lo s e d  to  g iv e  c o n s ta n t a r e a s . Two t y p ic a l  
h y s te r e s is  lo o p s  o b ta in e d  f o r  th e  t h i r d  lo a d in g  c y c le s  o f  th e  t e s ts  
concerned  a re  shown in  F ig u r e  2 9 . I n  e v e ry  case  i t  app eared  t h a t  th e  
h y s te r e s is  lo o p s  w ere c lo s in g  a f t e r  th e  second lo a d in g  c y c le  and t h is  
was b o rn e  o u t by subsequent a n a ly s is .  In  o rd e r  to  f in d  th e  energ y  lo s s  
p e r c y c le  f o r  each t e s t  i t  was n e c e s s a ry  to  f in d  th e  a re a s  en c lo s ed  by
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th e  c o rre s p o n d in g  h y s te r e s is  lo o p s . T h is  was done n u m e r ic a lly  
u t i l i s i n g  L a g ra n g ia n  c u rv e  f i t t i n g  te c h n iq u e s  as d e t a i le d  in  
A p pen d ix  A .4 , th u s  y ie ld in g  an e n e rg y  lo s s  v a lu e  f o r  each o f  th e  f i r s t  
th r e e  c y c le s  m easured in  each t e s t .
In  some o f  th e  t e s ts  in v o lv in g  low  in t e r f a c e  p re s s u re s  and la r g e  
t i p  d is p la c e m e n ts , th e  a re a s  o b ta in e d  f o r  th e  f i r s t  and second lo o p  
w ere a t  v a r ia n c e  by as much as 25%. How ever, in  e v e ry  case  th e  energ y  
lo s s e s  o b ta in e d  fro m  th e  second and t h i r d  lo o p s  agreed  to  w i t h in  4%.
On th e  b a s is  o f  th e s e  f in d in g s  th e  v a lu e  o f  energ y  lo s s  p e r  c y c le  to  
be used f o r  each t e s t  was t h a t  o b ta in e d  from  th e  a v e ra g e  o f  th e  a re a s  
o f  th e  second and t h i r d  lo o p s . The e n erg y  lo s s  v a lu e s  f o r  each t e s t  
c o n f ig u r a t io n  w ere  p lo t t e d  a g a in s t  th e  a m p litu d e  o f  th e  b en d in g  moment 
a t  th e  f la n g e  r e s u l t in g  fro m  each o f  th e  seven t i p  lo a d  a m p litu d e s  u s e d . 
Two t y p ic a l  p lo t s  a re  shown i n  F ig u r e  3 0 . I t  can be seen t h a t  th e  
e x p e r im e n ta l v a lu e s  ap p e ar to  l i e  on a power c u rv e  o f  th e  fo rm ,
E = k  A1'1 ( 6 .4 a )
w here E i s  th e  e n e rg y  lo s s  p e r  c y c le  and A i s  th e  b en d in g  moment 
a m p litu d e . As a consequence th e  g raphs w ere red raw n  u s in g  lo g a r ith m ic  
axes i n  o rd e r  to  check t h i s  a s s e r t io n .  These lo g - lo g  p lo ts  a l l  showed 
good l i n e a r i t y  and t h e r e fo r e  b e s t  s t r a ig h t  l in e s  w ere f i t t e d  to  them by  
th e  a p p l ic a t io n  o f  th e  method o f  le a s t  s q u a re s . The c o n s ta n ts  £  
and k  i n  e q u a tio n  6 .4 a  c o u ld  th e n  be d e te rm in e d  from  th e s e  f i t s  by  
c o n s id e r a t io n  o f  th e  l in e a r is e d  fo rm ,
lo g  E = lo g  A + lo g  k ( 6 .4 b )
The f i f t e e n  lo g - lo g  p lo t s  and t h e i r  b e s t f i t  power law s a re  
shown i n  A ppend ix  A . 5 ( i ) .  I n  e v e ry  case  th e  c o r r e la t io n  c o e f f i c ie n t  
o f  th e  s t r a ig h t  l in e s  f i t t e d  to  th e  e x p e r im e n ta l p o in ts  was b e t t e r  th a n  
0 .9 8 .  T h is  p ro c e d u re  a llo w s  an assessm ent o f  th e  v a r ia t io n  o f  energ y
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v a r ia t io n  f o r  th e  3 -  and 6 - b o l t  c o n f ig u r a t io n s  by showing th e  c u rve s
c o rre s p o n d in g  to  th e  id e a l is e d  'b e s t *  f i t  power c u r v e s . I n  F ig u re  31a ,
f o r  th e  3 - b o l t  c o n f ig u r a t io n ,  th e  in d e x , , o f  th e  power law  v a r ie s
from  2 .3 5  to  2.66 and i n  F ig u r e  31b , f o r  th e  6 - b o l t  c o n f ig u r a t io n ,
in d e x  v a r ie s  from  2 .4 0  t o  2 . 6 0 .  The v a lu e  o f
th e  s o l id  e q u iv a le n t  f la n g e  was 2 .7 6 .  F ig u re  32 shows c l e a r l y  th a t
-2f o r  in t e r f a c e  p re s s u re s  e x c e e d in g  6  N mm th e  v a r ia t io n  in  e n erg y  lo s s  
p e r c y c le  v a r ie s  i n s i g n i f i c a n t l y  f o r  any g iv e n  c y c l ic  b en d in g  moment 
a m p litu d e .
In s p e c t io n  o f  th e  h y s te r e s is  lo o p s  o b ta in e d  fro m  each t e s t
r e v e a le d  t h a t  th e  's lo p e ' o f  th e  lo o p  v a r ie d  w ith  in t e r f a c e  p re s s u re .
T h is  i s  i n  f a c t  re a s o n a b le  s in c e  th e  e f f e c t i v e  s t i f f n e s s  o f  th e  mast
w ould be exp ec ted  to  a l t e r  w ith  changes i n  th e  te n s io n s , used f o r  th e
f la n g e  c lam p in g  b o l t s .  I n  o rd e r  to  o b ta in  a m easure o f  t h i s  chan g in g
s t i f f n e s s ,  i t  was n e c e s s a ry  to  f in d  th e  e f f e c t i v e  s t i f f n e s s  f o r  each
t e s t .  T h is  was a c h ie v e d  by f i t t i n g  a b e s t  s t r a ig h t  l i n e  to  th e  lo a d
and d is p la c e m e n t v a lu e s  fo rm in g  th e  second and t h i r d  h y s te r e s is  lo o p s .
This was considered to be a valid approximation since the loops were
n arro w  w ith  each q u a d ra n t d is p la y in g  l i t t l e  n o n - l i n e a r i t y .  A ls o , by
u s in g  th e  le a s t  squ ares  m ethod, a mean s t i f f n e s s  v a lu e  would r e s u l t  w h ich
w ould l i e  w i t h in  th e  bounds o f  th e  lo o p . The r e s u l t s  o f  a n a ly s in g  th e
e x p e r im e n ta l d a ta  i n  t h i s  way a re  shown i n  F ig u re s  33 and 3 4 . A
s ig n i f i c a n t  r e d u c t io n  i n  e f f e c t i v e  m ast s t i f f n e s s  i s  seen in  F ig u re  33
-2a t  in t e r f a c e  p re s s u re s  b e lo w  2 N mm , w h i ls t  f o r  p re s s u re s  above  
-2
6  N mm th e r e  i s  l i t t l e  s ig n i f i c a n t  in c re a s e  i n  s t i f f n e s s  w ith  
p re s s u r e . F ig u re  34 shows th e  e f f e c t  o f  c y c l ic  b en d in g  moment a m p litu d e  
upon th e  e f f e c t i v e  s t i f f n e s s .  The f a c t  th a t  t h is  b e h a v io u r  o ccu rs  to  
some e x te n t  w ith  th e  s o l id  e q u iv a le n t  f la n g e  in d ic a t e s  t h a t  th e  e f f e c t  
i s  p a r t i a l l y  g e n e ra te d  a t  th e  m ast s u p p o rt . The s t i f f n e s s  decrem ents
loss with interface pressure. Figures 31 and 32 summarize this
f o r  th e  case  o f
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m easured in  th e  f la n g e d  m odels a re  a l l  le s s  th a n  th r e e  t im e s  th a t  
measured in  th e  s o l id  e q u iv a le n t  case  o v e r th e  a m p litu d e  ran ge  
c o n s id e r e d . The 'w o r s t ' case  e n c o u n te red  in  th e  3 - b o l t  c o n f ig u r a t io n  
re p re s e n ts  a r e d u c t io n  i n  s t i f f n e s s  o f  some 9% o v e r th e  a m p litu d e  ran ge  
o f  40 Nm to  200 Nm used i n  th e  t e s t s .
A f i n a l  p a ra m e te r r e s u l t in g  fro m  th e s e  t e s t s  w h ich  i s  w o rth  
c o n s id e r a t io n  i s  t h a t  o f  th e  r e la x a t io n  i n  f la n g e  b o l t  te n s io n  d u r in g  
th e  lo a d in g  c y c le s .  T h is  phenomena would be exp ec ted  to  be q u i t e  marked  
a t  lo w  in t e r f a c e  p re s s u re s  w here th e  t e n s i l e  lo a d s  im posed on th e  b o l t s  
due to  th e  mast d e fo rm a tio n s  may be o f  com parab le  o r  g r e a te r  m ag nitu d e  
th a n  th e  n o m in a l t ig h te n in g  te n s io n .  The c y c l ic  lo a d in g  o f  th e  f la n g e  
b o l t s  w i l l  te n d  to  c ru s h  any a s p e r i t i e s  o r  c o n ta m in a n ts  un d er th e  
c o n ta c t  s u r fa c e s  o f  th e  n u ts  and b o l t  heads as w e l l  as h a v in g  a lo o s e n in g  
e f f e c t  on th e  n u ts . T h is  e f f e c t  was assessed i n  each t e s t  by m easu rin g  
th e  b o l t  te n s io n s  a f t e r  th r e e  lo a d in g  c y c le s  and com paring  t h e i r  a ve rag e  
v a lu e  w ith  th e  n o m in a l i n i t i a l  b o l t  te n s io n .  F ig u re  35 shows th e  
r e s u l t s  o f  t h i s  p ro c e d u re  -  i t  sho u ld  be no ted  t h a t  th e  l in e s  a re  drawn  
f o r  c l a r i t y  r a t h e r  th a n  to  im p ly  a m a th e m a tic a l r e la t io n s h i p .  The 
d e f i n i t i o n  o f  such a r e la t io n s h i p  w ould r e q u ir e  many r e p e t i t io n s  o f  th e  
t e s t s  s in c e  th e  r e s u l t s  a re  s u b je c t  to  q u ite  w id e  s c a t t e r  due to  
v a r i a b i l i t i e s  such as th re a d  i r r e g u l a r i t i e s  and s u r fa c e  c o n d i t io n .  I t  
can be seen t h a t  in  th e  case  o f  v e ry  low  in t e r f a c e  p re s s u re  produced by  
th e  3 - b o l t  c o n f ig u r a t io n  a t  te n s io n s  o f  500 N th e  a v e ra g e  te n s io n  
re d u c es  by a lm o st 50% o v e r th r e e  c y c le s  a t  a b en d in g  moment a m p litu d e  
o f  200 Nm. Even i n  cases  r e p r e s e n t in g  r e a l i s t i c  w o rk in g  le v e ls  o f  
in t e r f a c e  p re s s u re  i t  is  shown t h a t  re d u c t io n s  i n  p re s s u re  o f  s e v e ra l  
p e r c e n t may o cc u r o v e r th e  i n i t i a l  th r e e  lo a d in g  c y c le s .
F i n a l l y ,  i t  i s  in t e r e s t in g  to  n o te  t h a t  th e  a m p litu d e  power law s
o b ta in e d  from  th e s e  s t a t i c  h y s te r e s is  t e s t s  do n o t e x h ib i t  th e  'tw o -
(1 4 9 )p h as e ' r e la t io n s h ip  d e te c te d  by P ia n  f o r  a b u i l t  up c a n t i l e v e r .
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P ia n  found a c u b ic  la w  betw een  e n e rg y  lo s s  and 's t r e s s  a m p litu d e ' f o r  
m o d erate  d e f le c t io n s ,  w h i ls t  a somewhat lo w e r power (>  2 ) was found  
f o r  la r g e r  d e f le c t io n s .  The lo g - lo g  p lo ts  o f  A ppend ix  A . 5 ( i )  do not 
e x h ib i t  any s i g n i f i c a n t  k in k in g ,  w h ich  would in d ic a t e  a s im i la r  
phenomenon. H ow ever, th e  ra n g e  o f  power law s found by th e  a u th o r  do 
f a l l  w i t h in  th e  l i m i t s  o f  th o s e  d e te rm in e d  by P ia n . T h is  s o r t  o f  
d is c re p a n c y  i s  to  be e x p e c te d  fro m  d i f f e r e n t  t e s t  c o n f ig u r a t io n s ,  b u t  
i t  does in d ic a t e  t h a t  a c ru d e  e s t im a te  o f  th e  d is s ip a t i v e  e f f e c t s  o f  
s t r u c t u r a l  j o in t s  c o u ld  be o b ta in e d  by assum ing a 8 / 2  power law  
v a r i a t i o n  o f  e n e rg y  lo s s  w ith  moment a m p litu d e .
6 .5  F re e  V ib r a t io n  T e s ts
One o f  th e  most w id e ly  used e x p e r im e n ta l te c h n iq u e s  f o r  th e
(*175)
m easurem ent o f  dam ping i s  t h a t  o f  d ecay  r a t e  d e te r m in a t io n  . The
te c h n iq u e  in v o lv e s  d is p la c in g  th e  s t r u c tu r e  u n d er t e s t  from  i t s
e q u i l ib r iu m  p o s i t io n  and th e n  in s ta n ta n e o u s ly  r e le a s in g  i t  fro m  i t s
deform ed s t a t e .  The r e s u l t a n t  m o tio n  o f  th e  s t r u c tu r e  and i t s
subsequent d ecay  a re  re c o rd e d  as a fu n c t io n  o f  t im e . From t h i s  re c o rd
th e  lo g a r ith m ic  d ecrem en t may be d e te rm in e d  and th e  e n erg y  d is s ip a t io n
d ed u ced . The in fo r m a t io n  th u s  o b ta in e d  was to  be com pared to  t h a t
(1 7 3 )
c o l le c t e d  by Yoshim ura f o r  a s im i la r  f la n g e  u n d er th e  a c t io n  o f
fo rc e d  harm onic  lo a d in g .
I n  th e s e  t e s ts  th e  dam ping o f  th e  m o tio n  a r is e s  from  a i r
dam ping as w e l l  as th o s e  f a c to r s  m entioned  i n  S e c t io n  6 . 4 .  As has been
(118)
a lr e a d y  d is c u s s e d , th e  e x p e r im e n ts  o f  B ak er, Woolam and Young have
shown t h a t  th e  d ra g  fo r c e  p ro d u c in g  th e  a i r  dam ping is  p r o p o r t io n a l  to
dynam ic p re s s u re  a t  la r g e  a m p litu d e s  and p r o p o r t io n a l  to  v e lo c i t y  f o r
(178)
s m a ll a m p litu d e s . F u r th e r  work by G ibson and P lu n k e t t  , u s in g  a
v ib r a t in g  c a n t i le v e r  a t  am b ien t p re s s u re  and i n  vacu o , c o n firm s  th e s e  
r e s u l t s  and shows t h a t  aero d yn am ic  dam ping i s  s m a ll i n  com parison  to
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m a te r ia l  dam ping, e xc ep t f o r  c as es  i n  w hich  v e ry  la r g e  a m p litu d e  
f l e x u r a l  m o tio n  o c c u rs . No such a tte m p t i s  made to  i s o la t e  th e  
dam ping e f f e c t  i n  th e s e  t e s t s ,  b u t i t s  c o n t r ib u t io n  to  th e  o v e r a l l  
energ y  d is s ip a t io n  i s  re c o g n is e d .
6 .5 . 1  A p p a ra tu s  and In s tr u m e n ta t io n
F o r th e s e  t e s t s  th e  same form  o f  tu b e  m o u n tin g /c la m p in g  was 
used as f o r  th e  s t a t i c  h y s te r e s is  in v e s t ig a t io n ,  i . e .  a c lam p in g  
c o l l e t  r i g i d l y  h e ld  i n  a m ass ive  b lo c k  b o lte d  o n to  a bedw ay. The  
bedway and s u p p o rtin g  c o n c re te  p l i n t h  used i n  th e s e  t e s t s  had been  
i n s t a l l e d  on an is o la t e d  c o rk  fo u n d a tio n  s p e c i f i c a l l y  f o r  use i n  
v ib r a t io n  s tu d ie s  and i t  c o n s e q u e n tly  o f fe r e d  good v ib r a t io n  i s o l a t io n  
fro m  th e  g e n e ra l t e s t  e n v iro n m e n t. In  o rd e r  to  re d u c e  th e  fu n d a m en ta l 
fre q u e n c y  o f  v ib r a t io n  o f  th e  m odels te s te d  a t i p  mass o f  3 kg was 
a tta c h e d  i n  each c ase  u s in g  th e  w e ig h t system  d e s c r ib e d  in  S e c t io n  6 . 3 .  
T a k in g  t h i s  in t o  acco u n t th e  c la m p in g  b lo c k  to  model w e ig h t r a t i o  was 
b e t t e r  th a n  2 0 : 1  f o r  a l l  th e  t e s t s  c o n d u c te d .
The i n i t i a l  m ast d e f le c t io n  was d e r iv e d  fro m  a s im p le  t ra n s v e rs e  
t i p  d is p la c e m e n t. O r i g i n a l l y  an e le c tro m a g n e t was used to  h o ld  th e  
tu b e s  i n  t h e i r  deform ed p o s i t io n s ,  w ith  r e le a s e  b e in g  a c h ie v e d  by  
s w itc h in g  o f f  th e  power s u p p ly  to  th e  m agnet. However, t r i a l s  w ith  
t h i s  te c h n iq u e  y ie ld e d  an u n s a t is f a c to r y  response  im m e d ia te ly  fo l lo w in g  
r e le a s e .  I t  was th o u g h t t h a t  th e  magnet was n o t y ie ld in g  a c le a n  
r e le a s e  due to  i r r e g u l a r i t i e s  i n  th e  m ag n e tic  f i e l d  and th e  f i n i t e  
ta k e n  f o r  i t  to  c o l la p s e  upon rem o va l o f  th e  s u p p ly  c u r r e n t .  T h is  was 
e x c i t in g  h ig h e r  modes o f  v ib r a t io n  as w e ll  as th e  fu n d a m en ta l fre q u e n c y  
r e q u ir e d  f o r  d ecay  r a t e  m easurem ent. T h e re  was a ls o  some c o n cern  t h a t  
th e  p re se n c e  o f  th e  magnet i n  th e  v i c i n i t y  o f  th e  o s c i l l a t i n g  mast t i p  
m ig h t produce some dam ping o f  th e  m o tio n  due to  g e n e ra te d  e . m . f . ' s  i n  
th e  c o i ls  o f  th e  m agnet. F o r th e s e  reaso n s  a le s s  s o p h is t ic a te d  y e t
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more s a t is f a c t o r y  te c h n iq u e  was a d o p te d . A peg was made w hich  c o u ld  
s l id e  i n  a keyway t r a n s v e r s e  to  th e  tu b e  a x is  and in  l i n e  w ith  i t s  t i p .
A lo o p  o f  n y lo n  c o rd  was th e n  s im p ly  p la c e d  betw een th e  end o f  th e  tube  
and th e  peg w hich  c o u ld  be pushed a lo n g  th e  keyway to  produce th e  
d e s ire d  t i p  d e f le c t io n  and th e n  lo c k e d  i n  p la c e .  T ip  d e f le c t io n s  were  
m easured u s in g  a d i a l  in d ic a t o r  i n  th e  same way as f o r  th e  s t a t i c  
h y s te r e s is  t e s t s .  R e le a s e  was s im p ly  a ch ie ve d  by c u t t in g  th e  co rd  in  
such a p o s i t io n  t h a t  i t  w ould n o t re m a in  a tta c h e d  around th e  tu b e  t i p
mass d u r in g  i t s  subsequent o s c i l l a t i o n .
Assuming t h a t  th e  fu n d a m e n ta l mode o f  v ib r a t io n  was e x c ite d  in
each t e s t ,  th e n  th e  b en d in g  moment a t  th e  r o o t  o f  each model would be
p r o p o r t io n a l  to  i t s  t i p  d is p la c e m e n t. C o n s e q u e n tly , th e  s t r a in  gauges 
m ounted i n  t h i s  r e g io n  on each model w ere used to  p roduce  an o u tp u t  
r e la t e d  to  th e  t i p  d is p la c e m e n t by  some c a l i b r a t i o n  c o n s ta n t .  The o u tp u t  
from  th e  gauge i n s t a l l a t i o n  was fe d  in t o  a m odular a m p l i f ic a t io n  system  
w hich  a ls o  c o n ta in e d  b r id g e  b a la n c e  and s u p p ly  c i r c u i t r y  (s e e  A ppendix  
A . 3 ) .  T h is  a m p l i f ic a t io n  had v a r ia b le  g a in  c o n t r o l ,  a f u l l  s c a le  o u tp u t  
o f  + ' 1 0  v o l t  and low  pass f i l t e r i n g  a ch ie ve d  by in s e r t io n  o f  a p p ro p r ia te  
c a p a c ito r s  in t o  th e  a m p l i f i e r  fee d b a ck  lo o p , th u s  l i m i t i n g  th e  
b a n d w id th .
In  e a r ly  e x p e r im e n ta l work th e  o u tp u ts  from  th e  a m p l i f ie r  system  
w ere fe d  in t o  a fo u r  c h a n n e l re c o rd in g  o s c i l lo s c o p e . The t ra c e s  
c a p tu re d  by th e  o s c il lo s c o p e  w ere  i n t e r n a l l y  c o p ie d  o n to  l i g h t  s e n s i t iv e  
p a p e r . These re c o rd s  p roved  d i f f i c u l t  to  c a l i b r a t e  and la c k e d  th e  
r e s o lu t io n  n e c e s s a ry  to  a c c u r a te ly  m easure decay r a te s  in  cases  o f  low  
lo g a r i th m ic  d e c re m e n t. C o n s e q u e n tly  a l l  th e  f r e e  v ib r a t io n  responses  
w ere fe d  from  th e  a m p l i f ic a t io n  in t o  a fo u r  ch a n n e l t r a n s ie n t  re c o r d e r .  
T h is  d e v ic e  was used e x te n s iv e ly  in  subsequent e x p e r im e n ta l work and i t  
i s  f u l l y  d e s c r ib e d  i n  A p pen d ix  A . 6 . The d i g i t i z e d  re c o rd s  o b ta in e d  
from  th e  t e s ts  w ere  dumped fro m  th e  re c o rd e r  o n to  p ap er ta p e  in  b in a r y
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fo r m a t , s in c e  a t  t h a t  t im e  a d i r e c t  com puter in t e r f a c e  was not 
a v a i l a b l e .  In  o rd e r  to  o b ta in  a t r u e  z e ro  datum f o r  th e  d ig i t i s e d  
re c o rd s  from  th e  b en d in g  moment s t r a in  gauges, th e  re c o rd e r  was o p e ra te d  
i n  th e  s p l i t  t im e b a se  mode. The second tim e b a se  was s e t  to  sam ple a t  
200 m il l is e c o n d  in t e r v a l s  f o r  th e  l a s t  96 memory p o in ts .  T h is  a llo w e d  
th e  m ast v ib r a t io n  to  be damped o u t by hand d u r in g  th e  l a s t  '19 seconds  
o f  th e  re c o rd in g  c y c le .  T h is  produced a z e ro  le v e l  a t  th e  end o f  each  
re c o rd  w h ic h , i n  c o n ju n c t io n  w ith  th e  known i n i t i a l  t i p  d is p la c e m e n t,  
e n a b le d  th e  b en d in g  s t r a in  t r a c e s  to  be c a l ib r a t e d  i n  term s  o f  t i p  
d e f le c t io n .  I n i t i a l l y  t r ig g e r in g  was e f fe c te d  m a n u a lly  im m e d ia te ly  
p r io r  to  s e v e r in g  th e  r e t a in in g  co rd  a t  th e  mast t i p .  I n  a re f in e m e n t  
used i n  l a t e r  t e s t s  cop p er w ir e  was used to  r e t a i n  th e  m ast t i p .  A 
s im p le  e l e c t r i c a l  c i r c u i t  was d es ig n ed  w hich  fu sed  and b ro k e  th e  w ir e  
w ith  a p u ls e  o f  h ig h  c u r r e n t  a p p ro x im a te ly  1 0  m il l is e c o n d s  a f t e r  send ing  
a t r ig g e r i n g  v o lta g e  s p ik e  to  th e  r e c o r d e r .  T h is  p ro v id e d  a more 
c o n s is te n t  i n i t i a l i s a t i o n  f o r  th e  re c o r d in g s .
As p a r t  o f  th e  t e s t  programme a m easure o f  th e  en e rg y  lo s s e s  a t '  
th e  b e a r in g s  in  th e  d o u b le  s u p p o rt c o n f ig u r a t io n  was r e q u ir e d .  To 
a c h ie v e  t h i s  a p a i r  o f  b ase  ru n n e rs  w ere  m achined from  75 mm x 38 mm 
U -s e c t io n  s te e l  c h a n n e l. H o les  w ere d r i l l e d  in  each c h a n n e l to  a l lo w  
them to  be b o lte d  down o n to  th e  bedway a lo n g s id e  one a n o th e r  in  an 
in v e r te d  p o s i t io n .  Two b e a r in g  b lo c k s  w ere produced such t h a t  th e y  
c o u ld  be s l i d  a lo n g  th e  to p  s u r fa c e s  o f  th e  base ru n n e rs  and th e n  clam ped  
i n  th e  d e s ire d  p o s i t io n  by b o l t s  p a s s in g  th ro u g h  th e  b lo c k s  and 
c o rre s p o n d in g  s lo ts  i n  th e  ru n n e rs  (s e e  F ig u re  36 and P la t e  9 a ) .  T h is  
arran g em en t gave a f i r m  base  s u p p o rt w h i ls t  a l lo w in g  f o r  a d ju s tm e n t o f  
th e  in t e r - s u p p o r t  s p a c in g . As in  th e  case  o f  th e  s t a t i c  h y s te r e s is  
t e s t s ,  c o n ta c t  s u r fa c e s  w ere  d eg reased  and c o n s is te n t  c lam p in g  to rq u e s  
w ere used th ro u g h o u t th e  t e s t s  in  o rd e r  to  e n s u re  u n ifo rm  r e s u l t s .
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u s in g  th e  f la n g e d  tu b e  i n  th e  same e n c a s tre ’ geom etry  as f o r  th e  s t a t i c
h y s te r e s is  in v e s t ig a t io n  b u t w ith  th e  a d d it io n  o f  a 3 kg t i p  mass (s e e
M odel 0 3 , F ig u re  2 4 ) .  A ls o  th e  same ra n g e  o f  seven b o l t  te n s io n s  was
used w ith  b o th  th e  3 -  and th e  6 - b o l t  c o n f ig u r a t io n s ,  le a d in g  to  a ran ge
-2
o f  i n t e r f a c e  p re s s u re s  fro m  0 .4  to  24 N mm . Each o f  th e  r e s u l t in g  
fo u r te e n  b o l t / t e n s i o n  c o m b in a tio n s  was te s te d  a t  f i v e  d i f f e r e n t  i n i t i a l  
t i p  d is p la c e m e n ts . These d is p la c e m e n ts  w ere 5 , 7 .5 ,  1 0 , 15 and 30 mm, 
w ith  th e  la r g e s t  g iv in g  a maximum t h e o r e t ic a l  s tr e s s  a t  th e  r o o t  o f  th e  
tu b e  c o rre s p o n d in g  to  56% o f  th e  q u oted  m a te r ia l  p ro o f s t r e s s .
I n  e v e ry  t e s t  th e  p r im a ry  tim e b a s e  o f  th e  t r a n s ie n t  r e c o rd e r  was 
s e t to  sam ple a t  a r a t e  o f  2 m il l is e c o n d  f o r  th e  f i r s t  4000 memory p o in ts ,  
y ie ld in g  a u s e fu l  re c o rd  o f  th e  f i r s t  e ig h t  seconds o f  f r e e  v ib r a t io n  
d e c a y . The dynam ic ra n g e  o f  th e  a m p l i f ic a t io n  was l im i t e d  to  100 Hz, 
th e  fu n d a m en ta l f r e q u e n c ie s  h a v in g  been e s tim a te d  by a s im p le  R a y le ig h  
a n a ly s is  to  be a p p ro x im a te ly  15 H z.
A s e t  o f  t e s t s  was made a t  th e  f i v e  i n i t i a l  d is p la c e m e n ts  u s in g  
th e  s o l id  e q u iv a le n t  f la n g e  (M odel 0 4 , F ig u re  2 4 ) i n  o rd e r  to  o b ta in  
d a ta  f o r  th e  c ase  w ith  no p o s s ib le  i n t e r f a c i a l  s l i p .  A d d i t io n a l ly ,  a 
s e t o f  f i v e  t e s ts  was con d u cted  u s in g  th e  s o l id  f la n g e  i n  th e  d o u b le  
s u p p o rt c o n f ig u r a t io n  w ith  an in t e r - s u p p o r t  sp a c in g  o f  0 , 2 9 5  m e tre ,  
th u s  g iv in g  th e  same e f f e c t i v e  f r e e  le n g th  o f  tu b e  as f o r  th e  e n c a s tre  
c o n d it io n  (M odel 0 5 , F ig u r e  2 4 ) .
The s t r a i n  gauged b o l t s  and th e  'dummy' b o l t  w ere  used in  th e  
same fa s h io n  as f o r  th e  h y s te r e s is  t e s t s .  I t  was th o u g h t t h a t  i t  would  
be u s e fu l  to  m o n ito r  th e  dynam ic v a r ia t io n  o f  b o l t  te n s io n  in  th e  f la n g e  
d u r in g  t y p ic a l  exam ples o f  th e  f r e e  v ib r a t io n  re s p o n s e . In  o rd e r  to  
a c h ie v e  t h i s ,  two o f  th e  b o l t s  ( l a b e l le d  'A '.a n d  'B ' i n  F ig u re  2 8 ) w ere  
co n n ected  to  in d iv id u a l  c h a n n e ls  o f  th e  a m p l i f ic a t io n  and re c o rd in g
6.5.2 Test Programme
A series of 70 individual free vibration tests was conducted
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sys tem . Four t e s t s  w ere  con d u cted  u s in g  b o l t  te n s io n s  o f  1 kN and 
10 kN i n  th e  3 -  and 6 - b o l t  c o n f ig u r a t io n s .  An i n i t i a l  t i p  d is p la c e m e n t  
o f 25 mm was em ployed and th e  b o l t  resp o n ses  w ere re c o rd e d  f o r  
8  seconds a t  a r a t e  o f  2 m i l l is e c o n d  p e r sam ple . S in c e  th e  w ir in g  o f  
th e  b o l t  s t r a in  gauge i n s t a l l a t i o n s  was prone to  p ic k  up 'n o is e ' from  
lo c a l  m ains s u p p lie s ,  th e  s ig n a ls  w ere  low  pass f i l t e r e d  a t  50 Hz a t  
th e  a m p l i f ic a t io n  s ta g e .
6 . 5 . 3  N o te  on th e  M easurem ent o f  Dynamic T ip  D is p la c e m e n ts
A c c e le ro m e te rs  a re  o f t e n  used i n  e x p e rim e n ts  in v o lv in g  s t r u c t u r a l  
d yn am ics , and in d e e d , such tra n s d u c e rs  w ere used by  th e  a u th o r  i n  
subsequent t r a n s ie n t  t e s t s .  I t  was a ls o  in te n d e d  to  use a p ie z o -  
r e s i s t i v e  a c c e le ro m e te r  mounted a t  th e  f r e e  end o f  th e  t e s t  m asts as a 
means o f  o b ta in in g  a m easure o f  th e  f r e e  v ib r a t io n  re s p o n s e . I t  i s  w e l l  
known t h a t  a d o u b le  in t e g r a t i o n  o f  an a c c e le r a t io n  t r a c e  w i l l  y ie ld  a 
d is p la c e m e n t h is t o r y ,  and th e  a u th o r  proposed to  n u m e r ic a lly  in t e g r a t e  
th e  m ast t i p  a c c e le r a t io n s  to  g a in  th e  c o rre s p o n d in g  d is p la c e m e n t decay
e n v e lo p e . F o r an ad eq u ate  m easure o f  th e  f r e e  v ib r a t io n  resp o n se
h is t o r y ,  i t  was n e c e s s a ry  to  o b ta in  re c o rd s  w ith  a d u r a t io n  o f  s e v e ra l  
seconds. D u rin g  such a p e r io d  o f  t im e  i t  i s  v e ry  l i k e l y  t h a t  th e  o u tp u t  
from  such a d e v ic e  w i l l  d r i f t .  T h is  d r i f t  may be o n ly  a f r a c t i o n  o f  a 
p e r c e n t o f  th e  f u l l  s c a le  o u tp u t o f  th e  d e v ic e  and th u s  w i l l  be 
v i s u a l l y  im p e r c e p t ib le  on th e  c a p tu re d  a c c e le ro m e te r  t r a c e .  However, 
subsequent d o u b le  n u m e r ic a l i n t e g r a t i o n  o f  such a d i g i t i s e d  re c o rd  w i l l  
produce a s e v e r e ly  d is t o r t e d  d is p la c e m e n t h is t o r y ,  s in c e  th e  s m a ll 
o f f s e t s  due to  d r i f t  a re  summed o v e r a l l  o f  th e  subsequent memory p o in ts .  
T h is  e f f e c t  i s  c l e a r l y  i l l u s t r a t e d  i n  F ig u re  37 .
The situation is aggravated in these tests by the fact that an
accurate estimate of the time of occurrence of peak values was required. 
This led to the use of a sampling frequency some fifteen times higher
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th a n  th e  l i m i t i n g  N y q u is t fre q u e n c y  (s e e  A ppend ix  A . 6 ) i n  o rd e r  to  
o b ta in  a la r g e  number o f  f i n e l y  spaced re c o rd  p o in ts .  Thus th e  d r i f t  
would be summed o v e r a la r g e  number o f  p o in ts  and s in c e  i t  i s  u n l ik e ly  
to  f o l lo w  a s im p le  l i n e a r  o r  power la w , th e r e  i s  no s im p le  and e f f e c t i v e  
method o f  c o r r e c t io n  f o r  th e  r e s u l t a n t  d i s t o r t i o n .  T h is  i l l u s t r a t e s  a 
p i t f a l l  t h a t  may be e n c o u n te re d  when u s in g  d i g i t a l  re c o rd in g  d e v ic e s  
f o r  m o tio n  m easurem ent and le d  to  th e  d e c is io n  to  use s t r a i n  gauges  
g iv in g  a d i r e c t  d e f le c t io n  p r o p o r t io n a l  o u tp u t .
6 . 5 . 4  R e s u lts  and D is c u s s io n
As a consequence o f  th e  t e s t  programme th e  re c o rd s  o f  th e  e ig h ty  
cases  o f  f r e e  v ib r a t io n  d ecay  o v e r an i n t e r v a l  o f  e ig h t  seconds w ere  
h e ld  on punch ta p e .  These ta p e s  w ere  re a d  in t o  th e  HP45 com puter w hich
was programmed to  p lo t  th e  'r a w ' d a ta  th u s  a llo w in g  a v is u a l  check f o r
any bad r e c o r d s . The d a ta  f i l e s  w ere  th e n  s c a le d  as o u t l in e d  in
S e c t io n  ( 6 . 5 . 1 )  and s to re d  on f lo p p y  d is c s .  A t y p ic a l  f r e e  v ib r a t io n
resp o n se  th u s  re c o rd e d  i s  shown i n  F ig u r e  3 8 . A program  was th e n  w r i t t e n  
to  f in d  th e  f i r s t  f i f t y  maxima and m inim a from  th e  d e c a y in g  s in u s o id a l  
resp o n se  c u rv e s . The a b s o lu te  v a lu e s  o f  th e s e  100 peak a m p litu d e s  w hich  
fo rm  th e  e n v e lo p e  o f  th e  d ecay  c u rv e  w ere s to re d  on d is c  to g e th e r  w ith  
t h e i r  t im e s  o f  o c c u rre n c e .
I t  i s  c o n v e n t io n a l to  q u o te  th e  dam ping e f f e c t  in  such a f r e e  
v ib r a t io n  resp o n se  i n  term s  o f  th e  lo g a r ith m ic  d e c re m e n t, £ , o f  th e  
d ecay  c u rv e , as d e f in e d  in  e q u a tio n s  5 .1 a  and 5 .1 b .  H owever, th e  use  
o f  th e s e  fo rm u la e  in v o lv e s  th e  assu m p tio n  t h a t  th e  s t r u c tu r e  in v o lv e d  
i s  v is c o u s ly  damped and th u s  has an e x p o n e n t ia l decay c u r v e . I t  i s  
o b v io u s  th a t  t h i s  assu m p tio n  may n o t a lw ays  be v a l i d  and y e t  in  o rd e r  
to  draw  com parisons w ith  o th e r  work i n  t h i s  f i e l d  i t  i s  u s e fu l to  qu o te  
r e s u l t s  i n  term s o f  lo g a r ith m ic  d e c re m e n t. In  th e  g e n e ra l case  o f  non­
l i n e a r  dam ping th e  lo g a r i th m ic  decrem ent w i l l '  e x h ib i t  an a m p litu d e
1 6 5
dependency. To r e c o n c i le  t h i s  p rob lem  i t  was d ec id e d  t o  f i t  p ie c e w is e  
e x p o n e n t ia l c u rv e s  to  b lo c k s  o f  p o in ts  in  each p lo t  o f  1 0 0  p o in ts  
fo rm in g  th e  d ecay  e n v e lo p e . E x p o n e n tia l c u rve s  o f  th e  form
y = A e " k t  ( 6 .5 a )
w ere f i t t e d  to  a d ja c e n t  b lo c k s  o f  1 1  p o in ts  from  each t e s t  i n  such a
way t h a t  th e  l a s t  p o in t  o f  each b lo c k  form ed th e  f i r s t  p o in t  o f  th e  
subsequent b lo c k .  C o n s e q u e n tly  th e  t o t a l  c u rv e  f i t  to  each decay  
e n v e lo p e  c o n s is te d  o f  te n  a d ja c e n t  p ie c e w is e  e x p o n e n t ia l c u rv e s .
The method o f  le a s t  sq u ares  was used to  f i t  s t r a ig h t  l in e s  to  
th e  fo l lo w in g  l in e a r is e d  form  o f  e q u a tio n  6 .5q ,,
In  y  = -  k t  + I n  A (6 .5 b )
The c h o ic e  o f  t h i s  te c h n iq u e  to  a n a ly s e  th e  decay  c u rv e s  was v e r i f i e d  
by th e  f a c t  t h a t  i n  a l l  80 d ecay  c u rv e s , th e  c o e f f i c i e n t  o f  c o r r e la t io n  
o f  th e  10 l i n e a r  f i t s  was b e t t e r  th a n  0 .9 8 .  S in c e  each c u rv e  f i t  
re p re s e n te d  an e x p o n e n t ia l  r e la t io n s h ip  th e  r e l a t i v e  d e c re a s e s  in  
a m p litu d e  peaks c o n ta in e d  in  each o f  th e  s e t o f  te n  d a ta  b lo c k s  c o u ld  
be c o n s id e re d  c o n s ta n t .  C o n s e q u e n tly  a v a lu e  o f  lo g a r ith m ic  d ecrem en t, 
d e te rm in e d  u s in g  e q u a tio n  5 .1 b ,  was o b ta in e d  and ta k e n  as t h a t  b e in g  
v a l id  f o r  th e  a m p litu d e  o c c u r r in g  a t  th e  s t a r t  o f  each d a ta  b lo c k .
Thus f o r  each t e s t  th e  v a r i a t i o n  o f  lo g a r ith m ic  decrem ent w ith  
a m p litu d e  c o u ld  be d e te rm in e d . S in c e  each mast c o n f ig u r a t io n  was te s te d  
a t  f i v e  d i f f e r e n t  i n i t i a l  d is p la c e m e n ts  th e  r e s u l t s  o f  th e s e  s e ts  o f  
f i v e  t e s t s  c o u ld  be com bined to  form  a p lo t  o f  th e  r e la t io n s h ip  betw een  
th e  lo g a r ith m ic  decrem ent and th e  v ib r a t io n  a m p litu d e  in  th e  ran g e  0  
to  30 mm. In  f a c t ,  th e  v a lu e s  o f  i n i t i a l  d is p la c e m e n t used in  th e  t e s t s  
w ere chosen so as to  a c h ie v e  a c o n t in u i t y  o f  d a ta  p o in ts  in  such p lo t s .  
The p lo t s  so o b ta in e d  f o r  th e  s ix te e n  mast c o n f ig u r a t io n s  te s te d  a re  
shown i n  A ppend ix  A . 5 ( i i ) .  In  e v e ry  case  th e  e x p e r im e n ta l p o in ts
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line fits to the points were computed, again using the method of least
s q u a r e s ,  a n d  t h e  l i n e s  t h u s  o b t a i n e d  a r e  s h o w n  o n  t h e  p l o t s .  W i t h  t h e
e x c e p t i o n  o f  t h e  c a s e  o f  t h e  t h r e e  b o l t  c o n f i g u r a t i o n  a t  5 0 0  N  b o l t
t e n s i o n  ( t e s t  V 0 2 ) ,  t h e  l i n e a r  c u r v e  f i t s  g a v e  c o r r e l a t i o n  c o e f f i c i e n t s
o f  b e t t e r  t h a n  0 . 9 6 .  T h e  s c a t t e r  e x h i b i t e d  i n  t h e  l o w  a m p l i t u d e  r e g i o n
o f  t e s t  V 0 2  r e s u l t s  f r o m  e x c e s s i v e  r e l a x a t i o n  o f  t h e  a l r e a d y  l o w  b o l t
t e n s i o n s .  T h i s  p r o d u c e d  ' r a t t l i n g '  a t  t h e  f l a n g e  i n t e r f a c e  w h i c h
m o d u l a t e d  a n d  d i s t o r t e d  t h e  d e c a y  c u r v e .  T h i s  i s  n o t  c o n s i d e r e d  t o  b e
-2
o f  s i g n i f i c a n c e  s i n c e  t h e  i n t e r f a c e  p r e s s u r e  o f  0 . 4  N  m m  i s  w e l l  b e l o w
t h a t  w h i c h  w o u l d  b e  r e c o m m e n d e d  f o r  p r a c t i c a l  u s e  ( t y p i c a l l y  
-2
8 - 1 2  N  m m  ) .  I t  s h o u l d  b e  n o t e d  t h a t  t h e  t e s t  u s i n g  t h e  d o u b l e
m o u n t i n g  c o n f i g u r a t i o n  ( t e s t  V 1 6 )  a p p e a r s  t o  p r o d u c e  a  l o g a r i t h m i c
d e c r e m e n t  w h i c h  i s  a l m o s t  c o n s t a n t  o v e r  t h e  r a n g e  o f  a m p l i t u d e s  f r o m
5  t o  3 0  m m .  T h i s  i n f e r s  t h a t  t h e  d a m p i n g  e f f e c t  i n t r o d u c e d  b y  t h e
b e a r i n g s  h a s  a  d o m i n a n t  e f f e c t  a t  l o w  a m p l i t u d e s ,  b e c o m i n g  l e s s
s i g n i f i c a n t  a s  t h e  a m p l i t u d e  i n c r e a s e s  ( c . f .  t e s t  V 0 1 ) .  T h i s  i s  b e c a u s e
a t  l o w  a m p l i t u d e s  t h e  e f f e c t s  o f  s t i c k i n g  f r i c t i o n  ( ' s t i c t i o n ' )  i n  t h e
b e a r i n g s  b e c o m e  s i g n i f i c a n t  i n  c o m p a r i s o n  w i t h  t h e  l a r g e r  v i b r a t i o n
a m p l i t u d e s  w h e r e  t h e  r e l a t i v e l y  l o w  c o e f f i c i e n t  o f  r o l l i n g  f r i c t i o n  i n
t h e  b e a r i n g s  i s  d o m i n a n t .
T h e  r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  i n t o  t h e  l o g a r i t h m i c  d e c r e m e n t
i n  f r e e  v i b r a t i o n  d e c a y  a r e  s u m m a r i s e d  i n  F i g u r e  3 9 .  T h i s  g r a p h  s h o w s
t h e  v a r i a t i o n  o f  t h e  n o r m a l i s e d  l o g a r i t h m i c  d e c r e m e n t  w i t h  b o l t  t e n s i o n
f o r  t h e  3 -  a n d  6 - b o l t  c o n f i g u r a t i o n s .  T h e  l o g a r i t h m i c  d e c r e m e n t  i n  t h i s
p l o t  i s  n o r m a l i s e d  b y  d i v i d i n g  i t  b y  t h e  i n i t i a l  v i b r a t i o n  a m p l i t u d e .
T h e s e  n o r m a l i s e d  v a l u e s  a r e  i n  f a c t  s i m p l y  o b t a i n e d  f r o m  t h e  s l o p e s  o f
the linear curve fits in plots V01 to V16. This procedure allows the
r e s u l t s  o f  a l l  o f  t h e  t e s t s  t o  b e  c o n d e n s e d  i n t o  j u s t  t w o  c u r v e s .  A t
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appeared to form a linear relationship. Consequently the best straight
interface pressures beyond about 5 N mm it can be seen that the
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~  v a l u e s  b e c o m e  a s y m p t o t i c  t o  t h e  c o n s t a n t  d e c r e m e n t  o f  t h e  ' s o l i d *  
f l a n g e .
T h e  c h a n g e  i n  e f f e c t i v e  s t i f f n e s s  o f  t h e  m a s t  c o n f i g u r a t i o n
c a u s e d  b y  t h e  i n t r o d u c t i o n  o f  t h e  f l a n g e d  j o i n t  a n d  i t s  c o n s e q u e n t
d e p e n d e n c y  u p o n  t h e  i n t e r f a c e  p r e s s u r e  h a s  b e e n  d e t e c t e d  i n  t h e  s t a t i c
h y s t e r e s i s  t e s t s .  I n  t h e  c a s e  o f  t h e  f r e e  v i b r a t i o n  r e s p o n s e  t h i s
w o u l d  b e  e x p e c t e d  t o  m a n i f e s t  i t s e l f  a s  a  c h a n g e  i n  t h e  f u n d a m e n t a l
v i b r a t i o n  f r e q u e n c y  o f  t h e  m a s t .  F o r  e a c h  t e s t  t h e  f r e q u e n c y  o f
v i b r a t i o n  w a s  d e t e r m i n e d  b y  m e a s u r i n g  f r o m  t h e  r e c o r d  t h e  t i m e  t a k e n
f o r  t h e  f i r s t  f i f t y  c y c l e s  o f  t h e  r e s p o n s e  a n d  t h e n  s i m p l y  t a k i n g  t h e
r e c i p r o c a l  o f  o n e  f i f t i e t h  o f  t h i s  p e r i o d .  T h e  v a l u e s  t h u s  o b t a i n e d
w e r e  t h e n  a v e r a g e d  f o r  e a c h  s e t  o f  f i v e  i n i t i a l  d i s p l a c e m e n t s  t o  y i e l d
a  s i n g l e  v a l u e  o f  f u n d a m e n t a l  f r e q u e n c y  f o r  e a c h  o f  t h e  s i x t e e n
c o n f i g u r a t i o n s  t e s t e d .  T h e  r e s u l t s  f r o m  t h i s  p r o c e d u r e  a r e  i l l u s t r a t e d
b y  t h e  g r a p h s  i n  F i g u r e  4 0 .  I t  c a n  b e  s e e n  t h a t  f o r  i n t e r f a c e
-2
p r e s s u r e s  i n  e x c e s s  o f  3  N  m m  ,  t h e  f u n d a m e n t a l  f r e q u e n c y  o f  t h e  m a s t s  
i s  n o t  s i g n i f i c a n t l y  a f f e c t e d .
A s  m e n t i o n e d  i n  S e c t i o n  6 . 5 . 2 ,  t h e  c h a n g e s  i n  f l a n g e  b o l t  t e n s i o n  
w e r e  m o n i t o r e d  d u r i n g  f o u r  t y p i c a l  f r e e  v i b r a t i o n  r e s p o n s e s .  T h e  r e s u l t s  
o f  t h e s e  t e s t s  a r e  s h o w n  i n  F i g u r e  4 1 .  I n  t h e  c a s e s  o f  t h e  3 -  a n d  6 -  
b o l t  c o n f i g u r a t i o n s  a t  1  k N  t e n s i o n ,  s i g n i f i c a n t  v a r i a t i o n s  i n  b o l t  
t e n s i o n  a r e  f o u n d  d u r i n g  e a c h  c y c l e .  I n  f a c t ,  i n  t h e  ' w o r s t '  c a s e  o f  
b o l t  A  i n  t h e  3 - b o l t  c o n f i g u r a t i o n  t h e  b o l t  t e n s i o n  r e a c h e s  4 3 0 %  o f  i t s  
n o m i n a l  v a l u e .  H o w e v e r ,  d u e  t o  t h e  r e l a t i v e l y  l o w  i n i t i a l  b o l t  t e n s i o n  
i n  t h i s  c a s e ,  t h e  f o u r - f o l d  i n c r e a s e  i n  t e n s i o n  i s  e q u i v a l e n t  t o  o n l y  
2 0 %  o f  t h e  y i e l d  l o a d  f o r  t h e  b o l t .  A g a i n ,  a t  b o l t  t e n s i o n s  o f  1  k N ,  
t h e  m a x i m u m  i n c r e a s e  i n  t e n s i o n  f o r  t h e  3 - b o l t  c o n f i g u r a t i o n  i s  
a p p r o x i m a t e l y  d o u b l e  t h a t  f o r  t h e  6 - b o l t  c o n f i g u r a t i o n .  H o w e v e r ,  t h e  
d e c r e a s e  i n  t e n s i o n  a s  t h a t  p a r t  o f  t h e  f l a n g e  i s  o n  t h e  c o m p r e s s i v e
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s i d e  o f  t h e  m a s t  i s  o f  t h e  s a m e  o r d e r  f o r  b o t h  c o n f i g u r a t i o n s .  T h e  
t e n s i o n  v a r i a t i o n s  r e c o r d e d  f o r  t h e  t w o  c a s e s  o f  1 5  k N  b o l t  t e n s i o n  a r e  
c o n s i d e r e d  t o  b e  n e g l i g i b l y  s m a l l  f o r  p r a c t i c a l  p u r p o s e s  s i n c e  t h e  
i n c r e a s e s  i n  t e n s i o n  w h i c h  a r e  l e s s  t h a n  2 %  d o  n o t  b r i n g  t h e  b o l t  c l o s e  
t o  i t s  y i e l d  l o a d .
S t r a i n  g a u g e  i n s t a l l a t i o n s  h a d  b e e n  m a d e  o n  t h e  f l a n g e d  m o d e l  
i n  c l o s e  p r o x i m i t y  t o  t h e  f l a n g e .  T h e s e  i n s t a l l a t i o n s  w e r e  o n  a  d a t u m  
2 0  m m  f r o m  e a c h  o u t w a r d  f l a n g e  f a c e  a n d  w e r e  w i r e d  a n d  p o s i t i o n e d  f o r  
b e n d i n g  m o m e n t  s e n s i t i v i t y .  T h e  r e a s o n  f o r  m a k i n g  t h e s e  i n s t a l l a t i o n s  
w a s  t h a t  i t  w a s  t h o u g h t  t h a t  a  c o m p a r i s o n  o f  t h e  m o m e n t s  o n  e a c h  s i d e  
o f  t h e  f l a n g e  d u r i n g  d y n a m i c  t e s t i n g  m i g h t  s h o w  s o m e  p h e n o m e n a  d u e  t o  
t h e  l o c a l  e n e r g y  d i s s i p a t i o n  i n  t h e  f l a n g e .  S u c h  a  p h e n o m e n o n  w a s  
e x p e c t e d  t o  m a n i f e s t  i t s e l f  a s  a  s h i f t  i n  p h a s e  b e t w e e n  t h e  o u t p u t s  o f  
t h e  t w o  g a u g e  i n s t a l l a t i o n s .  H o w e v e r ,  c a r e f u l  s c r u t i n y  o f  r e c o r d s  
o b t a i n e d  f r o m  s e v e r a l  t e s t s  e x h i b i t e d  n o  d i s c e r n i b l e  p h a s e  s h i f t  a c r o s s  
t h e  f l a n g e .  S i n c e  t h e  a t t a i n a b l e  r e s o l u t i o n  o f  t h e  r e c o r d s  i n  t e r m s  o f  
p h a s e  a n g l e  w a s  l e s s  t h a n  0 . 1 °  i t  i s  p r o b a b l e  t h a t  n o  s u c h  p h a s e  s h i f t  
o c c u r s .
W h i l s t  a s  p r e v i o u s l y  e m p h a s i s e d ,  a  d e t a i l e d  c o m p a r i s o n  o f  r e s u l t s
f r o m  d i f f e r e n t  i n v e s t i g a t o r s  i n  t h i s  f i e l d  i s  g e n e r a l l y  p o s s i b l e ,  i t  i s
( 1 7 3 )
i n t e r e s t i n g  t o  c o n s i d e r  t h e  w o r k  o f  Y o s h i m u r a  .  T h a t  s t u d y  i n v o l v e d
a  s q u a r e  f l a n g e d  j o i n t  w i t h  s i x  b o l t s  i n  t h e  m i d d l e  o f  a  f r e e - f r e e  b e a m
subjected to steady-state sinusoidal excitation. Yoshimura's graphical
p r e s e n t a t i o n  o f  ' e q u i v a l e n t '  s t i f f n e s s  a n d  d a m p i n g  c o e f f i c i e n t  a s
f u n c t i o n s  o f  c l a m p i n g  f o r c e  c a n  b e  c o m p a r e d  q u a l i t a t i v e l y  w i t h  t h e
r e s u l t s  o b t a i n e d  f r o m  t h e s e  t e s t s .  F i g u r e  4 0  s h o w s  t h a t  t h e  e f f e c t i v e
s t i f f n e s s  o f  t h e  ' m a s t '  b e g i n s  t o  d e c r e a s e  s i g n i f i c a n t l y  f o r  m e a n
-2
i n t e r f a c e  p r e s s u r e s  b e l o w  3  N  m m  ,  a n d  t h i s  i s  f o u n d  a t  a  r o u g h l y  
e q u i v a l e n t  c l a m p i n g  f o r c e  i n  Y o s h i m u r a ' s  g r a p h s .  H o w e v e r ,  t h e  r a t e  o f  
d e c r e a s e  i n  s t i f f n e s s  f o r  t h e  c o n f i g u r a t i o n  u s e d  i n  t h e s e  t e s t s  i s  m u c h
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Y o s h i m u r a .  T h e  f a c t o r e d  l o g a r i t h m i c  d e c r e m e n t  v a r i a t i o n  w i t h  i n t e r f a c e
p r e s s u r e  ( F i g u r e  3 9 )  c a n  b e  c o m p a r e d  w i t h  Y o s h i m u r a f s  r e s u l t s  f o r  t h e
d e p e n d e n c y  o f  t h e  d a m p i n g  c o e f f i c i e n t  u p o n  c l a m p i n g  f o r c e .  I t  i s
_2
n o t a b l e  t h a t  f o r  p r e s s u r e s  i n  e x c e s s  o f  1 . 3  N  m m  ,  Y o s h i m u r a  o b t a i n s
a  c o n s t a n t  d a m p i n g  v a l u e  w h e r e a s  t h e  g r a p h  i n  F i g u r e  3 9  s h o w s  a n
a s y m p t o t i c  t r e n d  t o w a r d s  t h e  d a m p i n g  f o u n d  i n  t h e  s o l i d  e q u i v a l e n t  m o d e l .
U n f o r t u n a t e l y  Y o s h i m u r a  d i d  n o t  e m p l o y  s u c h  a  ' s o l i d  e q u i v a l e n t '  b e a m
a n d  i t  i s  n o t  c l e a r  w h e t h e r  t h e  c o n s t a n t  l e v e l  a c h i e v e d  w o u l d  b e
c o m p a r a b l e  t o  t h a t  f o r  s u c h  a  c a s e .  T h e  r a t e s  o f  i n c r e a s e  i n  d a m p i n g
a t  l o w  i n t e r f a c e  p r e s s u r e s  d o ,  h o w e v e r ,  h a v e  g o o d  a g r e e m e n t .  F u r t h e r
c o n s i d e r a t i o n  o f  t h e  c o r r e l a t i o n  b e t w e e n  t h e  r e s u l t s  i s  u n p r o f i t a b l e ,
d u e  t o  t h e  p h y s i c a l  d i f f e r e n c e s  b e t w e e n  t h e  t e s t  c o n f i g u r a t i o n s  u s e d
f o r  t h i s  w o r k  a n d  t h o s e  u s e d  b y  Y o s h i m u r a .  N o n e t h e l e s s ,  i t  i s  a p p a r e n t
t h a t  f l a n g e d  j o i n t s  o f  t h i s  t y p e  d o  e x h i b i t  a  w e l l - d e f i n e d  ' c u t - o f f
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v a l u e  o f  i n t e r f a c e  p r e s s u r e  ( i n  t h i s  c a s e  a b o u t  5  N  m m  ) ,  b e l o w  w h i c h  
t h e r e  i s  a  m a r k e d  d e c r e a s e  i n  s t i f f n e s s  a n d  a  s i g n i f i c a n t  r i s e  i n  
l o g a r i t h m i c  d e c r e m e n t .  T h e  s t r u c t u r a l  f r e q u e n c y  a n d  d a m p i n g  f o r  c a s e s  
w h e r e  s u c h  j o i n t s  a r e  c l a m p e d  a b o v e  t h i s  c u t - o f f  v a l u e  m a y  b e  c o n s i d e r e d  
t o  b e  c o n s t a n t  f o r  m o s t  p r a c t i c a l  p u r p o s e s .
higher than that for the substantially thicker flange used by
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7 . 1  - - Reoui - rements and S e l e c t i o n  o f  a S u i t a b l e  T es t  Rig
A t e s t  r i g  was r e q u i r e d  which wou l d  i m p a r t  q u a n t i f i a b l e  
and r e p e a t a b l e  b r o a d - b a n d  t r a n s i e n t  m o t i o n  t o  t h e  base o f  
s t r u c t u r a l  m o d e l s ,  t h u s  i n d u c i n g  h i g h e r - m o d e  r e s po ns e s  as 
f o u n d  f o r  r e a l  masts  o r  t o w e r s  u nd er  t h e  a c t i o n  o f  i m p u l s i v e  
l o a d s .  The t r a n s i e n t  r e s p o n s e  d a t a  a c q u i r e d  f r om t h e  
i n s t r u m e n t e d  models  was t o  be used to  e v a l u a t e  t h e  ' a c c u r a c y 1 
o f  c o r r e s p o n d i n g  s i m u l a t i o n s  u s i n g  t h e  n u m e r i c a l  a n a l y s i s .  
F o l l o w i n g  t h e  r e a s o n i n g  o f  S e c t i o n  3 . 3 ,  t h e  r i g  was t o  i n d u c e  
s u b s t a n t i a l l y  p l a n a r  f l e x u r e  i n  t h e  models  by p r o d u c i n g  
e x c i t a t i o n  i n  o n l y  one t r a n s v e r s e  d i r e c t i o n .  T h i s  
s i m p l i f i c a t i o n  a l l o w e d  a s i g n i f i c a n t  r e d u c t i o n  i n  t h e  t r a n s d u c e r  
and r e c o r d i n g  equ i pme nt  r e q u i r e m e n t s  f o r  t h e  t e s t s .  The 
' m a s t '  models  ( f l a n g e d  and c o n t i n u o u s )  o f  t h e  e a r l i e r  s t a t i c  
h y s t e r e s i s  and f r e e  v i b r a t i o n  t e s t s  were t o  be accommodated by 
t h e  t e s t  r i g ,  t h u s  g i v i n g  c o n t i n u i t y  t o  t h e  e x p e r i m e n t s  and 
a l l o w i n g  t h e  p r e v i o u s l y  d e r i v e d  damping d a t a  t o  be u t i l i s e d  
i n  t h e  n u m e r i c a l  s i m u l a t i o n  o f  t h e  t r a n s i e n t  r e s p o n s e s .
A d e f i n i n g  c h a r a c t e r i s t i c  o f  i m p u l s i v e  l o a d i n g  r i g s  i s  t h e  
peak g r o s s  a c c e l e r a t i o n  t h a t  can be i m p a r t e d  t o  t h e  t e s t
-2m o d e l s .  The r an ge  s e l e c t e d  by t h e  a u t h o r  was f rom 10 ms t o
2500 ms"* ( i . e .  1 g t o  50 g) , and t h e  t e s t  r i g  was t o  p ro du c e  
a v a r i e t y  o f  i m p u l s e s  w i t h  e f f e c t i v e  e x c i t a t i o n  peaks o f  t h i s  
o r d e r .  I t  had been n o t e d  t h a t  some w o r k e r s  i n  t h i s  f i e l d ,  
u s i n g  ' s h o c k  m a c h i n e s '  o f  t h e  h a m m e r - a n v i l  t y p e  16 j )^
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r e f e r  t o  peak d e c e l e r a t i o n s  o f  t ho usands  o f  ' g f . T h i s  i s  
somewhat m i s l e a d i n g ,  s i n c e  such g - l e v e l s  a re  l o c a l  h i g h  
f r e q u e n c y ,  l ow e ner gy  phenomena r a t h e r  t han  h i g h  energy  
g r o s s  e f f e c t i v e  d e c e l e r a t i o n s .  The range  chosen was 
s u f f i c i e n t  t o  s t i m u l a t e  t h e  h i g h e r  v i b r a t i o n a l  modes o f  t he  
1*5 m e t r e  h i g h  m o d e l s ,  w i t h o u t  i m p o s i n g  e x c e s s i v e l y  h i g h  
i n e r t i a l  f o r c e s  upon t h e  t e s t  r i g  o r  t h e  models  t h e m s e l v e s .
The p r i n c i p l e  o f  c o n v e r t i n g  t h e  p o t e n t i a l  energy 
o f  a b l o c k  i n t o  k i n e t i c  e ner gy  which  i s  t hen  d i s s i p a t e d  by 
an i m p a c t ,  f o r ms  t h e  b a s i s  f o r  t h e  m a j o r i t y  o f  d e s i g n s  o f  
i m p u l s i v e  t e s t  r i g s  ancj t h i s  t e c h n i q u e  was s e l e c t e d
by t h e  a u t h o r  f o r  i t s  s i m p l i c i t y  and p roven  s u i t a b i l i t y .
In t h e  mach ines  s u r v e y e d  i n  S e c t i o n  6 , 2 . 1 ,  a mass i ve  
pendulum o r  hammer i s  swung a g a i n s t  e i t h e r  a F l e x i b l y  mounted 
a n v i l  o r  a se co nd a ry  suspended pendu l um.  Such*-ar rangements  
a l l o w  c o n t r o l  o v e r  t h e  i m p a c t  v e l o c i t y  by s i m p l y  v a r y i n g  t he  
h e i g h t  f rom wh i ch  t h e  hammer /pendulum i s  swung.  However ,  i n  
most  shock mach ines  t h e r e  i s  no c o n v e n i e n t  way o f  c o n t r o l l i n g  
t h e  d u r a t i o n ,  and hence t h e  f r e q u e n c y  c o n t e n t ,  o f  t h e  i m p ac t
/ i t tj 1 7 Q )
p u l s e .  Some i n v e s t i g a t o r s  * '  have i n t e r p o s e d  v a r i o u s
s o f t  media between t h e  c o n t a c t i n g  f a c e s  o f  t h e  i m p a c t i n g  
b l o c k s  as a method o f  a l t e r i n g  t h e  i m p u l s e  c h a r a c t e r i s t i c s .  
T h i s  i s  i n c o n v e n i e n t  and does n o t  appear  t o  y i e l d  c o n s i s t e n t  
r e s u l t s .  f o r  t h i s  reason  t h e  a u t h o r  chose t o  d e s i g n  a r i g  
i n  wh i ch  a pendulum b l o c k  c a r r y i n g  t h e  t e s t  model  was swung 
a g a i n s t  a b u f f e r  sys tem w i t h  a d j u s t a b l e  damping and s t i f f n e s s .  
Such a system a l l o w s  a wide  v a r i e t y  o f  i m p u l s i v e  l o a d i n g  
h i s t o r i e s  t o  be s i m u l a t e d  by a d j u s t i n g  b o t h  t h e  r e l e a s e  
h e i g h t  o f  t h e  pendulum b l o c k  and t he  energy  a b s o r p t i o n  
c a p a c i t y  o f  t h e  b u f f e r  s y s t e m .
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A p e n d u l u m 1 b l o c k  w i t h  a r e l a t i v e l y  h i g h  mass and a 
ge ome t r y  wh i ch  wou ld  y i e l d  a h i g h  r o t a t i o n a l  moment o f  i n e r t i a  
i n  t h e  p l a n e  o f  e x c i t a t i o n  was chosen so as t o  fo rm a s t a b l e  
' b a s e 1 f o r  t h e  models# A f ramewor k  was d e s i g n e d  t o  suspend 
t h e  b l o c k ,  and due t o  i t s  s i z e ,  b o l t e d  j o i n t s  r a t h e r  than 
wel ded  f a b r i c a t i o n  was u s e d ,  so t h a t  i t  c o u l d  be b ro k en  down 
i n t o  p o r t a b l e  s e c t i o n s .  Cos t  was t o  be m i n i m i s e d ,  and 
s t r u c t u r a l  m a t e r i a l  f rom r e d u n d a n t  e x p e r i m e n t a l  a p p a r a t u s  
was u t i l i s e d  w h e r e v e r  t h i s  d i d  n o t  compromise t h e  e s s e n t i a l  
f e a t u r e s  o f  t h e  d e s i g n .  A l s o ,  i n  t h e  i n t e r e s t s  o f  speed o f  
m a n u f a c t u r e ,  a common fo r m o f  f r amework  c o n n e c t i o n  was used 
whenever  p o s s i b l e .  By h a v i n g  a f o u r  p o i n t ,  p i n - j o i n t e d  
s u s p e n s i o n ,  t h e  b l o c k  c o u l d  r ema i n  i n  t h e  same o r i e n t a t i o n  
w h i l s t  s w i n g i n g ,  t h u s  p r o v i d i n g  a p l a n a r  t r a n s l a t i o n a l  
m o t i o n  w i t h  no r o t a t i o n .  The f ramework  i n c l u d e d  a means o f  
d r a w i n g  back and l a t c h i n g  t h e  b l o c k  i n  a r ange  o f  e l e v a t e d  
p o s i t i o n s ,  and a r e l i a b l e  and s a f e  method o f  r e l e a s e  was 
i n c o r p o r a t e d ,  w i t h  a means o f  t r i g g e r i n g  t h e  d a t a  a c q u i s i t i o n  
s y s t e m .  The e ner gy  a b s o r b i n g  b u f f e r  and i t s  a s s o c i a t e d  
s t r u c t u r a l  members f o r med an i n t e g r a l  p a r t  o f  t h e  f ra m e w o r k .
An i m p o r t a n t  a s p e c t  o f  t h e  t e s t  r i g  was t h a t  o f  s a f e t y .
S t r e s s  c a l c u l a t i o n s  were c o n d u c t e d  f o r  a l l  h i g h l y  l o a d e d  
components  and p r e c a u t i o n s  were t ak e n  t o  p r e v e n t  t h e  
p o s s i b i l i t y  o f  i n j u r y  r e s u l t i n g  f rom t h e  r a p i d  movement and 
i m p a c t  o f  t h e  h e a v y ,  exposed pendulum b l o c k .  Ap pen d i x  A . 7 
d e s c r i b e s  t h e  d e s i g n  and c o n s t r u c t i o n  o f  t h e  r i g ,  and t h e  
p h o t o g r a p h s  i n  P l a t e s  1 t o  7 show t h e  s a l i e n t  f e a t u r e s  o f  
t h e  c o m p l e t e  t e s t  f a c i l i t y .
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7 . 2  I r a a s d u c g r ,.a„  J .p . s . t r .u n ig n ..ta t i p n . ,q n d  5 i,^ n .a U P £ a c . a a . a ; i n .g
There  a r e  two s e p a r a t e  r e q u i r e m e n t s  i n  i n s t r u m e n t i n g  
t h e  t e s t  r i g ,  namely  t h e  d e f i n i t i o n  o f  t h e  base e x c i t a t i o n ,  
and t h e  assessment  o f  t h e  r e s u l t i n g  r e s p on s e  o f  t h e  t e s t  
s t r u c t u r e .  I t  i s  i m p o r t a n t  t h a t  t h e  m o t i o n  o f  t h e  pendulum 
b l o c k  i s  a c c u r a t e l y  r e c o r d e d  so t h a t  i t  may be used as a 
f o r c i n g  f u n c t i o n  i n  t h e  n u m e r i c a l  a n a l y s i s ,  as w e l l  as b e i n g  
amenable t o  a s p e c t r a l  a n a l y s i s  o f  i t s  energy  c o n t e n t .  The 
d i s p l a c e m e n t  and a c c e l e r a t i o n  o f  t h e  b l o c k  a r e  t h e  most  
e a s i l y  measured q u a n t i t i e s  wh i ch  d e f i n e  i t s  m o t i o n .
7 . 2 . 1  A c c e l e r o m e t e r s  and D i g i t a l  F i l t e r i n g
As d i s c u s s e d  i n  Ap pe nd i x  A . 7 ,  a s m a l l  cube mounted 
n e a r  t o  t h e  u p p e r  s u p p o r t  p o i n t  o f  t h e  t e s t  models  a l l o w s  
a c c e l e r o m e t e r s  t o  be mounted i n  m u t u a l l y  p e r p e n d i c u l a r  a xe s ,  
t h u s  d e t e c t i n g  t h e  t h r e e  i n d e p e n d e n t  components  o f  t h e  b l o c k ' s  
m o t i o n .  An a c c e l e r o m e t e r  mounted on t h e  cube w i t h  i t s  
s e n s i t i v e  a x i s  i n  t h e  p l a n e  o f  swing o f  t h e  b l o c k  ( P l a t e  6a) 
d e t e c t s  t he  peak d e c e l e r a t i o n s  e x p e r i e n c e d  upon i m p a c t  w i t h  
t h e  b u f f e r s ,  as w e l l  as p r o v i d i n g  a base e x c i t a t i o n  h i s t o r y  
i n  t e r m s  o f  a c c e l e r a t i o n .
U n f o r t u n a t e l y ,  when a c c e l e r o m e t e r s  a r e  used to  
r e c o r d  ' s h o c k '  d e c e l e r a t i o n s  c o n t a i n i n g  s i g n i f i c a n t  h i g h  
f r e q u e n c y  e n e r g y ,  t h e i r  r e s o n a n t  f r e q u e n c i e s  t e n d  t o  become 
e x c i t e d  and t h e  r e s u l t a n t  a c c e l e r a t i o n  o u t p u t s  become d i s t o r t e d .  
T h i s  can r e s u l t  i n  an o v e r e s t i m a t e  o f  peak a c c e l e r a t i o n s ,  and 
a ' swampi ng*  o f  t h e  t r u e  a c c e l e r a t i o n  w av ef or m.  S i nc e  t h e  
r e s o n a n t  f r e q u e n c i e s  o f  t h e  a c c e l e r o m e t e r s  a r e  s i g n i f i c a n t l y  
h i g h e r  than any o f  t h e  f r e q u e n c i e s  c o n t a i n e d  i n  e i t h e r  t h e  
e x c i t a t i o n  p u l s e  o r  t h e  s t r u c t u r a l  r e s p o n s e ,  l ow pass 
f i l t e r i n g  can be used t o  a t t e n u a t e  b o t h  t h e  r e s ona nc e  and
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unwanted ' r i n g i n g 1 o f  t h e  f ra me wo rk  and h i g h  f r e q u e n c y  
e l e c t r i c a l  n o i s e .  The use o f  e l e c t r o n i c  a n a l o g u e  f i l t e r s  
t o  f u l f i l  t h i s  f u n c t i o n  i s  n o t  w i t h o u t  p r o b l e m s  i n  t h i s  t y p e  
o f  t r a n s i e n t  a p p l i c a t i o n  where t h e  f r e q u e n c i e s  t o  be f i l t e r e d  
c a n - c o n t a i n  a c o n s i d e r a b l e  amount  o f  e n e r g y .  An a n a l o g ue  
f i l t e r  w i t h  good r o l l - o f f  and h i g h  s t o p  band a t t e n u a t i o n  i s  
' an e x p e n s i v e  i t e m  and w i l l  s t i l l  p r odu ce  s i g n i f i c a n t  
d i s t o r t i o n s  i n  t h e  f i l t e r e d  r e s p on s e  due t o  i t s  i n h e r e n t  
n o n l i n e a r  phase c h a r a c t e r i s t i c s .  To overcome t h i s  d i f f i c u l t y  
and i n  o r d e r  t o  e x p l o i t  t h e  power o f  t h e  t r a n s i e n t  r e c o r d e r  
and l o w - l e v e l  c omp ut e r  used i n  t h i s  work as much as p o s s i b l e ,  
t h e  a u t h o r  has a da p t ed  d i g i t a l  f i l t e r i n g  t e c h n i q u e s ,  as 
d e v e l o p e d  f o r  s i g n a l  p r o c e s s i n g  a p p l i c a t i o n s ,  t o  p o s t - p r o c e s s  
t h e  a c c e l e r a t i o n  h i s t o r i e s .  The e f f e c t i v e n e s s  o f  d i g i t a l  
f i l t e r i n g  i s  w e l l  i l l u s t r a t e d  i n  F i g u r e  43 i n  which i t  can 
be seen t h a t  t h e r e  i s  no d i s c e r n i b l e  phase s h i f t  i n  t h e  
f i l t e r e d  t r a c e .  T h i s  was v e r i f i e d  by s u b t r a c t i o n  o f  t h e  
f i l t e r e d  s i g n a l  f r om t h e  o r i g i n a l  a c c e l e r a t i o n  t r a c e ,  which 
i n d e e d  r e s u l t e d  i n  a n a r r o u - b a n d  s i g n a l  a t  a p p r o x i m a t e l y  t h e  
r e s o n a n t  f r e q u e n c y  o f  t h e  a c c e l e r o m e t e r  i n  q u e s t i o n .  I t  i s  
a l s o  n o t a b l e  i n  t h i s  example  t h a t  t h e  t r u e  peak a c c e l e r a t i o n  
i s  some 78% l e s s  t h a n  t h a t  e x h i b i t e d  by t h e  ’ r a w 1 s i g n a l .
The d e t a i l s  o f  t h e  d i g i t a l  f i l t r a t i o n  t e c h n i q u e s  used i n  t h i s  
work a re  g i v e n  i n  Ap p en d ix  A . 8 .
7 . 2 . 2  C ap t u r e  o f  t h e  E f f e c t i v e  Base D i s p l a c e m e n t  F u n c t i o n  
In d e f i n i n g  t h e  p e r f o r m a n c e  o f  t h e  r i g  i t  was 
i m p o r t a n t  t o  o b t a i n  a c c u r a t e  r e c o r d s  o f  t h e  b l o c k ' s  m o t i o n  
upon i m p a c t  w i t h  t h e  b u f f e r s .  However ,  t h e  p r o c e s s  o f  
d i g i t a l l y  f i l t e r i n g  t h e  a c c e l e r a t i o n  t r a c e  f rom t h e  b l o c k  f o r
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e ve r y  model  t e s t  was c o n s i d e r e d  somewhat t i m e  consuming and 
an a l t e r n a t i v e  method o f  o b t a i n i n g  a r e c o r d  o f  t h e  b l o c k  m o t i o n  
was s o u g h t .  A 25 mm t r a v e l  l i n e a r  d i s p l a c e m e n t  p o t e n t i o m e t e r  
was a v a i l a b l e  and t r i a l s  were co nd uc t ed  w i t h  t h i s  t r a n s d u c e r  
mounted on t h e  B u f f e r  Member so t h a t  t h e  b l o c k  wou l d c o n t a c t  
i t s  p l u n g e r  as t h e  b u f f e r s  began t o  o p e r a t e  ( se e  P l a t e  5 b ) .
By using the pre-trigger facility on the recording' system 
and triggering from the displacement transducer itself, 
satisfactory records were obtained of the displacement 
history of the block after its initial -contact with the 
buffers. This type of transducer does not suffer from 
resonance problems in the range of structural frequencies 
encountered, and thus adequate records could be obtained with 
the use of a simple active analogue filter to attenuate 
unwanted electrical noise. Since these records could be 
used directly as forcing functions in the numerical analysis 
without the need for any post-processing, it was decided that 
this type of transducer should be utilised to define the 
b l o c k s  motion for the series of transient model tests which 
were to be conducted. Consequently a 100 mm travel transducer 
with a linearity compatible with the resolution of the 
recording system was obtained, so that the entire permissible 
travel of the buffers and some pre-impact block motion could 
be measured. This potentiometric transducer was fed with a 
constant 10 volt d.c. supply and could thus be connected to 
the recording system via the low pass filter, without the 
need for intermediate amplification.
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7 . 2 . 3  Ias±rumenta. t i .Q.n of. t h e  S t r u c t u r a l  Models
The 30 mm t u b i n g  used as t h e  b a s i c  ' m a s t 1 model  i n  
t h e  p r e l i m i n a r y  e x p e r i m e n t a l  work was t o  be used a g a i n  f o r  
t h e  t r a n s i e n t  t e s t s ,  and c o n s e q u e n t l y  t h e  s t r a i n  gauge 
i n s t a l l a t i o n s  a l r e a d y  made were a v a i l a b l e  t o  g i v e  an o u t p u t  
p r o p o r t i o n a l  t o  t h e  moments a c t i n g  near  t h e  upper  s u p p o r t  
p o i n t .  Each m o d e l ' s  gauge i n s t a l l a t i o n  was e x c i t e d  and 
m o n i t o r e d  by t h e  r e c o r d i n g  system w i t h  t h e  c o n n e c t i o n s  b e i n g  
made t h r o u g h  t h e  j u n c t i o n  box mounted on t h e  b l o c k .  S i nc e  
s t r a i n  gauges do n o t  e x h i b i t  s e l f - r e s o n a n c e ,  i t  was n o t  
n e c e s s a r y  to  d i g i t a l l y  f i l t e r  t h e i r  s i g n a l s .  H ou e ve r ,  t h e  
u pp er  c u t - o f f  f r e q u e n c y  o f  t h e  s t r a i n  gauge a m p l i f i e r  was 
l i m i t e d  so as t o  a t t e n u a t e  any e l e c t r i c a l  n o i s e  and unwanted 
s t r u c t u r a l  ' r i n g i n g '  wh i ch  m i g h t  be f e d  i n t o  t h e  models  due 
t o  l ow  energy  r e so na n ce  o f  t h e  f r a m e w o r k .  F u r t h e r  i n s t r u m e n ­
t a t i o n  o f  t h e  mast  models  was e f f e c t e d  by t h e  use o f  s i n g l e -  
a x i s  a c c e l e r o m e t e r s  mounted a t  a p p r o p r i a t e  p o s i t i o n s  a l o n g  
t h e  t u b e  w i t h  t h e i r  s i g n a l s  a g a i n  b e in g  f e d  t o  t he  r e c o r d i n g  
sys tem v i a  t h e  j u n c t i o n  b ox .  In  t h i s  case a na lo g ue  f i l t r a t i o n  
o f  t h e  a c c e l e r o m e t e r  s i g n a l s  was used by d e f a u l t  a t  t h e  
a m p l i f i c a t i o n  s t a g e  o f  t h e  r e c o r d i n g  s y s t em .  I f  t h e  t r a c e s  
f rom a p a r t i c u l a r  t e s t  appe ar ed  t o  e x h i b i t  any t r a n s d u c e r  
r e s o na n ce  then  a f r e q u e n c y  a n a l y s i s  o f  t h e  waveform was 
c o n d u c t e d  t o  v e r i f y  w h e t h e r  t h i s  was i n de e d  t h e  case .  I f  
t r a n s d u c e r  r e s o n a nc e  was t h u s  shown t o  be p r e s e n t ,  a d d i t i o n a l  
d i g i t a l  f i l t e r i n g  was a p p l i e d  t o  t h e  r e c o r d .  T h i s  was 
g e n e r a l l y  o n l y  n e c e s s a r y  i n  cases  where v e r y  s e v e r e  l o a d i n g  
was i n v o l v e d .
Some t r a n s i e n t  t e s t s  were t o  be c o n d u c t e d  u t i l i s i n g  
t h e  t u b e  i n c o r p o r a t i n g  t h e  f l a n g e d  j o i n t .  The s t r a i n  gauged
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b o l t s  used t o  c o n n e c t  t h e  f l a n g e  had somewhat d e l i c a t e  l e a d - o u t  
w i r e s .  To p r e v e n t  a c c i d e n t a l  damage and t o  f a c i l i t a t e  t h e  
m o n i t o r i n g  o f  t h e  b o l t  t e n s i o n s  a s p e c i a l  c o n n e c t i o n  system 
was u s e d .  A t e r m i n a l  pad wh i ch  a c c e p t e d  t h e  end c o n n e c t o r s  o f  
t h e  s t r a i n  gauged b o l t s  was b o l t e d  on t o  t h e  b l o c k  c l o s e  t o  
t h e  u p pe r  m o u n t i n g  p o i n t ,  t h u s  a l l o w i n g  s e c u r e  l o c a l  
c o n n e c t i o n .  From t h i s  t e r m i n a l  pad a l l  o f  t h e  b o l t  ’ s i g n a l s '  
were f e d  v i a  a m u l t i c o r e  c a b l e  t o  a s i n g l e  m u l t i p l e  s o c k e t  
wh i ch  was s e c u r e d  t o  a c o n v e n i e n t  p o i n t  on t h e  b l o c k .  A 
m a t c h i n g  m u l t i p o l e  p l u g  was c o n n e c t e d  a p p r o p r i a t e l y  t o  a 
S w i t c h  and B a l a n c e / S t r a i n  I n d i c a t o r  c o m b i n a t i o n ,  y i e l d i n g  a 
’ p l u g - i n *  measurement  f a c i l i t y  whereby a l l  o f  t h e  b o l t  
t e n s i o n s  c o u l d  be m o n i t o r e d  i n  s i t u  by s i m p l y  making one 
c o n n e c t i o n  t o  t h e  s t a t i o n a r y  b l o c k .  To f u r t h e r  s i m p l i f y  t h e  
p r o c e d u r e  f o r  t h e s e  measur eme nt s ,  a s p a r e  p a i r  o f  f l a n g e s  
i n c o r p o r a t i n g  a s i n g l e  u n t i g h t e n e d  ’ dummy1 b o l t  was a l s o  
b o l t e d  s e c u r e l y  t o  t h e  b l o c k  and w i r e d  i n t o  t h e  t e r m i n a l  pad.  
T h i s  p r o v i d e d  a per manen t  t e m p e r a t u r e  c o mp e n s a t i o n  and b r i d g e  
c o m p l e t i o n  e l e m e n t  f o r  use w i t h  each o f  t h e  ’ a c t i v e ’ f l a n g e  
b o l t s .  The w i r i n g  a r r a n g e m e n t  can be seen c l e a r l y  i n  P l a t e  6b,  
wh i ch  a l s o  shows t h e  j u n c t i o n  box t o  wh i ch  t h e  a c c e l e r o m e t e r  
and b e n d i n g  moment s t r a i n  gauge t r a n s d u c e r s  were c o n n e c t e d .
7 . 2 . 4  Data A c q u i s i t i o n  Fn u i pmen t
A m o d u l a r  a m p l i f i c a t i o n  and s i g n a l  c o n d i t i o n i n g  
s y s t e m ,  t o g e t h e r  w i t h  a f o u r  c h a n n e l  t r a n s i e n t  r e c o r d e r  
( as  used f o r  t h e  f r e e  v i b r a t i o n  t e s t s ) ,  was employed t o  
a c q u i r e  t h e  s i g n a l s  f r o m  t h e  t e s t  r i g .  The s p e c i f i c a t i o n s  
f o r  t h i s  e q u i p m e n t ,  a l o n g  w i t h  t h o s e  o f  t h e  v a r i o u s  
t r a n s d u c e r s  e mp lo ye d ,  a r e  o u t l i n e d  i n  Ap pe nd i x  A . 3.
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Si nc e  t h e  HP45 d e s k t o p  comput er  was r e q u i r e d  a t  t he  
t e s t  a re a  f o r  t h e  d i g i t a l  f i l t r a t i o n  o f  t h e  a c c e l e r o m e t e r  
s i g n a l s ,  s o f t w a r e  was w r i t t e n  t o  a l l o w  i t  t o  c o n t r o l  t h e  
e n t i r e  r e c o r d i n g  sequence v i a  t h e  t r a n s i e n t  r e c o r d e r  d i g i t a l  
c o n t r o l  l i n e s .  A f u r t h e r  enhancement  was t o  c o n n e c t  t h e  HP45 
t o  t h e  u n i v e r s i t y ' s  c e n t r a l  P r imeNet  c o mp u t i n g  f a c i l i t y  v i a  
a s e r i a l  c o m m u n i c a t i o n s  i n t e r f a c e .  T h i s  l i n e  was used 
o v e r n i g h t  a f t e r  each d a y ' s  t e s t i n g  t o  t r a n s f e r  t he  r e c o r d e d  
t e s t  d a t a  f rom t h e  HP45 ' s  d e d i c a t e d  f l o p p y  d i s c  u n i t  t o  t he  
c e n t r a l  a r c h i v i n g  f a c i l i t y .  T h i s  r educed  t h e  l o c a l  mass 
s t o r a g e  r e q u i r e m e n t  q u i t e  s i g n i f i c a n t l y ,  s i n c e  i t  was n o t  
u n u s u a l  t o  a c c u m u l a t e  s e v e r a l  Megabytes o f  e x p e r i m e n t a l  d a t a  
d u r i n g  one d a y ' s  t e s t i n g .  The b l o c k  d ia g r am o f  F i g u r e  42 
i l l u s t r a t e s  t h e  main components  o f  t he  d a ta  a c q u i s i t i o n  
f a c i l i t y  and P l a t e  7 shows t h e  a p p a r a t u s  i n  s i t u  a t  t h e  
t e s t  a r e a ,
7 . 3  The P e r f o r m a n c e  o f  t h e  T e s t  Rig
B e f o r e  t h e  e x p e r i m e n t a l  r i g  c o u l d  be used f o r  any 
model  t e s t s ,  i t  was i m p o r t a n t  t o  assess  i t s  p e r f o r m a n c e .
T h i s  e n ab l ed  t h e  t h e o r e t i c a l  p e r f o r m a n c e  p r e d i c t i o n s  t o  be 
c h e c k ed ,  t h u s  e n s u r i n g  t h a t  t h e  s a f e t y  f a c t o r s  d e r i v e d  f rom 
t h e  d e s i g n  c a l c u l a t i o n s  a r e  v a l i d .  S i mp l e  N ewton i an  p o i n t - m a s s  
dynamic  l aws  were used f o r  t h e  t h e o r e t i c a l  e s t i m a t i o n  o f  t he  
pendulum b l o c k ' s  b e h a v i o u r ,  and i t  i s  o f  i n t e r e s t  t o  compare 
t h i s  w i t h  t h e  m o t i o n  o b t a i n e d  f rom t h e  t e s t  r i g .  Three 
p a r a m e t e r s  a re  o f  p a r t i c u l a r  i m p o r t a n c e  i n  d e f i n i n g  t h e  
i m p a c t  b e h a v i o u r  o f  t h e  b l o c k ,  namely t h e  i m p a c t  v e l o c i t y ,  
t h e  peak d e c e l e r a t i o n  and t h e  b u f f e r  t r a v e l  ( i . e .  t h e  
s t o p p i n g  d i s t a n c e  f o r  t h e  b l o c k ) .
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An e x p l o r a t o r y  s e t  o f  t e s t s  were c o n d u c t e d  i n  which 
t h e  m o t i o n  o f  t h e  b l o c k  was i n v e s t i g a t e d  f o r  a v a r i e t y  o f  
r e l e a s e  a n g l e s  and b u f f e r  s e t t i n g s .  The m o t i o n  o f  t h e  b l o c k  
as i t  a r r i v e d  a t  t h e  ’ b u f f e r s '  was m o n i t o r e d  and r e c o r d e d  
u s i n g  a l i n e a r  d i s p l a c e m e n t  t r a n s d u c e r  mounted on t he  
f r a m e ’ s c r oss - member  wh i ch  c a r r i e s  t h e  two shock a b s o r b e r s .
The d i s p l a c e m e n t  h i s t o r i e s  r e c o r d e d  i n  t h i s  way c o n t a i n e d  
s e v e r a l  m i l l i m e t r e s  o f  t h e  b l o c k ’ s p r e - i m p a c t  t r a v e l ,  and 
i t  was hoped t h a t  t h e  i m p a c t  v e l o c i t y  c o u l d  be o b t a i n e d  by 
f i n d i n g  t h e  s l o p e  o f  t h e  t r a c e  o v e r  t h e  r e c o r d i n g  i n c r e m e n t s  
i m m e d i a t e l y  p r i o r  t o  t h e  t i m e  o f  i m p a c t .  In  o r d e r  to  a c h i e v e  
t h i s ,  t h e  i m p a c t  p o i n t  must  be a c c u r a t e l y  r e s o l v e d  and l o c a t e d  
a l o n g  t h e  t i m e  a x i s  o f  t h e  r e c o r d s .  To t h i s  end,  a m i c r o s w i t c h  
was c lamped t o  t h e  f ra me wo r k  n e a r  t he  b u f f e r  member and was 
s e t  up so t h a t  i t  was a c t i v a t e d  by t h e  l o w e r  edge o f  t h e  
b l o c k  as i t  j u s t  came i n t o  c o n t a c t  w i t h  t h e  b u f f e r s .  The 
m i c r o s w i t c h  was c o n n e c t e d  t o  a c o n s t a n t  r e f e r e n c e  v o l t a g e  
s u p p l y  and was w i r e d  i n t o  t h e  d i s p l a c e m e n t  t r a n s d u c e r  c i r c u i t  
so t h a t  t h e  p o s t - i m p a c t  t r a n s d u c e r  o u t p u t  was g i v e n  a s m a l l ,  
s t a b l e  d . c .  o f f s e t .  The c o n s e q u e n t  i n s p e c t i o n  o f  t h e s e  
’ c a l i b r a t e d ’ d i s p l a c e m e n t  h i s t o r i e s  a l l o w e d  t h e  i m p a c t  t i m e  
t o  be q u a n t i f i e d ,  whereupon t h e  c o n s t i t u t i v e  memory da ta  
p o i n t s  were a d j u s t e d  t o  remove t h e  o f f s e t  u s i n g  a s i m p l e  
p r o c e s s i n g  p r o g r a m .
I m p l e m e n t a t i o n  o f  t h e  above r e c o r d i n g  p r o c e d u r e  
p r o du c e d  a s e r i e s  o f  t r a c e s  wh i ch  e x h i b i t e d  two a n o m a l i e s .  
F i r s t l y ,  i t  was a p p a r e n t  t h a t  t h e  t r a n s d u c e r  s i g n a l s  
c o n t a i n e d  a c o n s i d e r a b l e  amount  o f  h i g h  f r e q u e n c y  e l e c t r i c a l  
n o i s e .  F r equency  a n a l y s e s  o f  t h e  d i s p l a c e m e n t  h i s t o r i e s
7 * 3 . 1  The B lock  D is p la c e m e n t  M e a s u re m e n tY v s te m
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showed t h i s  n o i s e  t o  be w e l l  s e p a r a t e d  f ro m t h e  l o w - f r e q u e n c y  
s p e c t r a l  components  o f  t h e  b l o c k  d i s p l a c e m e n t  f u n c t i o n .  Hence,  
an a c t i v e ,  o p e r a t i o n a l  a m p l i f i e r - b a s e d  l o w - p a s s  f i l t e r  w i t h  a 
c u t - o f f  f r e q u e n c y  o f  400 Hz and a r o l l - o f f  o f  a p p r o x i m a t e l y  
18 d B / o c t a v e  was d e s i g n e d  and i n c o r p o r a t e d  a t  t h e  f r o n t  end 
o f  t h e  r e c o r d i n g  s y s t e m .  T h i s  s u c c e s s f u l l y  e l i m i n a t e d  t h e  
s i g n a l  d i s t o r t i o n  w i t h o u t  r e c o u r s e  t o  d i g i t a l  f i l t r a t i o n  
t e c h n i q u e s .  The second p r o b l e m  was t h e  p r e s e n c e  o f  a cusped 
d i s c o n t i n u i t y  i n  t h e  d i s p l a c e m e n t  t r a c e s .  T h i s  c u s p i n g  
o c c u r r e d  a t  t h e  i n s t a n t  o f  i n i t i a l  i m p a c t  and was p a r t i c u l a r l y  
n o t i c e a b l e  f o r  t h e  cases o f  r e l a t i v e l y  ' h a r d *  i m p a c t .  The 
consequence o f  t h i s  c u s p i n g  was t h a t  i m p a c t  v e l o c i t i e s  
d e r i v e d  f rom t h e  c u r v e s  were h i g h e r  t h a n  t h o s e  p h y s i c a l l y  
a t t a i n a b l e  by t h e  b l o c k  even f o r  t h e  i d e a l  s i t u a t i o n  o f  
c o n v e r s i o n  f rom p o t e n t i a l  t o  k i n e t i c  energy  w i t h o u t  l o s s e s .  
I n i t i a l l y  i t  was t h o u g h t  t h a t  t h i s  m i g h t  be due t o  b o un c i n g  
o f  t h e  t r a n s d u c e r ' s  p l u n g e r  as i t  r e c e i v e d  i t s  f i r s t  c o n t a c t  
f r om t h e  pendulum b l o c k .  C o n s e q u e n t l y  a s t i f f e r  r e t u r n  
s p r i n g  was f i t t e d  t o  t h e  t r a n s d u c e r ,  b u t  t h i s  had a n e g l i g i b l e  
e f f e c t  upon t h e  phenomenon.  S u b s e q u e n t l y  i t  was r e a l i s e d  
t h a t  t h i s  b e h a v i o u r  m i g h t  be a ' k i c k - b a c k '  e f f e c t  b e i n g  p i c k e d  
up by t h e  t r a n s d u c e r  due t o  f l e x u r e  o f  t h e  c r o s s  member t o  
wh i ch  i t  was a t t a c h e d .  In o r d e r  t o  e l i m i n a t e  such an e f f e c t  
i t  i s  n e c e s s a r y  t o  mount  t h e  t r a n s d u c e r  i n  such a way t h a t  
i t  i s  u n a f f e c t e d  by any v i b r a t i o n  o r  f l e x u r e  o f  t h e  f r a m e w o r k ,  
t h u s  me as ur i ng  t h e  a b s o l u t e  m o t i o n  o f  t h e  b l o c k .  T h i s  was 
a c h i e v e d  by m o u n t i n g  t h e  t r a n s d u c e r  on t o  a heavy wooden 
b l o c k  wh i ch  was p l a c e d  on t h e  c o n c r e t e  f l o o r  be low t h e  B u f f e r  
Member.  Three h a r d  r u b b e r  s u p p o r t  pads were p l a c e d  under  t h e  
wood t o  p r o v i d e  a s t e a d y  s u p p o r t  on t h e  uneven f l o o r  and
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u h i c h  wou ld  p r o v i d e  some degre e  o f  v i b r a t i o n  i s o l a t i o n .  T h i s  
i n d e p e n d e n t  m o u n t i n g  sys tem was a r r a n g e d  so t h a t  t h e  t r a n s d u c e r  
p l u n g e r  t o u c h e d  t h e  i m p a c t  d i s c  m o un t i ng  p l a t e  d u r i n g  i m p a c t  
( s e e  Append i x  A . 7 ) ,  as i n d e e d  i t  had done w i t h  t h e  o r i g i n a l  
m o u n t i n g  c o n f i g u r a t i o n .  Subsequent  p r o v i n g  t e s t s  y i e l d e d  
t r a c e s  u h i c h  e x h i b i t e d  no s i g n  o f  ' c u s p i n g '  a t  t h e  i m p a c t  
p o i n t  and t h e r e f o r e  t h e  i n d e p e n d e n t  t r a n s d u c e r  m o u n t i n g  
c o n f i g u r a t i o n ,  t o g e t h e r  w i t h  t h e  l o w - p a s s  a n a l o g u e  f i l t e r  was 
used f o r  a l l  s u b s e q u e n t  t e s t s .
7.3.2 Impact Velocity of the Pendulum Block
The g eome t r y  o f  t h e  t e s t  f ramework  i s  such t h a t  t h e
O
pendulum b l o c k  i s  a l w a y s  w i t h i n  D*6 o f  i t s  s t a t i c ,  minimum 
en er gy  p o s i t i o n  when i t  h i t s  t h e  shock a b s o r b e r s ,  i r r e s p e c t i v e  
o f  t h e  number o f  i m p a c t  d i s c  s p a c e r s  u s e d .  T h e r e f o r e ,  t h e  
f o l l o w i n g  s i m p l e  t h e o r e t i c a l  r e l a t i o n s h i p  can be assumed,
Vimp = < 2  1 g ( 1  -  Cos 0 ) '  (7.3a)
where 0 i s  t h e  r e l a s e  a n g l e  and 1 i s  t h e  e f f e c t i v e  pendulum
l e n g t h  ( i n  t h i s  case 2 * 0 2  m e t r e s ) .  T h i s  y i e l d s  a t h e o r e t i c a l l y
_  *|
p r e d i c t e d  maximum i m p a c t  v e l o c i t y  o f  2*64 ms f o r  t h e  h i g h e s t  
r e l e a s e  p o s i t i o n  ( L ) ,  I t  i s  i m p o r t a n t  t o  d e t e r m i n e  t h e  
a c t u a l  v a l u e s  o f  i m p a c t  v e l o c i t y  f o r  each r e l e a s e  a n g l e  s i n c e  
t h i s  i s  a p a r a m e t e r  t h a t  i s  needed f o r  t h e  i m p l e m e n t a t i o n  o f  
c o m p a r i t i v e  n u m e r i c a l  a n a l y s e s .  In  o r d e r  t o  o b t a i n  i m p a c t  
v e l o c i t y  da ta  f rom t h e  r i g  f o r  co mp ar i so n  w i t h  t h e  v a l u e s  
g i v e n  by e q u a t i o n  ( 7 . 3 a ) ,  t h e  b l o c k  was r e l e a s e d  t h r e e  t i m e s  
f r om  each o f  t h e  t w e l v e  r e l e a s e  p o s i t i o n s .  A n o m i n a l  ' s o f t 1 
b u f f e r  s e t t i n g  was used and t h e  d i s p l a c e m e n t  h i s t o r y  f o r  each 
o f  t h e  36 t e s t s  was r e c o r d e d .
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f o u n d  by e v a l u a t i n g  t h e  s l o p e  o f  t h e  r e c o r d e d  t r a c e  i n  t he
s a m p l i n g  p e r i o d  i m m e d i a t e l y  p r e c e d i n g  t h e  i m p a c t .  Care must
be t a k e n  i n  d e t e r m i n i n g  t h e  d e r i v a t i v e ,  s i n c e  t h e  r e l a t i v e
c o a r s e n e s s  o f  t h e  q u a n t i z e d  d a t a ' s  a m p l i t u d e  r e s o l u t i o n
r e n d e r s  some c u r v e - f i t t i n g  t e c h n i q u e s  u n s u i t a b l e .  The a u t h o r
f i t t e d  a c u r v e  o v e r  t h e  l a s t  t w e l v e  d a t a  p o i n t s  p r i o r  t o
t h e  i m p a c t  t i m e ,  u s i n g  t h e  smoothed c u b i c  s p l i n e  method
(1 fl 6)d e v e l o p e d  by Re i nsch  • T h i s  t y p e  o f  s p l i n e  i s  a l l o w e d
t o  d e v i a t e  f r om t h e  d a t a  p o i n t s ,  g i v i n g  a s moother  f i r s t
d e r i v a t i v e  t ha n  a s t a n d a r d  s p l i n e  o r  p o l y n o m i a l  c u r v e - f i t
t e c h n i q u e  i n  wh i ch  t h e  c o n s t r u c t e d  f u n c t i o n  i s  c o n s t r a i n e d
( 1 8 7 )t o  pass t h r o u g h  a l l  t h e  d a t a  p o i n t s  . Hav in g  f i t t e d  t h e
s p l i n e ,  t h e  a c t u a l  v a l u e  used f o r  t h e  i m p a c t  v e l o c i t y  i s  t h e  
d e r i v a t i v e  o f  t h e  s p l i n e  f u n c t i o n  e x t r a p o l a t e d  to  t h e  i n s t a n t  
o f  i m p a c t .  In  e v e r y  case t h i s  p r o c e d u r e  y i e l d e d  i m p a c t  
v e l o c i t i e s  wh ich  were somewhat l o w e r  than  t h o s e  p r e d i c t e d  
t h e o r e t i c a l l y *  T h i s  d i s c r e p a n c y ,  which i n  t h e  w o r s t  case was 
8% o f  t h e  measured i m p a c t  v e l o c i t y ,  was t o  be e x p e c t e d  due to 
energy  l o s s e s  i n h e r e n t  i n  t h e  r e a l  t e s t  r i g  and i n a c c u r a c i e s  
i n  t h e  d e t e r m i n a t i o n  o f  t h e  r e l e a s e  a n g l e .  The graph  i n  
F i g u r e  44 summar i ses  t h e  i m p a c t  v e l o c i t i e s  d e r i v e d  f rom t h e  
36 t e s t s .  For  each o f  t h e  r e l e a s e  a n g l e s ,  t h e  mean o f  t h e  
t h r e e  measured v e l o c i t i e s  was t ak en  as t h e  ' c o r r e c t '  v a l u e ,  
and i n  a l l  t w e l v e  cases  t h e  v a r i a t i o n  o f  t h e  t h r e e  v a l u e s  was 
l e s s  t h a n  + 1*8$ o f  t h e  mean.
7 . 3 . 3  Peak D e c e l e r a t i o n  L e v e l s
In t h e  d e s i g n  c a l c u l a t i o n s  f o r  t h e  p e r f o r m a n c e  o f  t he  
t e s t  r i g ,  l i n e a r  d e c e l e r a t i o n  o f  t h e  pendulum b l o c k  s ub seq ue n t  
t o  i t s  i m p a c t  w i t h  t h e  b u f f e r s  was assumed.  The t h e o r e t i c a l
The v e l o c i t y  o f  t h e  b lo c k  a t  th e  t im e  o f  im pact  was
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p e r f o r m a n c e  c h a r t  based upon t h i s  a s s u m p t i o n  i s  shown i n  
F i g u r e  45,  and i t  can be seen t h a t  t h e  t w e l v e  r e l e a s e  p o s i t i o n s  
amply c o ve r  t h e  d e c e l e r a t i o n  r ange  f rom 1 g t o  50 g f o r  shock 
a b s o r b e r  d i s p l a c e m e n t s  ( i . e .  s t o p p i n g  d i s t a n c e s )  r a n g i n g  f rom 
50 mm t o  7 mm. A g a i n ,  i t  was i m p o r t a n t  t o  i n v e s t i g a t e  and 
compare t h e  r e a l  b e h a v i o u r  o f  t h e  r i g  i n  t e r ms  o f  peak 
d e c e l e r a t i o n s  and b u f f e r  d i s p l a c e m e n t s ,  so t h a t  t h e  d e s i g n  
s a f e t y  f a c t o r s  c o u l d  be v e r i f i e d  and t o  e n a b l e  t h e  e f f e c t i v e  
f o r c i n g  f u n c t i o n s  t o  be q u a n t i f i e d .  D e v i a t i o n s  f ro m t h e  
t h e o r e t i c a l  p e r f o r m a n c e  p r e d i c t i o n  were e x p e c t e d  on two 
c o u n t s .  F i r s t l y  and most  i m p o r t a n t l y ,  as d i s c u s s e d  i n  
Ap p en d ix  A . 7 ,  t h e  a d j u s t a b l e  h y d r a u l i c  shack a b s o r b e r s  used 
as t h e  b u f f e r s  o n l y  y i e l d  l i n e a r  d e c e l e r a t i o n  c h a r a c t e r i s t i c s  
f o r  a s e t t i n g  o p t i m i s e d  t o  a g i v e n  mass and i m p a c t  v e l o c i t y .  
C o n s e q u e n t l y ,  ' p e a k *  d e c e l e r a t i o n s  i n  excess  o f  t h o s e  shown 
i n  F i g u r e  45 were e x p e c t e d  f o r  p a r t i c u l a r  i m p a c t  c o n d i t i o n s .  
S e c o n d l y ,  t h e r e  was a p r a c t i c a l  l i m i t  as t o  how s h o r t  t he  
e f f e c t i v e  b u f f e r  s t r o k e  c o u l d  be made u s i n g  t h e  ' h a r d e s t '  
s e t t i n g s  on t h e  shock a b s o r b e r s .  O v e r z e a l o u s  a d j u s t m e n t  o f  
t h e  shock a b s o r b e r s  c o u l d  l e a d  t o  t h e  u n i t s  l o c k i n g - u p  
c o m p l e t e l y .  The i m p a c t  o f  t h e  b l o c k  a g a i n s t  t h e  b u f f e r s  i n  
t h i s  c o n d i t i o n  u o u l d  p r o d u c e  d e c e l e r a t i o n s  o f  s e v e r a l  hund re ds  
o f  ' g ' ,  wh ich  c o u l d  l e a d  t o  damage o f  t h e  shock a b s o r b e r s  
and p o s s i b l e  s t r u c t u r a l  f a i l u r e  i n  t h e  f r a m e w o r k .  T h i s  was 
o b v i o u s l y  t o  be a v o i d e d ,  and f o r  t h i s  r eas on  t h e  minimum 
p e r m i s s i b l e  t o t a l  b u f f e r  s t r o k e  was c o n s e r v a t i v e l y  r a t e d  a t  
12 mm, l e a d i n g  t o  a maximum t h e o r e t i c a l l y  a t t a i n a b l e  
d e c e l e r a t i o n  o f  29*5 g.
As an i n i t i a l  chock on t h e  b l o c k ' s  a c c e l e r a t i o n  
b e h a v i o u r  t h r o u g h o u t  i t s  m o t i o n ,  t h r e e  a c c e l e r o m e t e r s  were
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mounted on t h e  m u t u a l l y  p e r p e n d i c u l a r  f a c e s  o f  t h e  r e f e r e n c e  
cube a t t a c h e d  t o  t h e  b l o c k  ( s e e  Append i x  A . 7 ) ,  U i t h  t h e  
p r o v i s o  t h a t  t h e  p a i r  o f  shock a b s o r b i n g  b u f f e r s  had been 
c o r r e c t l y  a d j u s t e d  t o  g i v e  a b a l a n c e d  r e a c t i o n  t o  t h e  
i m p a c t i n g  b l o c k ,  i t  was f ou n d  t h a t  t h e  a c c e l e r a t i o n s  a r i s i n g  
i n  t h e  two o r t h o g o n a l  d i r e c t i o n s  p e r p e n d i c u l a r  t o  t h e  
d i r e c t i o n  o f  sw ing  were n e g l i g i b l e .
S u b s e q u e n t l y ,  t o  a s se ss  t h e  d e c e l e r a t i o n  b e h a v i o u r ,  
t h e  b l o c k  was f i t t e d  w i t h  j u s t  one a c c e l e r o m e t e r  w i t h  i t s  
s e n s i t i v e  a x i s  h o r i z o n t a l  i n  t h e  p l a n e - o f  s w i n g .  The b u f f e r  
d i s p l a c e m e n t  h i s t o r y  i s  e a s i l y  m o n i t o r e d  by a d j u s t i n g  t h e  
a m p l i t u d e  axes o f  t h e  d i s p l a c e m e n t  t r a n s d u c e r  t r a c e s  so t h a t  
t h e i r  ze r os  pass t h r o u g h  t h e  i m p a c t  p o i n t s .  A s e r i e s  o f  
s i x t e e n  i m p a c t  t e s t s  were c o n d u c t e d ,  e i g h t  u s i n g  a r e l e a s e  
a n g l e  o f  34-J- ( p o s i t i o n  L) and t h e  o t h e r  e i g h t  u s i n g  a 
r e l e a s e  a n g l e  o f  19° ( p o s i t i o n  G) .  The t h e o r e t i c a l  
p e r f o r m a n c e  c h a r t  shows t h a t  d e c e l e r a t i o n s  i n  t h e  r ange  2 g 
t o  3D g s h o u l d  be a t t a i n a b l e  f rom t h e s e  t uo  r e l e a s e  p o s i t i o n s  
i f  t h e  shock a b s o r b e r s  a r e  s u i t a b l y  a d j u s t e d  t o  g i v e  a 
v a r i e t y  o f  d i s p l a c e m e n t s  i n  t h e  p e r m i s s i b l e  r a n g e .  For  each 
r e l e a s e  p o s i t i o n  t h e  i n i t i a l  t e s t  was c o n d u c t e d  w i t h  t h e  
b u f f e r s  a d j u s t e d  so as t o  y i e l d  t h e  maximum p o s s i b l e  
d i s p l a c e m e n t  and each s u b s e q u e n t  t e s t  used an i n c r e m e n t a l l y  
' h a r d e r 1 s e t t i n g  u n t i l  t h e  minimum p e r m i s s i b l e  d i s p l a c e m e n t  
was a t t a i n e d .
The t r a c e s  r e s u l t i n g  f rom t h e  s i x t e e n  t e s t s  a re  
g i v e n  i n  A pp en d i x  A , 9 .  Fo r  each t e s t  t h e  b u f f e r  d i s p l a c e m e n t  
h i s t o r y  i s  shown,  h a v i n g  been c a l i b r a t e d  as m e n t i o n e d  e a r l i e r ,  
and w i t h  t h e  i n d i c a t e d  maximum d i s p l a c e m e n t / s t o p p i n g  d i s t a n c e  
h a v i n g  been d e t e r m i n e d  a f t e r  t h e  r emov a l  o f  any v i s u a l l y
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d i s c e r n i b l e  s p u r i o u s  p o i n t s  i n  t h e  r e c o r d .  Both  the f i l t e r e d  
and t h e  u n f i l t e r e d  a c c e l e r o m e t e r  o u t p u t s  a r e  shown f o r  each 
t e s t ,  so as t o  h i g h l i g h t  t h e  i m p o r t a n c e  o f  e f f e c t i v e  
f i l t e r i n g .  I t  s h o u l d  be n o t e d  t h a t  t h e  Tu n f i l t e r e d ’ t r a c e s  
have a c t u a l l y  been passed t h r o u g h  an a n a l o g u e  5 kHz,  6 d B / o c t a v e  
l o w - p a s s  a n t i - a l i a s i n g  f i l t e r ,  wh i ch  t h e o r e t i c a l l y  s h o u l d  
have removed t h e  s i g n a l  component  due to  t h e  a c c e l e r o m e t e r ’ s 
r e s on an c e  ( ^  8 k H z ) .  However ,  t h e  l i m i t e d  s t o p - b a n d  
a t t e n u a t i o n  o f  t h e  a n a l o g u e  f i l t e r  ca nno t  f u l l y  cope w i t h  
r e s o n a n t  i n t e n s i t y ,  p r o d u c i n g  o n l y  a r e l a t i v e  d i m i n u t i o n  o f  
t h e s e  h i g h  f r e q u e n c y  comp on en ts .  The f i l t e r e d  a c c e l e r a t i o n  
h i s t o r i e s  were o b t a i n e d  by p a s s i n g  t h e  d i g i t i z e d  r e c o r d s  
t h r o u g h  a 500 Hz l o w - p a s s  n o n - r e c u r s i v e  d i g i t a l  f i l t e r  
( s ee  Append i x  A , 8 ) ,  and t h e  i n d i c a t e d  peak d e c e l e r a t i o n s  a re  
t h o s e  d e t e r m i n e d  a f t e r  t h i s  p o s t - p r o c e s s i n g  has been c a r r i e d  
ou t .
The l a r g e s t  peak d e c e l e r a t i o n  r e c o r d e d  i n  t h e  s e r i e s
o f  t e s t s  was 26*2 g w i t h  a 16 mm b u f f e r  d i s p l a c e m e n t  and an
i m p a c t  v e l o c i t y  o f  2 * 6  ms . The minimum peak d e c e l e r a t i o n
was 3*6 g f rom a 41 mm b u f f e r  d i s p l a c e m e n t  and an i m p a c t
-1v e l o c i t y  o f  1*4 ms • The r e s u l t s  f rom t h e  two s e t s  o f  
t e s t s  a re  shown i n  F i g u r e  46 ,  i n  which  a c omp ar i so n  can be 
made w i t h  t h e  two c o r r e s p o n d i n g  ' l i n e a r  d e c e l e r a t i o n '  c u r v e s .
As can be seen ,  t h e  d e c e l e r a t i o n  v a l u e s  a re  a l l  above t h o s e  
p r e d i c t e d  by t h e  l i n e a r  a s s u m p t i o n ,  f o r  t h e  r e a so ns  d i s c u s s e d  
i n  a p r e c e d i n g  p a r a g r a p h .  D e s p i t e  t h e  t h e o r e t i c a l  u n d e r ­
e s t i m a t e  o f  t h e  a t t a i n a b l e  d e c e l e r a t i o n s ,  t h e  d e s i g n  
c a l c u l a t i o n s  a r e  n o t  i n v a l i d a t e d  s i n c e  t he  maximum 26*2 g 
d e c e l e r a t i o n  was t h e  r e s u l t  o f  an a t t e m p t  t o  o b t a i n  t he  
• l a r g e s t  p o s s i b l e  i m p u l s e  w i t h o u t  v i o l a t i n g  t h e  b u f f e r
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d i s p l a c e m e n t  r e s t r i c t i o n s .  In any c a s e ,  t h e  e x t r a p o l a t i o n  o f  
t h e  d a t a  i n  F i g u r e  46 f o r  r e l e a s e  p o s i t i o n  L i n d i c a t e s  a 
peak d e c e l e r a t i o n  o f  a b ou t  35 g f o r  an ex t r eme 10 mm b u f f e r  
d i s p l a c e m e n t ,  wh i ch  i s  s t i l l  30$ l o w e r  t ha n  t h e  maximum T g ' 
l e v e l  assumed i n  t h e  d e s i g n  o f  t h e  f r a m e w o r k .  Thus t h e  
e f f e c t i v e  s a f e t y  f a c t o r s  f o r  t h e  t e s t  r i g  can be c o n f i d e n t l y  
assumed t o  be h i g h e r  t ha n  t h o s e  y i e l d e d  by t h e  d e s i g n  
c a l c u l a t i o n s .  On t h e  b a s i s  o f  t h e s e  t e s t s  t h e  r i g  i s  
c a p a b l e  o f  y i e l d i n g  a p r a c t i c a l  range  o f  i m p u l s e s  w i t h  peak 
d e c e l e r a t i o n s  between 1 g and 30 g .  T h i s  i s  a somewhat more 
r e s t r i c t e d  ra nge  t ha n  had been e n v i s a g e d  i n  t h e  o r i g i n a l  
d e s i g n  r e q u i r e m e n t ,  b u t  i t  i s  n o n e t h e l e s s  p e r f e c t l y  a deq ua te  
f o r  t h e  s i m u l a t i o n  o f  a u s e f u l  v a r i e t y  o f  base i m p u l s e  
f u n c t i o n s .
7 •4 S i m u l a t i o n  o f  t h e  T r a n s i e n t  T e s t s
Us ing  t h e  N u m e r i c a l  A n a l y s i s
I t  was hoped t h a t  t h e  r e sp on se  d a t a  a c q u i r e d  f rom 
t h e  t r a n s i e n t  t e s t  r i g  c o u l d  be used t o  v e r i f y  t h e  p e r f o r m a n c e  
o f  t h e  n u m e r i c a l  a n a l y s i s  and i t s  damping s i m u l a t i o n s .  In 
o r d e r  t o  o b t a i n  a s e n s i b l e  c o mp ar i so n  be t ue en  t h e  e x p e r i m e n t a l  
r e s p o n s e  da ta  and t h e  a n a l y t i c a l  p r e d i c t i o n  u s i n g  t h e  t i m e  
i n t e g r a t i o n  a l g o r i t h m ,  i t  i s  n e c e s s a r y  t o  pay c a r e f u l  
a t t e n t i o n  t o  t h e  f o r c i n g  f u n c t i o n s  as a p p l i e d  i n  t h e  
n u m e r i c a l  a n a l y s i s .  As e x p l a i n e d  s u b s e q u e n t l y ,  t h e  d i g i t a l  
r e c o r d s  o b t a i n e d  f ro m t h e  t e s t  r i g  v i a  t h e  t r a n s i e n t  
r e c o r d e r  a re  such t h a t  t h e  r e s p o n s e  i n f o r m a t i o n  ( i n c l u d i n g  
t h e  b l o c k  m o t i o n )  b e g i n s  a few m i l l i s e c o n d s  b e f o r e  t h e  
i n i t i a l  b u f f e r  i m p a c t .  In  o t h e r  w o r d s ,  r e c o r d s  o f  t he  
c o m p l e t e  b l o c k  m o t i o n  f rom t h e  moment o f  r e l e a s e  t o  p o s t ­
i m p a c t  a r r e s t ,  a l l  o f  wh i ch  f o r ms  p a r t  o f  t h e  f o r c i n g  f u n c t i o n ,
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i s  n o t  a v a i l a b l e .  P r a c t i c a l  p r o b l e m s  p r e c l u d e  t h e  a c q u i s i t i o n  
o f  such t o t a l  m o t i o n  r e c o r d s .  The maximum f o r w a r d  a c c e l e r a t i o n  
o f  t h e  b l o c k  as i t  i s  r e l e a s e d  i s  r e l a t i v e l y  s m a l l  ( e . g .  0*36 g 
and 0*11 g f o r  r e l e a s e  f rom 34-^ and 19° r e s p e c t i v e l y ) ,  
w he re as ,  as i s  shown i n  Ap pen d i x  A.9 ,  t h e  peak d e c e l e r a t i o n s  
as seen by t h e  i n s t r u m e n t a t i o n  b e f o r e  d i g i t a l  f i l t e r i n g  can 
be as h i g h  as 80 g .  C o n s e q u e n t l y ,  a d i g i t i z e d  r e c o r d  o f  t h e  
e n t i r e  b l o c k  m o t i o n ,  w i t h  t h e  i n s t r u m e n t a t i o n  s e t  so as t o  
a v o i d  c l i p p i n g  o f  t h e  peak ' g 1 l e v e l s ,  wou ld  n e c e s s a r i l y  
compress t h e  e n t i r e  p r e - i m p a c t  a c c e l e r a t i o n  h i s t o r y  i n t o  o n l y  
one o r  two b i t s  o f  a m p l i t u d e  r e s o l u t i o n .  C l e a r l y  t h i s  
appr oach  wou l d n o t  y i e l d  a p r e - i m p a c t  m o t i o n  h i s t o r y  o f  
s u f f i c i e n t  q u a l i t y  t o  be f e d  i n t o  t he  n u m e r i c a l  a n a l y s i s  as 
t h e  s t a r t  o f  t h e  f o r c i n g  f u n c t i o n .  C o n s e q u e n t l y  a t e c h n i q u e  
was d e ve l op ed  f o r  i n i t i a t i n g  t h e  n u m e r i c a l  a n a l y s i s  on t he  
b a s i s  o f  t h e  i m p a c t  v e l o c i t y  o f  t h e  b l o c k .
Us ing  t h e  f u n d a m e n t a l  t h e o r y  f o r  s m a l l  p l a n a r  
o s c i l l a t i o n s  o f  a s i m p l e  p endu l um,  i t  can be shown t h a t  f o r  
a r e l e a s e  a n g l e  A and a pendulum l e n g t h  1,  t h e  f o r w a r d  l i n e a r  
components  o f  a c c e l e r a t i o n  and v e l o c i t y  a re  g i v e n  b y ,
n  ry n
x = co 1 A (A s i n  to t  s i n  ^  + cos co t  cosf^) ( 7 . 4 a )
x = oo 1 A s i n  co t  cos 0  ( 7 . 4 b )
where $ -  A c o s o o t  and <0 = j q TT
In  t h e  above e q u a t i o n s ,  t  i s  t h e  t i m e  e l a p s e d  f rom 
t h e  i n s t a n t  o f  pendulum r e l e a s e ,  and assuming t h a t  i m p a c t  
o c c u r s  when t h e  pendulum i s  i n  i t s  l o w e s t  p o s i t i o n ,  t h e  t i m e
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Because t h e  r e a l  b l o c k  does n o t  behave as an i d e a l  p o i n t - m a s s  
pendulum ( se e  S e c t i o n  7 . 3 ) ,  i t  i s  n e c e s s a r y  t o  d e t e r m i n e  an 
' e q u i v a l e n t '  r e l e a s e  a n g l e  wh i ch  w i l l  r e s u l t  i n  t h e  c o r r e c t  
i m p a c t  v e l o c i t y .  In  t h e  p r e c e d i n g  s e c t i o n ,  t h e  a c t u a l  i m p a c t  
v e l o c i t i e s  o f  t h e  b l o c k  were d e t e r m i n e d  f rom t h e  s l o p e  o f  t h e  
d i g i t i z e d  d i s p l a c e m e n t  t r a n s d u c e r  r e c o r d s ,  and i t  i s  t h e  
a v e r ag e  v a l u e s  o b t a i n e d  f rom t h o s e  t e s t s  wh i ch  a re  used f o r  
t h i s  p u r p o s e .  By f e e d i n g  t h e  n o m i n a l  i m p a c t  v e l o c i t i e s  i n t o  
e q u a t i o n  ( 7 . 4 b ) ,  t h e  c o r r e s p o n d i n g  e q u i v a l e n t  r e l e a s e  a n g l e  
may be f o u n d .  T h i s  v a l u e  o f  A i s  t he n  used i n  e q u a t i o n  ( 7 . 4 a )  
t o  g e n e r a t e  t h e  t h e o r e t i c a l  p r e - i m p a c t  b l o c k  a c c e l e r a t i o n  
f u n c t i o n .  A l t h o u g h  a ' s m a l l  a n g l e '  f o r m u l a t i o n  i s  u s e d ,  t he  
e r r o r  i n  v e l o c i t y  y i e l d e d  by e q u a t i o n  ( 7 . 4 b )  as compared to 
t h a t  g i v e n  by an ener gy  a n a l y s i s  i s  o n l y  +1*5% f o r  t h e  w o r s t  
case o f  a 34*5° r e l e a s e  a n g l e .
In i m p l e m e n t i n g  t h i s  p r o c e d u r e  i n t o  t h e  n u m e r i c a l  
a n a l y s i s ,  i t  i s  c o n v e n i e n t  t o  use t h e  i n s t a n t  o f  i n i t i a l  
b u f f e r  i m p a c t  as t h e  zero  r e f e r e n c e  f o r  b o th  t h e  s p a t i a l  and 
t h e  t e m p o r a l  c o o r d i n a t e s .  C o n s e q u e n t l y ,  t he  t i m e  i n t e g r a t i o n  
i s  s t a r t e d  a t  a t i m e  - t Q, as y i e l d e d  by e q u a t i o n  ( 7 . 4 c ) ,  
a l t h o u g h  i n i t i a l l y  t h e  r e l e a s e  p o s i t i o n  o f  t h e  b l o c k  i s  
t ak e n  as . t he  s p a t i a l  da tum.  Llhen t he  a n a l y s i s  r ea che s  t i m e  
t  = 0 , t h e  s p a t i a l  datum i s  u p d a t e d  so t h a t  t h e  c u r r e n t  b l o c k  
p o s i t i o n  becomes = 0 . In t h i s  way any s m a l l  d i s p l a c e m e n t  
d i s c r e p a n c y ,  due t o  t  n o t  b e i n g  an i n t e g e r  m u l t i p l e  o f  t he  
i n t e g r a t i o n  t i m e  s t e p ,  i s  e l i m i n a t e d .  .The r e s u l t  o f  t h i s
o f  im p ac t  i s  g iv e n  by
( 7 . 4 c )2 V. imp
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p r o c e d u r e  i s  t h a t  t h e  s t r u c t u r a l  model  w i l l  have c e r t a i n  n o d a l  
d e f l e c t i o n s  and a c c e l e r a t i o n s  a t  t h e  i n s t a n t  o f  i m p a c t ,  due 
t o  t h e  p r e c e d i n g  m o t i o n  o f  t h e  b l o c k ,  t h e  m a g n i t u d e s  o f  wh ich  
w i l l  depend upon t h e  s t i f f n e s s  o f  t h e  s t r u c t u r e  and t h e  
r e l e a s e  a n g l e  u se d.
There a r e  s e v e r a l  i m p o r t a n t  s o f t w a r e  c o n s i d e r a t i o n s  
wh i ch  s h o u l d  be accommodated when u s i n g  t h i s  p r o c e d u r e .
S i n c e  t h e  s t r u c t u r a l  s t r e s s e s  i n d u c e d  by t h e  p r e - i m p a c t  
m o t i o n  o f  t h e  b l o c k  a re  r e l a t i v e l y  s m a l l ,  t h e  re s po ns e  
p a r a m e t e r s  f o r  t h i s  phase o f  t h e  m o t i o n  a re  o f  l i t t l e  
i n t e r e s t .  C o n s e q u e n t l y ,  t h e  i n t e g r a t i o n  r o u t i n e  can be 
c o n s i d e r a b l y  s i m p l i f i e d  by r e mov a l  o f  t h e  s t o r a g e  and 
max ima /mi n ima  s e a r c h  r o u t i n e s ,  t h u s  l e a d i n g  t o  a much f a s t e r  
a n a l y s i s .  S i m i l a r l y ,  t h e  t e m p o r a l  r e s o l u t i o n  o f  t h i s  phase 
o f  t h e  m o t i o n  i s  n o t  o f  i m p o r t a n c e ,  s i n c e  i t  i s  n o t  t o  be 
p l o t t e d  s u b s e q u e n t l y .  Thus t h e  use o f  t h e  l a r g e s t  s t a b l e  
t i m e  s t e p  ( as  d i c t a t e d  by t h e  s t a b i l i t y  c r i t e r i o n  -  e q u a t i o n  
( 3 . 4 m ) )  o p t i m i s e s  t h e  speed o f  a n a l y s i s .  From t h e  f o r e g o i n g ,  
i t  i s  o b v i o u s  t h a t  t h e  most  e f f i c i e n t  appr oach  t o  t h i s  
p r o c e d u r e  i s  t o  i n c l u d e  an i n d e p e n d e n t  r u d i m e n t a r y  t i m e  
i n t e g r a t i o n  s u b - p r o g r a m  i n  t h e  s o f t w a r e ,  s p e c i f i c a l l y  f o r  
c o m p u t i n g  t h e  r e sp o n s e  d u r i n g  t h e  p r e - i m p a c t  phase o f  t h e  
base e x c i t a t i o n  h i s t o r y .
The p o s t - i m p a c t  base e x c i t a t i o n  o f  t h e  t e s t  s t r u c t u r e s  
i s  a v a i l a b l e  f r om t h e  d i g i t i z e d  l i n e a r  d i s p l a c e m e n t  t r a n s d u c e r  
r e c o r d s .  These r e c o r d s ,  t y p i c a l  examples o f  wh i ch  can be 
f o u n d  i n  Ap pen d i x  A , 9 ,  show t h e  d i s p l a c e m e n t  h i s t o r y  o f  t he  
b l o c k  a f t e r  i t s  i n i t i a l  c o n t a c t  w i t h  t h e  b u f f e r s ,  as c a p t u r e d  
by t h e  t r a n s i e n t  r e c o r d e r .  The a r r a y  h o l d i n g  t h e  d i g i t i z e d  
d i s p l a c e m e n t  a m p l i t u d e s  must  be s e a l e d  and z e r o - a d j u s t e d  so
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t h a t  i t  c o n t a i n s  a m p l i t u d e  v a l u e s  i n  t e r ms  o f  m i l l i m e t r e s  o f  
d i s p l a c e m e n t  r e l a t i v e  t o  t h e  i n i t i a l  i m p a c t  p o s i t i o n  o f  t h e  
b l o c k .  I t  i s  a l s o  i m p o r t a n t  t o  check t h a t  t h e  a r r a y  c o n t a i n s  
no s p u r i o u s  s i g n a l s  due t o  e l e c t r i c a l  t r a n s i e n t s  o r  e x t e r n a l  
s i g n a l  i n t e r f e r e n c e ,  u h i c h  m i g h t  d i s t o r t  t h e  t r u e  d i s p l a c e m e n t  
f u n c t i o n .  The a r r a y  i s  t he n  s t o r e d  on d i s c  so t h a t  i t  may be 
a ccessed  by t h e  t i m e  i n t e g r a t i o n  a l g o r i t h m  as n e c e s s a r y .  I t  
i s  u n l i k e l y  t h a t  t h e  a n a l y s i s  t i m e  s t e p  s i z e  and t h e  s a m p l i n g  
i n c r e m e n t  o f  t h e  d i g i t a l  r e c o r d  w i l l  c o i n c i d e ,  and t h e r e f o r e  
' s k i p p i n g '  and i n t e r p o l a t i v e  s u b r o u t i n e s  a r e  r e q u i r e d .  In  
most  c a s e s ,  t h e  s a m p l i n g  i n c r e m e n t s  w i l l  be as much as t en  
t i m e s  s m a l l e r  t h a n  t h e  i n t e g r a t i o n  s t e p ,  due t o  t h e  use o f  a 
f a s t  t i m e - b a s e  t o  c a p t u r e  t h e  h i g h  f r e q u e n c y  c o n t e n t  o f  t h e  
a c c e l e r o m e t e r  s i g n a l s  on t h e  o t h e r  r e c o r d e r  c h a n n e l s .  Such 
cases r e q u i r e  s e v e r a l  d i g i t i z e d  v a l u e s  t o  be s k i p p e d  and t h e n ,  
u n l e s s  t h e  c u r r e n t  e v a l u a t i o n  t i m e  c o i n c i d e s  w i t h  t h e  r e c o r d i n g  
i n s t a n t  o f  a d i g i t i z e d  v a l u e ,  an i n t e r p o l a t i o n  between t h e  
a d j a c e n t  d i s p l a c e m e n t  v a l u e s  must  be made. Because o f  t h e  
d i s c r e t e  q u a n t i z a t i o n  l e v e l s  i n  t h e  r e c o r d ,  i t  i s  i n v a l i d  to  
use a m u l t i - p o i n t  i n t e r p o l a t i v e  p o l y n o m i a l ,  and a s i m p l e  
l i n e a r  i n t e r p o l a t i o n  i s  emp loyed .
An i m p o r t a n t  p o i n t  t o  remember when u s i n g  d i g i t i z e d  
f o r c i n g  f u n c t i o n s  i n  t h i s  way,  i s  t h a t  t h e  f r e q u e n c y  c o n t e n t  
o f  t h e  e x c i t a t i o n  may r e q u i r e  a f i n e r  i n t e g r a t i o n  t i m e  s t e p  
t h a n  t h a t  wh i ch  i s  d i c t a t e d  by t h e  a l g o r i t h m ' s  n u m e r i c a l  
s t a b i l i t y  c r i t e r i o n .  A f r e q u e n c y  a n a l y s i s  o f  t h e  f o r c i n g  
f u n c t i o n  s h o u l d  be c o n d u c t e d  so t h a t  t h e  h i g h e s t  component  
f r e q u e n c i e s  can be d e t e r m i n e d .  I f  t h e  p e r i o d  o f  t h e s e  
f r e q u e n c i e s  i s  l e s s  t ha n  t w i c e  t h e  l a r g e s t  s t a b l e  t i m e  s t e p ,  
t h e n  a r e f i n e d  i n t e g r a t i o n  i n c r e m e n t  s h o u l d  be used i n  o r d e r
191
t o  a v o i d  a l i a s i n g  e r r o r s  ( s e e  Append i x  A . 6 ) .  T h i s  approach  
o f  s y n t h e s i z i n g  t h e  p r e - i m p a c t  s u i n g  o f  t h e  b l o c k ,  f o l l o w e d  
by t h e  u t i l i s a t i o n  o f  a d i g i t i z e d  p o s t - i m p a c t  b l o c k  m o t i o n  
r e c o r d ,  i s  used s u c c e s s f u l l y  i n  t h e  f o l l o w i n g  two s e c t i o n s  
to  s i m u l a t e  t h e  b e h a v i o u r  o f  s i m p l e  models s u b j e c t e d  t o  
t r a n s i e n t  base e x c i t a t i o n  on t h e  e x p e r i m e n t a l  r i g ,
7 . 5  The Tr a n s i ent. Rgap.g.as.e .q.f . ^ ep£ es,g.ix ta.t.Ly_g
M a s t - l i k e  Models
For  a n u m e r i c a l  a n a l y s i s ,  such as has been d e v e l o p e d  
i n  t h i s  t h e s i s ,  t o  be used w i t h  c o n f i d e n c e  i n  t h e  m o d e l l i n g  
o f  t r a n s i e n t  s t r u c t u r a l  r e s p o n s e ,  i t  i s  i m p o r t a n t  t h a t  t h e  
b e h a v i o u r  and p r e c i s i o n  o f  i t s  r es pons e p r e d i c t i o n s  are  
v e r i f i e d  by c o mp ar i so n  w i t h  ' r e a l '  t e s t  d a t a .  S u r p r i s i n g l y  
l i t t l e  work has been c a r r i e d  o u t  i n  t h i s  a r e a ,  d e s p i t e  t h e  
f a c t  t h a t  r e c e n t  advances  i n  i n s t r u m e n t a t i o n  and r e c o r d i n g  
t e c h n i q u e s  have g r e a t l y  enhanced t h e  p o s s i b l e  q u a l i t y  o f  
e x p e r i m e n t a l l y  a c q u i r e d  d a t a .  The t r a n s i e n t  t e s t  r i g  can be 
used t o  g e n e r a t e  e x p e r i m e n t a l  r e sp on se  d a t a  which  can be 
compared d i r e c t l y  t o  e q u i v a l e n t  n u m e r i c a l  s i m u l a t i o n s  u s i n g
t h e  t i m e  i n t e g r a t i o n  a n a l y s i s .  As u e l l  as a l l o w i n g  t h e  b a s i c
v e r i f i c a t i o n  o f  t h e  a n a l y s i s '  re sp on se  p r e d i c t i o n s ,  t h i s  i s  
o f  v a l u e  i n  i n v e s t i g a t i n g  t h e  p e r f o r m a n c e  and s u i t a b i l i t y  o f  
n u m e r i c a l  s t r u c t u r a l  damping s i m u l a t i o n s .
7 . 5 . 1  F x o e r i m e n t a l  ' C o n f i o u r a t i o n ' T es ts
A s e r i e s  o f  t r a n s i e n t  t e s t s  and c o r r e s p o n d i n g  
n u m e r i c a l  a n a l y s e s  uas c o n d u c t e d  w i t h  v a r i o u s  s t r u c t u r a l  
c o n f i g u r a t i o n s ,  i n  o r d e r  t o  compare t h e  e x p e r i m e n t a l  r e s u l t s  
w i t h  t h e  c o r r e s p o n d i n g  c om put e r  a n a l y s e s  i n c o r p o r a t i n g  t he  
n u m e r i c a l  i n t e r n a l  damping and base d i s s i p a t i o n  m o de l s .
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Thr ee  d i f f e r e n t  t e s t  c o n f i g u r a t i o n s  were used ( Mo de ls  ^ 6 , $7 
and # 8 ) and t h e s e  a r e  shown,  t o g e t h e r  w i t h  t h e i r  c o r r e s p o n d i n g  
a n a l y t i c a l  l umped-mass s i m u l a t i o n s  i n  F i g u r e  24. A 1*48 me t r e  
l e n g t h  o f  30 mm d i a m e t e r  by 3 mm t h i c k  s t e e l  t u b e ,  as u t i l i s e d  
i n  t h e  p r e l i m i n a r y  e x p e r i m e n t a l  w or k ,  f o rmed t h e  b a s i c  ' m a s t '  
s t r u c t u r e  wh i ch  was s u p p o r t e d  i n  a v e r t i c a l  o r i e n t a t i o n  by 
two s e l f - a l i g n i n g  b e a r i n g s  s i m i l a r  t o  t h o s e  used f o r  some o f  
t h e  f r e e  v i b r a t i o n  t e s t s  ( s e e  F i g u r e  A7.12)# The system o f  
a d j u s t a b l e  w e i g h t s ,  as d e s c r i b e d  i n  S e c t i o n  6 . 3 ,  was used to  
a t t a c k  l o c a l  mass c o n c e n t r a t i o n s  t o  t h e  t u b e s ,  t h u s  f o r m i n g  
r e p r e s e n t a t i v e  m a s t - l i k e  c o n f i g u r a t i o n s .  For  each 
c o n f i g u r a t i o n ,  two a c c e l e r o m e t e r s  and one s t r a i n  gauge 
i n s t a l l a t i o n  w i t h  b e n d i n g  moment s e n s i t i v i t y ,  were used to  
m o n i t o r  t h e  t r a n s i e n t  s t r u c t u r a l  r e s p o n s e .  The a c c e l e r o m e t e r s  
were a t t a c h e d  t o  t h e  u pp er mo s t  p a i r  o f  s t r u c t u r a l  masses so 
as t o  read  t h e  t r a n s v e r s e  a c c e l e r a t i o n s  a t  t h o s e  p o i n t s ,  and 
t h e  s t r a i n  gauges were p o s i t i o n e d  i n  P o is s on  o r i e n t a t i o n  near  
t o  t h e  upper  s u p p o r t  p o s i t i o n  so as t o  d e t e c t  t h e  t r a n s v e r s e  
moment a t  t h e  base o f  t h e  ' m a s t 1. P l a t e  3b shows a t y p i c a l  
t e s t  c o n f i g u r a t i o n  w i t h  two i n s t r u m e n t e d  a t t a c h e d  masses.
On ly  one r e l e a s e  a n g l e  ( 2 5 ° )  was used t h r o u g h o u t
-1t h e s e  t e s t s ,  p r o d u c i n g  an i m p a c t  v e l o c i t y  o f  1*83 ms • For  
each model  c o n f i g u r a t i o n ,  t h e i r  d i f f e r e n t  b u f f e r  s e t t i n g s  
were use d,  w i t h  t h e  i n t e n t i o n  o f  p r o d u c i n g  peak b l o c k  
d e c e l e r a t i o n s  o f  5 g ,  10  g and 15 g r e s p e c t i v e l y .  Due t o  
t h e  r e s t r i c t e d  a v a i l a b i l i t y  o f  r e c o r d i n g  c h a n n e l s ,  t h e  b l o c k  
d e c e l e r a t i o n  was n o t  m o n i t o r e d  by an a c c e l e r o m e t e r ,  b u t  t he  
f o u r t h  t r a n s i e n t  r e c o r d e r  c h a n n e l  was used t o  c a p t u r e  t h e  
l i n e a r  d i s p l a c e m e n t  t r a n s d u c e r  o u t p u t ,  t h u s  d e f i n i n g  t h e  
p o s t - i m p a c t  m o t i o n  o f  t h e  b l o c k .  The peak b l o c k  d e c e l e r a t i o n
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uas consequently estimated on the basis of the maximum 
buffer displacement, using the design performance graph of 
Figure 45. Thus a total of nine 'configuration 1 tests were 
conducted, each resulting in two attached-mass structural 
acceleration histories, a base bending moment history and a 
record of the effective base excitation function in terms of 
the post-impact block displacement.
The accelerometers mounted on the masses attached to 
the tube were less susceptible to resonant excitation than 
uas the accelerometer used to monitor the deceleration of the 
pendulum block. This is due to the dissipative capacity of 
the various mounting components fitted to the pendulum block, 
uhich quickly attenuate any lou-energy high-frequency 
structural vibration. For this reason, the accelerometer 
signals uere passed through a 1  kHz low-pass analogue filter 
before entering the transient recorder, and in several cases 
subsequent digital filtration was not necessary. The strain 
gauge signal uas also passed through a similar low-pass 
filter in order to attenuate any unwanted electrical noise, 
although in this case post-processing was never necessary 
since these transducers do not exhibit self-resonance 
ph enomena.
For each test a recorder time-base of 0 * 2  msec was 
used, yielding a useful record some 0*75 second long, this 
duration being more than five times the fundamental period of 
any of the configurations used. It was originally thought 
that the transient recorder's pre-trigger mode would be used 
so that, with the d.c. displacement-offset microswitch (see 
previous section) supplying the trigger signal, the post-impact 
block motion plus a feu milliseconds of the pre-impact motion
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would be captured. Using this procedure, the exact point of 
impact on the digitized displacement record would be clearly 
discernible, thus facilitating the determination of the 
temporal datum. If no pre-impact/pre-trigger information were 
recorded there would be the possibility that the impact point 
would precede the first sampling point of the digitized 
record. However, the approach just described makes it 
difficult to ascribe accurate zero-reference levels to the 
accelerometer traces which would not have decayed by the end 
of the recording period. It is important to determine these 
reference levels for each separate test since the semi-conductor 
based accelerometers have the inherent characteristic of 
long-term zero drift. To overcome this difficulty, a second 
microswitch was utilised such that it was activated by the 
front edge of the pendulum block as it passed a point 
approximately 1 cm from the buffer pads. A voltage supply 
tapped from the recorder was fed across this microswitch so 
that it could provide a triggering voltage swing when 
depressed. The use of this electro-mechanical pre-impact 
trigger allowed the recorder to be used in the A/B switched 
time-base mode (see Appendix A. 6 ). This in turn enabled an 
approach similar to that of the free vibration tests 
(Section 6.5.1) to be utilised, whereby the last 96 memory 
were filled at a much slower sampling rate, thus allowing 
the transducer signals to attenuate to their static 'zero 1 
values. In this way the acceleration and bending moment 
records from the nine configuration tests all contained a 
final zero-amplitude portion as well as about 6  milliseconds 
of pre-impact information.
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7.5.? Determination oF Damping C_Qeff.i£ieQ_tja
For Numerical Simulation
The purpose of these 'configuration' tests was to check 
that the numerical analysis would yield an adequate simulation 
of the real structural response. Because the test models have 
inherent damping, the corresponding numerical analyses 
necessarily involve the use of the material damping and base 
dissipation terms as derived in Chapter 5. The lumped-mass 
computational models (see Figures 24) for each of the test 
configurations were determined using the spatial discretization 
techniques discussed in Section 3.3. The tube manufacturer's - 
quoted elastic modulus was used in the analysis, this having 
been verified to within 2 $ by a rudimentary physical test.
In order to use the numerical damping algorithms, it is 
necessary to ascribe values to their damping constants. The 
following orocedures were adopted to obtain a realistic 
estimate of the appropriate numerical values.
Each physical model configuration was mounted in the 
massive, split-collet clamping block, as used for the 
preliminary experimental werk. A corresponding nominal 
logarithmic decrement value was determined for each of the 
three configurations using the techniaues developed in the 
free vibration tests (Section 6.5 et seq.). The numerical 
analysis was then used to simulate the free vibration response 
for an initial elastic tip deflection. For this effective 
encastre case, the lumped-mass model was given a support 
spacing equivalent to that used for the transient tests, 
but the base element was made a thousand times stiffer than 
the 'free' elements and the base damping coefficients were 
put to zero. Several computer runs were then made using
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differing values for the material damping coefficient with a 
subprogram calculating the effective logarithmic decrement 
for each response prediction. By plotting these decrement 
values as a function of the damping coefficient it is possible 
to iteratively interpolate to the material damping coefficient 
value uhich yields the same vibration attenuation analytically 
as uas measured in the corresponding physical test. The 
values derived in this uay uere then taken as being the 
effective material damping coefficients for the simulation of 
the transient structural tests on the same configurations.
This is, of course, only an approximate assessment, since 
there would be some energy loss at the clamping block which 
is neglected in the analysis. Nonetheless, this uas 
considered to be an adequate first approximation, as indeed 
was borne out by the subsequent experimental/analytical 
compa r i sons.
Having assessed the value of the material damping 
coefficient, the base damping coeffici.ents (assumed equal for 
the pair of self-aligning support bearings used in these 
tests) were estimated in a similar fashion. In this case the 
test models uere mounted into the adjustable support system 
as devised for the latter part of the free vibration tests 
(see Plate 9a). By setting the spacing of the support 
bearing blocks equal to that used on the pendulum block, it 
was possible to simulate the exact transient test model 
configurations. Using this arrangement, a further set of 
three free vibration tests were conducted. Again the 
nominal logarithmic decrement was determined for each 
configuration, with the energy losses in this case arising 
from dissipation in the support bearings as well as from
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material damping. Equivalent analytical runs were made 
utilising the previously determined material damping co­
efficients and varying the base damping coefficients. Thus, 
as before an equivalent logarithmic decrement could be 
interpolated iteritively, yielding the effective values for 
the base damping coefficients for each configuration.
7.5.3 Comparison of . Experimental and 
Analytically Predicted Response 
Once the damping coefficient values had been 
determined, each of the nine configuration tests was 
simulated with the analysis, using the techninues described 
in the previous section for feeding the correct base forcing 
function into the computation. Figures 47, 48 and 49 show a 
selection of the comparative response results from these 
tests for Model s # 6 , 07 and 08 respectively. The Figures (a) 
show the experimen tally acquired base displacement function 
for the lowest * g ’ buffer setting (nominally 5  g ) , together 
with the resulting base moment history as recorded 
experimentally and predicted analytically. Figures (b) show 
the corresponding experimental and analytical mast tip 
acceleration histories. Similarly, the Figures (c) and (d) 
illustrate the base displacement functions, base moment 
histories and mast tip acceleration histories for the 
medium !g* buffer setting (nominally 1 0  g). In every case 
the first 0 * 5  second of the excitation and response histories 
is plotted and in the bending moment plots, the continuous 
line represents the experimentally acquired response.
For each case illustrated the bending moments acting 
at the upper support of the models are simulated very 
adequately by the analysis. The peak moment amplitude for
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the first few cycles of each response, to which the maximum 
structural stresses are often attributed, are accurately 
predicted by the computational algorithm. The general 
frequency content of the analytical base moment history 
closely matches that of the physical data, although the 
analysis does tend to underestimate the fundamental freauency 
of the responses. This effect, which is largely due to the 
method of spatial discretization (see Section 3.3) and the 
added stiffness contributions made by the clamping devices on 
the real models, is not of great consequence since it usually 
does not result in gross errors in the computed structural 
stresses. In Figure 47(c), the high frequency content in the 
experimental moment history is thought to be due to a 
'rattling 1 effect caused by insufficient tightening of the 
anti-rotation shim collar, and conseauently this feature is 
not present in the corresponding analytical response.
The dominance of the high frequencies in the tip 
acceleration histories makes an overlay comparison confusing. 
However, the separate analytical and exDerimental plots in 
the Figures (b) and (d) do indicate the accuracy with which 
the time integration scheme simulates the tip response.
The initial highly oscillatory half-cycle of the acceleration 
histories is modelled very successfully by the analysis, with 
peak 'o' levels of the correct magnitude being predicted. 
Small shifts in the phase relationships of the various 
component frequencies in the acceleration histories account 
for the disparities in the details of the analytical and 
experimental responses. It is evident from both the 
analytical bending moment and acceleration histories that the 
procedure adopted for modelling and evaluating the damping
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mechanisms is of adequate accuracy. In every case studied 
the peak dynamic flexural moments in the models uere predicted 
by the analysis to better than 7$. The peak 'nodal 1 
accelerations, which in most practical structures are of 
less importance than the induced stresses, were predicted to 
within 2 0 $ of the values which were recorded in the transient 
tests. In all of the nine analytical simulations conducted, 
the computed attenuation of the response did not overshoot or 
undershoot the experimentally acquired decay envelope to any 
great extent.
These results show that, with a careful spatial 
discretization utilising as few as five nodes, and an 
appreciation of the dissipative mechanisms which may 
attenuate structural motion, it is possible to obtain 
satisfactory transient response predictions using the 
explicit time integration methods developed in the preceding 
chapters.
7.6 The Transient Response of Models
Containing a Flanged Joint
Having established that the numerical analysis was 
yielding adequate results for the damped transient response 
of the 'continuous' models, it was appropriate to investiqate 
the transient dissipation due to a structural joint. Again, 
for continuity of the experimental information, the flanged 
tube produced for the preliminary experimental work (see 
Section 6.3) formed the basic 'mast' model for these transient 
tests. Only one test model configuration (Model $ 9 ) was 
used, with two attached masses plus the flanged joint 
towards the mast base (thus forming an effective third local 
mass concentration). The physical parameters for the model
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are shown in Figure 24, along with its corresponding five node ■ 
lumped-mass idealisation. It should be noted that the flange 
position is replaced by the fifth nodal mass in the analytical 
model.
7.6.1 Experimental Test Programme
A series of twelve tests was conducted, each using 
pendulum block release position I (angle = 25°). Six of the 
tests were run with the buffers set to produce an imoact with 
a nominal peak deceleration of 5 g, and for the other six 
tests they were set to give a nominal 1 0  g peak impulse.
Each set of six tests consisted of three tests with 6 -bolt 
flange clamping configuration using bolt tensions of 2  k V ,
5 kN and 15 kN respectively, and three tests using a 3-bolt 
clamping configuration again at tensions of 2 kN, 5 k*\ and 
15 kN. The orientation of the flange bolt holes (and the 
distribution of the bolts in the 3-bolt clamping cases) 
relative to the plane of excitation was the same as that used 
for the preliminary experiments (see Figure 28). Again the 
5/16m 8 SF strain gauged bolts were used to clamp the flanr,e 
faces together. Plates 3 show the flanged model in position 
on the transient test rig's pendulum block. As is explained 
in Appendix A.7, the strain-gauged bolts were connected tq 
a cabling system on the block which provided a simple plug-in 
monitoring point for a P35Q strain indicator, thus facilitating 
the adjustment of the flange interface clamping pressure.
The allocation of the four channels of the instrumentation 
and recording system was the same as for the previous 
'configuration* tests, namely one channel for the block 
displacement transducer, one channel for the mast's bending 
moment strain gauges at the upper support point, and two
201
channels for accelerometers monitoring the motion of the two 
masses attached to the mast. The filtering, triggering and 
recording techniques employed for these twelve tests were 
exactly those of the configuration tests (see Section 7.5.1) 
and again a recorder time-base of 0 » 2  milliseconds was used.
7.6.2 Numerical Simulation of the Flange Damping Effect
As has been discussed, several problems are
encountered in utilising analytical interface energy dissipation
models in transient excitation problems. Metherell and 
(1 r n)Oilier have tackled this problem, managing to derive
expressions for the instantaneous dissipation rate in an 
arbitrarily loaded lap joint, based upon a piecewise 
assessment of the excitation history* However, neither this 
approach, nor the more common steady-state hysteresis 
analyses are amenable to incorporation into the numerical 
time integration algorithm. The preliminary experimental 
work shows that it is possible to use idealised power-law 
functions to describe the relationship between the energy 
dissipation and the stress-amplitude experienced by the 
structural joint. The author has therefore adopted the 
following simulation procedure for the incorporation of an 
interface energy damping term into the time-stepping analysis.
It is assumed that the* dissipative action of the flange 
joint can be modelled as a local nodal displacement decrement 
which is proportional to the local transverse bending moment 
raised to an appropriate power. Because this dissipation 
mechanism is not a spatially distributed phenomenon, it is 
convenient to write the simulation directly in terms of the 
displacement-difference function. Thus the time integration 
algorithm, neglecting the other possible forms of structural
damping,  becomes
D1t+£t = 2F)t ■ D1t.it ■ it2[m]_1([k]{u]t - jF(t)jt) -[JI] {mM (7.6a)
uh er e  [Al i s  a s e l e c t i v e  m a t r i x  o f  i n t e r f a c e  damping c o e f f i c i e n t s ,  
and i s  t h e  power law a p p r o p r i a t e  t o  t h e  i n t e r f a c e  c l a m p i n g  
c o n d i t i o n s .  The ' b a r 1 s i g n  above t he  s e l e c t i v e  m a t r i x  d e no t es  
t h a t  i t s  e l e me n t s  assume t h e  s i g n  o f  t h e  c o r r e s p o n d i n g  n od a l  
v e l o c i t i e s ,  t h u s
[ft] = sign(ut - [ft] (7.6b)
and this together with the use of the absolute moment value 
ensures that the interfacial decrement always has the correct 
sense. [ s i ] is a square matrix with zero values for all 
elements save those diagonal terms which correspond to nodes 
at which there is a structural joint. Thus $ - 5 5  is the only 
non-zero element for the numerical simulation of the twelve 
transient 'flange 1 tests, and this leads to the action of the 
interfacial dissipative decrements at node 5 alone.
The material damping and base dissipation terms as 
developed in Chapter Five can, of course, be added into 
equation (7.6a), thus yielding a comprehensive simulation of 
the structural damping. Whilst the numerical model of the 
interface damping effect may appear somewhat crude, it does 
confer several advantages in allowing a representative 
transient computational analysis to be made. Empirical data 
from simple static hysteresis tests such as those described 
in the preceding chapter, directly yield appropriate values 
for the index (in this case in the range 2*35 to 2*76).
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m o d e l l e d  i n  t h i s  way,  c o n f o r m s  c l o s e l y  t o  t h e  d i s s i p a t i v e
( 1 8 0 )b e h a v i o u r  d e r i v e d  by M e t h e r e l l  and D i l l e r  , i n  u h i c h  t h e
d i s s i p a t i o n  r a t e  i n c r e a s e s  f r om ze r o  a t  t h e  b e g i n n i n g  o f  each 
i n t e r f a c e  l o a d i n g  p has e.  T h i s  r e s u l t s  i n  most  o f  t h e  energy  
b e i n g  d i s s i p a t e d  n ear  t h e  end o f  each l o a d i n g  phase ,  u h i c h  
i n d e e d  o c c u r s  i n  t h e  n o n l i n e a r  moment -dependent  s i m u l a t i o n .
An illustration of the effect that the inclusion of 
the interface damping has upon the transient structural 
response is shoun in Figures 50. For this example, the 
response of the 'typical 1 structural idealisation of Figure 9 
is considered, under the action of an idealised sine-sauarsd 
base displacement ramp of 5 cm amplitude and 20 millisecond 
duration. The resoonse of the 'monolithic* structure is 
compared to the case where flanged joints are interposed at 
nodes 4, 5 and 7 (the positions at which the effective 
sectional modulus changes). A nominal loss index of = 2*5 
is used and any concomitant change in structural stippness 
for the jointed structure is neglected for the purposes o p 
this example. Nominalil-values are used which yield a 
'realistic' attenuation of the structural response. Figure 
50(a) shows a comparison between the base moment histories 
for the monolithic and the jointed idealisations, and 
Figures 50(b), (c) compare the intermediate flange (node 5) 
accelerations and the tip deflections respectively. Due to 
the localised nature of the damping, a uell-defined 
exponential decay envelope is not observed in the response 
of the jointed idealisation. It can be seen that the 
presence of the structural joints suppresses the 45 kNm peak 
moment at the base of the tower, which occurred at t = 0*47
F u r t h e r m o r e ,  th e  n u m e r ic a l  energy  d i s s i p a t i o n  response
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seconds in the monolithic simulation. Both the simulations 
did, however, yield approximately the same peak structural 
acceleration (~-70 g) at node 7, some 0*36 seconds into the 
response. The tip deflection plots for the two cases show 
that the joints introduce somewhat irregular attenuation of 
the response, although the basic amplitude profile is 
preserved. There is a small increase of high frequency 
content in the jointed simulation, due to the localised 
damping effects inducing higher mode flexural distortions, 
as can be seen in Figure 50(b).
7.6.3 Determination of Analytical Damping Coefficients
It was necessary to ascribe values to the coefficients 
for all the operative damping terms in the complete time 
integration algorithm used to simulate these transient tests. 
The first sten was to evaluate the material damping and base 
dissipation coefficients using the same techniaue as for the 
preceding 'configuration' tests, namely the optimised 
numerical simulation of the test model's free vibration 
decay in both the encastre and the double suDport condition.
In order to isolate these damping contributions from the 
dissipative phenomena connected with the joint interface, 
the experimental free-vibration decay of the test model was 
measured with the attached masses mounted on the tube with 
the solid-equivalent flange (see Section 6.3). This enabled 
the inertial properties of Model $9 to be represented, 
without the presence of the interface energy loss in the 
logarithmic decrement determination. The values of 
dissipative constants in equation (7,6a) can be ascribed 
rationally for any of the twelve transient tests on the basis
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of the preliminary experimental data. As already implied, the 
loss index is given the value derived from the static 
hysteresis test for the appropriate flange clamping condition.
In order to determine the representative value of the loss 
coefficient , a series of analytical runs were conducted,
in which the free vibration test with the corresponding flange 
clamping condition was emulated. This involved the use of a 
simple four node idealisation of Model $3 (Figure 24), in 
which the first node represented the large tip mass and node 
four represented the flanged joint. The intermediate nodes 
modelled the distributed mass of the tube, and a relatively 
stiff inter-support element was used to simulate the encastre 
mounting condition. For each of the twelve test configurations, 
the response to an initial tip displacement was computed, 
using the integration algorithm with the ^  value from the 
corresponding static hysteresis test and the inclusion cf 
the previously evaluated material damping term. A subprogram 
uas written to calculate the (S/A) parameter of the comouted 
response, thus allowing a direct comparison to be made with 
the results of the free vibration tests (see Figure 39).
In this way a set of runs in which ^ 5 5  was varied, made it 
possible to ascertain the effective loss coefficient value 
using the now familiar semi-iterative interpolation technique.
As indicated by the early experimental work, the 
presence of a flange joint in the mast can produce a decrease 
in the effective structural stiffness in cases where a low 
interface clamping pressure is used (see Figure 33). This 
effect is minimal for cases where a practical clamping 
pressure (> 4 Nmm ) is used, but it can be represented in 
the numerical analysis by altering the stiffness of the
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connective 'beam 1 elements in the structural idealisation. 
Again, in a real structure this is a local phenomenon, and 
as an approximation in the numerical analysis, the stiffness 
of the two elements adjacent to the fifth 'joint node' were 
given a percentile reduction in effective sectional modulus. 
This reduction was derived from the empirical stiffness/ 
interface pressure relationships of Figure 33. It should be 
noted that, although the experimental data plotted in that 
graph has a general cyclic load-amplitude dependency, the 
relationships for individual load amplitudes are substantially 
parallel and linear in the useful clamping pressure ranae.
Thus each curve yields approximately the same percentile 
reductions, based upon their asymptotic 'infinite* clamping 
pressure stiffness values. This is obviously a somewhat crude 
approach, but in view of the relative insignificance o p the 
stiffness .variation it is considered adequate for practical 
transient response analyses.
7 . 6 . 4  Compar i son c f - t h e  N u m e r i c a l  S i m u l a t i o n s
w i t h  t h e  Exper imenta. l . . . .Responses
Six of the twelve 'flange' tests are considered in 
Figures 51 to 56, which illustrate the performance of the 
numerical analysis in simulating the transient response. In 
each case considered, Figure 'a' shows the base displacement 
excitation function and the resulting base moment history for 
the first 32G milliseconds of the post-impact response. The 
base moment graphs show the experimentally acquired response 
and that predicted by the numerical analysis in an overlay 
plot, thus facilitating a meaningful comparison. Figures 'b ' 
show separately the experimental and analytical acceleration 
histories for the intermediate mass concentration on the ’most'
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(corresponding to node 3 in the structural idealisation)* As 
uas the case for the earlier ’configuration 1 tests (see 
Section 7.5.3), an overlay comparison of these responses 
would be confusing, due to their high frequency content. The 
six responses illustrated in the figures are a representative 
selection of the twelve transient tests conducted with the 
flanged model, and the following comments apply to the complete 
set of tests.
The base moment, which is a critical parameter for 
many mast-like structures, is estimated with good accuracy 
(better than 19,0 by the numerical simulation. On the basis 
of these tests it is felt that with an optimised spatial 
idealisation, the analysis can yield predictions of the 
maximum gross dynamic stresses in a structure with an 
accuracy c p at least 70/-. The frequency content oF the 
resoonse histories (figures a) are particularly well 
predicted, indicating that the spatial discretization 
technique has yielded an optimal lumped-mass distribution 
for the numerical model. As for the previous tests-, there is 
a tendency for the analysis to underestimate the fundamental 
frequency of the structure. It should be noted that the use 
of just five nodes has again produced response predictions 
which are of adequate accuracy for most structural design 
purposes. The decay envelopes of the numerical moment 
response predictions follow those of the test models.quite 
accurately, although there is a tendency for the amplitudes 
to be overestimated in the analysis. This error is small 
(typically 3-8'/ of the peak amplitude) and it could be 
considered advantageous in certain design situations where 
a slightly conservative structure is required.
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As f o r  t h e  c o n f i g u r a t i o n  t e s t s ,  t h e  p r e d i c t e d  n o da l  
a c c e l e r a t i o n  h i s t o r i e s ,  o f  wh i ch  t h e  i l l u s t r a t e d  node 2 
t r a c e s  a re  r e p r e s e n t a t i v e ,  a re  n o t  as a c c u r a t e  as t h e  moment 
h i s t o r i e s .  N o n e t h e l e s s ,  t h e  a n a l y s i s  y i e l d s  s p e c t r a l l y  
c o r r e c t  a c c e l e r a t i o n s  w i t h  adeq ua te  e s t i m a t e s  o f  t h e  peak 1g 1 
l e v e l s  and t h e  g r o s s  a c c e l e r a t i o n  b e h a v i o u r .  For  s e v e r a l  o f  
t h e  computed a c c e l e r a t i o n  r e s po ns e s  t h e  r a t e  o f  decay a t  low 
a m p l i t u d e s  i s  t o o  s m a l l ,  and t h u s ,  i n  some c a s e s ,  t h e  n u m e r i c a l  
p r e d i c t i o n s  do n o t  a t t e n u a t e  as r a p i d l y  as t h e  a c c e l e r o m e t e r  
s i g n a l s  r e c o r d e d  d u r i n g  t h e  t e s t s .  In t e r ms  o f  an ' e f f e c t i v e  
l o g a r i t h m i c  a c c e l e r a t i o n  d e c r e m e n t 1 o v e r  t h e  second f u n d a m e n t a l  
c y c l e  o f  t he  m o d e l s '  r e s p on s e  ( w i t h  t y p i c a l  v a l u e s  o f  Sacc -  
0 * 0 8 ) ,  e r r o r s  as l a r g e  as +35$ can be f ound  i n  t h e  n u m e r i c a l  
s i m u l a t i o n s .  However ,  as p r e v i o u s l y  n o t e d ,  i t  i s  t h e  moment 
h i s t o r i e s ,  r a t h e r  t ha n  l o c a l  a c c e l e r a t i o n s ,  t h a t  a re  u s u a l l y  
o f  i n t e r e s t  t o  t h e  s t r u c t u r a l  e n g i n e e r .  T h i s  i n a c c u r a t e  
a t t e n u a t i o n  o f  t h e  a c c e l e r a t i o n  p r e d i c t i o n s  l e a d s  t o  a 
s i t u a t i o n  ir. wh i ch  t h e  peak ' g '  l e v e l s  d u r i n g  t h e  f i r s t  
f u n d a m e n t a l  p e r i o d  o f  t h e  r e s p on s e  are  e s t i m a t e d  to  b e t t e r  
t han  12’/. u h i l s t  su b se qu e n t  peaks may be i n  e r r o r  by as much 
as 2 5 /0. I t  i s  n o t i c e a b l e  t h a t  t h e  h i g h  f r e q u e n c y  i n i t i a l  
o s c i l l a t i o n s  fo u nd  i n  t h e  t i p  a c c e l e r a t i o n  h i s t o r i e s  o f  t he  
p r e v i o u s  ' c o n f i g u r a t i o n '  t e s t s  a r e  a bs en t  i n  t h e s e  t e s t s  
u i t h  the  f l a n g e d  m od e l .  T h i s  i s  n o t  l i k e l y  t o  be due to  t he  
d i f f e r e n t  s t r u c t u r a l  l o c a t i o n  o f  t h e  a c c e l e r a t i o n s  c o n s i d e r e d ,  
and i t  i s  s u g g es t ed  t h a t  t h e  f l a n g e  a b so rb s  a s i g n i f i c a n t  
amount  o f  t he  i n i t i a l  h i g h  energy  o f  t he  i m pa c t  s t r e s s  waves 
•as t h e y  p r o p a g a t e  i n t o  t h e  mo de l .  T h i s  p r o p o s a l  i s  i n  
k e e p i n g  w i t h  t h e  p r e v i o u s l y  d e r i v e d  e m p i r i c a l  p o w e r - l a w  
r e l a t i o n s h i p  between i n t e r f a c i a l  energy  d i s s i p a t i o n  and the
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l o c a l  ’ s t r e s s  a m p l i t u d e ’ , and would  e x p l a i n  t h e  a t t e n u a t i o n  
o f  t h e  i n i t i a l  n e g a t i v e - g o i n g  phase o f  t h e  base moment 
h i s t o r i  e s •
The r e s u l t s  o f  t h i s  s e t  o f  t r a n s i e n t  t e s t s  show t h a t  
t he  n u m e r i c a l  a n a l y s i s ,  w i t h  i t s  a l g o r i t h m s  f o r  t he  v a r i o u s  
modes o f  s t r u c t u r a l  damping ( i n c l u d i n g  i n t e r f a c e  d a m p i n g ) ,  
can be used w i t h  success  t o  p r odu ce  t r a n s i e n t  r e sp on se  
h i s t o r i e s  u h i c h  a r e  adeq ua te  b o t h  f o r  t h e  p r e d i c t i o n  o f  
p r o t o t y p e  r e s p o n s e ,  and f o r  s t r u c t u r a l  d e s i g n  p a r a m e t e r  
s t u d i e s .  The use o f  s e m i - e m p i r i c a l  i n t e r f a c e  damping 
r e l a t i o n s h i p s  a l l o w s  s e n s i b l e  m o d e l l i n g  o f  t h e  d i s s i p a t i v e  
b e h a v i o u r ,  when e x p e r i m e n t a l l y - b a s e d  c o n s t a n t s  a re  employed 
and i t  i s  a p p a r e n t  t h a t  t h e  e f f o r t  i n v o l v e d  i n  a c q u i r i n g  
s u i t a b l e  damping d a ta  i s  re wa rd ed  by a c c u r a t e  s i m u l a t i o n  o f  
t h e  damped t r a n s i e n t  r e s p o n s e .
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8.1  Summary o f  T h e o r e t i c a l  and E x p e r i m e n t a l  Work
T h i s  t h e s i s  has d e m o n s t r a t e d  t h e  v a l u e  o f  a u n i f i e d  
approach  t o w a r d s  t h e  c o s t - e f f e c t i v e  bompute r  s i m u l a t i o n  o f  t h e
t r a n s i e n t  dynamic  r e s p o n s e  o f  t a l l ,  s l e n d e r  s t r u c t u r e s .\
A l t h o u g h  v e r y  p o w e r f u l  l a r g e - s c a l e  f i n i t e  e le me nt  p rograms 
f o r  s t r u c t u r a l  dynami cs  a l r e a d y  e x i s t ,  t h e y  a re  t oo  e x p e n s i v e  
t o  a l l o w  t h o r o u g h  d e s i g n  p a r a m e t e r  s t u d i e s .  A l so  i t  i s  a 
c o n s i d e r a b l e  p r o b l e m  t o  s o r t  t h e  l a r g e  amount  o f  d a ta  g e n e r a t e d  
by such packages  i n t o  a f o r m a t  t h a t  i s  r e a d i l y  c o m p r e h e n s i b l e .  
C o n s e q u e n t l y ,  t h e  t e c h n i q u e s  adap ted  i n  t h i s  work have been 
d e v e l o p e d  . s p e c i f i c a l l y  f o r  use w i t h  l o w - c o s t  s i n g l e - u s e r  
c o m p u t e r s .  A weakness i n  many e x i s t i n g  a n a l y t i c a l  t e c h n i q u e s  
uas r e c o g n i s e d ,  i nasmuch as t h e  m o d e l l i n g  o f  s t r u c t u r a l  
damping i s  o f t e n  q u i t e  c r u d e  and i n a d e q u a t e .  T h e r e f o r e ,  
c o n s i d e r a b l e  e f f o r t  was d i r e c t e d  t o w a r d s  t h e  assessment  and 
s e l e c t i o n  o f  s u i t a b l e  n u m e r i c a l  a l g o r i t h m s  f o r  t h e  s i m u l a t i o n  
o f  s t r u c t u r a l  ener gy  d i s s i p a t i o n  mechanisms.
The t r a n s i e n t  r e s p o n s e s  o f  i n t e r e s t  i n v o l v e d  f o r c i n g  
f u n c t i o n s  w i t h  t y p i c a l  d u r a t i o n s  o f  t h e  o r d e r  o f  t e n t h s  o f  
t h e  f u n d a m e n t a l  s t r u c t u r a l  p e r i o d .  Hence a c l e a r  c l a s s i f i c a t i o n  
o f  t h e  p r o b l e m  as t r u l y  v i b r a t i o n a l  o r  t r u l y  i m p u l s i v e  was n o t  
p o s s i b l e ,  a l t h o u g h  t h i s  o r d i n a r i l y  d e t e r m i n e s  t h e  t y p e  o f  
a n a l y s i s  t o  be emp loyed .  However ,  n u m e r i c a l  t i m e  i n t e g r a t i o n  
based upon f i n i t e  d i f f e r e n c e  t e c h n i q u e s  was chosen s i n c e  i t  
can h a n d l e  b o t h  c l a s s e s  o f  p r ob le m and i s  s u i t e d  t o  comput er s  
w i t h  l i m i t e d  memory c a p a c i t y .  C ha p t e r  2 c o n t a i n s  a c omp re he ns i v
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r e v i e w  o f  d e v e l o p m e n t s  i n  t h e  use o f  t i m e  i n t e g r a t i o n  
t e c h n i q u e s  i n  s t r u c t u r a l  d y n a m i c s ,  s t a r t i n g  w i t h  t h e  
p i o n e e r i n g  work o f  N.M, Newmark.  The f u n d a m e n t a l  d i f f e r e n c e s  
between i m p l i c i t  and e x p l i c i t  s o l u t i o n  o f  t h e  e q u a t i o n s  o f  
s t r u c t u r a l  m o t i o n  a r e  expounded,  and t h e i r  c o m p a r a t i v e  
a d va n t a g e s  and d i s a d v a n t a g e s  a r e  d i s c u s s e d .
Common t o  a l l  n u m e r i c a l  t i m e " i n t e g r a t i o n  a n a l y s e s  i s  
t h e  n e c e s s i t y  t o  s e t  up a n u m e r i c a l  model  u h i c h  i s  d i s c r e t i z e dV
i n  b o t h  space and t i m e .  C e r t a i n  c o m b i n a t i o n s  o f  s p a t i a l  and 
t e m p o r a l  d i s c r e t i z a t i o n  t e c h n i q u e s  a re  c l e a r l y  s u p e r i o r ,  
a l t h o u g h  t h e  c h o i c e  between an e x p l i c i t  o r  i m p l i c i t  method 
o f  s o l u t i o n  i s  n o t  o b v i o u s  f o r  t r a n s i e n t  p r ob le ms  o f  t h i s  
t y p e .  The u n d e s i r a b l e  f e a t u r e s  u h i c h  may a r i s e  w i t h  s p e c i f i c  
t e c h n i q u e s  o f  s o l u t i o n ' i n c l u d e : c o n d i t i o n a l  s t a b i l i t y ,  
s p u r i o u s  o s c i l l a t i o n ,  n u m e r i c a l  damping and a r r e s t e d  
i n s t a b i l i t y .  There  i s  c o n s i d e r a b l e  d i s a g r e e m e n t  between 
w o r k e r s  i n  t h i s  f i e l d  as t o  t h e  opt imum method o f  s o l u t i o n  -  
a s i t u a t i o n  u h i c h  i s  somewhat  i n t r a c t a b l e  s i n c e  t h e  ' c o r r e c t *  
answer  depends l a r g e l y  upon t h e  n a t u r e  o f  t h e  p r ob le m  and t h e  
c o m p u t a t i o n a l  h a r d w a r e  t h a t  i s  u t i l i s e d .  T h i s  has l e d  some 
r e s e a r c h e r s  t o  d e v e l o p  h y b r i d  t e c h n i q u e s ,  such as s t i f f l y -  
s t a b l e  and l i n e a r  m u l t i - s t e p  methods ,  u h i c h  a t t e m p t  t o  combine 
t h e  a d v an t a ge s  o f  b o t h  a p p r o a c h e s .  These s o p h i s t i c a t e d  
t e c h n i q u e s  do however  i n c u r  t h e  p e n a l t y  o f  s i g n i f i c a n t l y  
i n c r e a s e d  c o m p l e x i t y  and h a r d w a r e  r e q u i r e m e n t s .
The a u t h o r  chose t o  use a c o n d i t i o n a l l y  s t a b l e  
e x p l i c i t  c e n t r a l  d i f f e r e n c e  s o l u t i o n  o f  t h e  e q u a t i o n s  o f  
m o t i o n  f o r  a lumped-mass s p a t i a l  i d e a l i s a t i o n  o f  t h e  
s t r u c t u r e .  The p r i m a r y  r e a s o n s  and j u s t i f i c a t i o n s  f o r  t h e  
c h o i c e  were as f o l l o w s *
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1) E x p l i c i t  s o l u t i o n  can h a n d l e  f a s t  t r a n s i e n t s  and 
v i b r a t i o n a l  p r o b l e m s .
2) C e n t r a l  f i n i t e  d i f f e r e n c e s  y i e l d  t h e  opt imum 
e x p l i c i t  scheme.
3) The c o m p u t a t i o n a l  s i m p l i c i t y  o f  e x p l i c i t  schemes 
a l l o w s  t h e  use o f  r e l a t i v e l y  s m a l l  c o m p u t e r s .
4 ) E x p l i c i t  scheme a l l o w s  t h e  e x p l o i t a t i o n  o f  
i n t e r a c t i v e  s o f t w a r e .
5) Lumped-mass s p a t i a l  i d e a l i s a t i o n  i s  o p t i m a l  f o r  
t h e  c e n t r a l  d i f f e r e n c e  t i m e  o p e r a t o r .
6) Lumped-mass c o n c e p t  i s  f a m i l i a r  t o  e n g i n e e r s  and 
i s  w e l l  s u i t e d  t o  t h e  i d e a l i s a t i o n  o f  l i n e - l i k e  
s t r u c t u r e s .
7) Absence o f  n u m e r i c a l  damping i n  s t a b l e  s o l u t i o n s .
8) N o n l i n e a r  s t r u c t u r a l  p r o p e r t i e s  ( e s p .  damping)  can 
be accommodated.
The c e n t r a l  d i f f e r e n c e  a l g o r i t h m  becomes u n s t a b l e  i f  
t o o  l a r g e  an i n t e g r a t i o n  t i m e  s t e p  i s  u se d.  C o n s e q u e n t l y  a 
s t a b i l i t y  c r i t e r i o n  i s  d e r i v e d  a l t h o u g h  t h i s  does n o t  a p p l y  
t o  t h e  m o d i f i e d  a l g o r i t h m  wh i ch  i n c l u d e s  s t r u c t u r a l  damping 
t e r m s .  To c i r c u m v e n t  t h i s  p r ob le m  t h e  a u t h o r  u t i l i s e s  a 
s i m p l e  i t e r a t i v e  r o u t i n e  wh i ch  r e f i n e s  t h e  t i m e  s t e p  s i z e  
when c o m p u t a t i o n a l  i n s t a b i l i t y  i s  d e t e c t e d .
The a n a l y s i s  i s  d e v e l o p e d  so t h a t  i t  may be a p p l i e d  
t o  any s l e n d e r ,  v e r t i c a l  s t r u c t u r e  such as t a l l  b u i l d i n g s ,  
t o w e r s ,  masts  and s t a c k s .  I n  such s t r u c t u r e s  t h e  t r a n s v e r s e  
s h ea r  e f f e c t s  a r e  r e l a t i v e l y  i n s i g n i f i c a n t  and t h u s  an 
E u l e r - t y p e  beam was chosen as t h e  b a s i s  o f  t h e  i d e a l i s e d  
m o de l .  S t r u c t u r a l  damping can e x e r t  a s i g n i f i c a n t  i n f l u e n c e  
o v e r  t h e  r e s p o n s e  o f  such s t r u c t u r e s  and i s  c o n s e q u e n t l y  
t e s t e d  as a m a t t e r  o f  i m p o r t a n c e  i n  t h i s  t h e s i s .  In  
f o r m u l a t i n g  t h e  a n a l y s i s ,  o n l y  l a t e r a l  l o a d i n g  and f l e x u r a l
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deformation in a single plane is considered, this being 
adequate in many cases to assess the overall structural 
response. The intuitive approach to spatial discretization 
is rejected in favour of the more reasoned approaches due to 
Rayleigh and Duncan, and the former is adopted as the
’standard' mass-lumping technique. The modelling of the
' \
idealised structural base restraint condition is crucial, 
and the aut.hor introduces a novel twin-support system which 
is capable of simulating many restraint conditions as well 
as being able to accommodate convenient base damping 
elements. A unified matrix approach to the formulation of 
the analysis is adopted, incorporating structural property 
matrices and a displacement vector and its derivatives. 
Appendix A.1 does, however, give a formulation for use with 
rudimentary computers which lack matrix manipulation 
facilities. The structural flexibility matrix, which forms 
the basis of the equilibrium equation at each discrete time 
considered in the analysis, is derived from a strain energy 
analysis. The basic time integration algorithm is then formed 
using the structural stiffness matrix (the inverse flexibility 
matrix) such that it requires the current displacement vector 
and one historic displacement vector in order to predict the 
'future' nodal displacements.
Numerical tests showed that the algorithm's stable/ 
unstable transition was well-defined and that there was good 
long-term stability of runs using the maximum allowable time 
step. Although no build-up of amplitude error was detected 
for excessively long runs ( > 1 0 8 increments), gradual phase 
distortions were observed. However, further tests showed that 
the discrete structural frequencies yielded by the analysis
were a d e q u a t e l y  s t a b l e  f o r  most  t r a n s i e n t  r e sp on se  
i n v e s t i g a t i o n s ,  a l t h o u g h  t h e  a c t u a l  component  f r e q u e n c i e s  
t e n d e d  t o  be u n d e r e s t i m a t e d  ( t y p i c a l l y  -9%  and -3a> f o r  a 
5 -n od e  and a 10-node  i d e a l i s a t i o n , . r e s p e c t i v e l y ) .  The l umped-  
mass model  o f  t h e  s t r u c t u r e  i s  t h e  l a r g e s t  p o t e n t i a l  s o u rc e  o f  
e r r o r ,  b u t  i t  i s  d e m o n s t r a t e d  i n  t he  c o u r s e  o f  t h i s  work t h a t  
c a r e f u l  i d e a l i s a t i o n  can l e a d  t o  u s e f u l  r e s u l t s  b e i n g  o b t a i n e d  
w i t h  a m i n i m a l  number o f  s p a t i a l  nodes.
In i m p l e m e n t i n g  t h e  n u m e r i c a l  a n a l y s i s  on a l o w - l e v e l  
c o m p u t e r ,  t h e  a u t h o r  n o t e d  a d i f f i c u l t y  common t o  many 
t r a n s i e n t  s i m u l a t i o n  p r o b l e m s ,  namely t h e  a s s i m i l a t i o n  o f  t h e  
o u t p u t  o f  t h e  computed r e s p o n s e .  P ar amet er  l i s t i n g s  a re  
o f t e n  m e a n i n g l e s s  and p l o t s  o f  r es pons e h i s t o r i e s  t e n d  t o  be 
t o o  complex  t o  y i e l d  a ’ f e e l 1 f o r  t h e  b e h a v i o u r  and c l e a r  
i d e n t i f i c a t i o n  o f  c r i t i c a l  phases i s  o f t e n  h i n d e r e d .  
C o n s e q u e n t l y  t h e  a u t h o r  has d ev e l o pe d  an a n im a t e d  d i s p l a y  
o f  t h e  computed f l e x u r a l  b e h a v i o u r ,  u h i c h  can be i n t e r r o g a t e d  
a t  any t i m e  t o  y i e l d  s p e c i f i c  s t r u c t u r a l  p a r a m e t e r s .  T h i s  
t e c h n i q u e  e x p l o i t s  b o t h  t h e  i n t e r a c t i v e  and g r a p h i c s  f a c i l i t i e s  
u h i c h  a re  a v a i l a b l e  on many s i n g l e - u s e r  c o m p u t e r s .
The p r i n c i p l e  modes o f  s t r u c t u r a l  e x c i t a t i o n  c o n s i d e r e d  
i n  t h i s  t h e s i s  a r e  base r e s t r a i n t  m o t i o n ,  d i r e c t i o n a l  p r e s s u r e  
l o a d i n g ,  and i n i t i a l  d e f o r m a t i o n .  The use o f  t h e  e x p l i c i t  
a n a l y s i s  a l l o w s  t h e s e  modes o f  l o a d i n g  t o  be s t u d i e d  s i n g l y  
o r  i n  c o m b i n a t i o n ,  t h u s  p r o v i d i n g  i n f o r m a t i o n  as t o  t h e i r  
r e l a t i v e  i m p o r t a n c e  and s e v e r i t y ,  as w e l l . a s  i n d i c a t i n g  any 
i n t e r a c t i v e  e f f e c t s .  I t  i s  shown t h a t ,  i n  many c a s e s ,  i t  i s  
p o s s i b l e  t o  use an i d e a l i s e d  waveform t o  model  t h e  t y p e  o f  
s t r u c t u r a l  e x c i t a t i o n  t h a t  i s  o f  i n t e r e s t .  P r o v i s i o n  i s  a l s o  
made f o r  t h e  u t i l i s a t i o n  o f  d i g i t i z e d ,  e x p e r i m e n t a l l y  a c q u i r e d
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f o r c i n g  d a t a .  The f r e q u e n c y  c o n t e n t  o f  t h e  f o r c i n g  f u n c t i o n  
l a r g e l y  d e t e r m i n e s  t h e  f o r m o f  t h e  s t r u c t u r a l  r es p on s e  and 
t h i s  i s  i l l u s t r a t e d  t h r o u g h  a s e r i e s  o f  exampl es .  The most  
i m p o r t a n t  f o rm s  o f  base e x c i t a t i o n  a r e  c i t e d  as s e i s m i c  
a c t i v i t y ,  e x p l o s i v e - g e n e r a t e d  ground  m o t i o n  and s u b s t r u c t u r a l  
movement .  The b a s i c  t i m e  i n t e g r a t i o n  a l g o r i t h m  i s  m o d i f i e d  
t o  accommodate t h e  e f f e c t  o f  base e x c i t a t i o n  as e i t h e r  a 
p u r e l y  t r a n s l a t i o n a l  m o t i o n  o r  as a combined t r a n s l a t i o n a l  
and ' t i l t i n g *  f u n c t i o n .  A t r i a n g u l a r  base a c c e l e r a t i o n  p u l s e  
i s  s u g g e s t e d  as a u s e f u l  i d e a l i s e d  b r o a d - b a n d  shock e x c i t a t i o n  
f o r  t h e  a n a l y s i s  and an e f f i c i e n t  a p p r o x i m a t i o n  t o  i t s  
d i s p l a c e m e n t  f u n c t i o n  i s  g i v e n .
Random wind  .g u s t s  and e x p l o s i v e  b l a s t  p r e s s u r e s  a r e  
b o t h  modes o f  p r e s s u r e  l o a d i n g  which may e x c i t e  s i g n i f i c a n t  
dynamic  f l e x u r a l  d e f o r m a t i o n  o f  t a l l  s t r u c t u r e s .  P r e s s u r e  
e x c i t a t i o n  i s  n e c e s s a r i l y  a f u n c t i o n  o f  space and t i m e ,  and 
c o n s e q u e n t l y  d i s c r e t i z e d  p r e s s u r e  d i s t r i b u t i o n s  a c t i n g  on 
e f f e c t i v e  n o d a l  a re as  a r e  u t i l i s e d  i n  t h e ' n u m e r i c a l  a l g o r i t h m  
as t r a n s v e r s e  n o d a l  f o r c e s .  The work i n  t h i s  t h e s i s  does n o t ,  
h o w e ve r ,  assess  i n t e r a c t i v e  f l u i d / s t r u c t u r e  e f f e c t s  such as 
v o r t e x  s h e d d i n g .  The p r e s s u r e  l o a d s  c o n s i d e r e d  a re  t h o s e  
p r o du c ed  by s i m p l e  d i f f r a c t i o n  o f  p r e s s u r e  waves a ro un d  an 
i d e a l i s e d  s t r u c t u r a l  f o r m and t h o s e  due t o  h y d r o s t a t i c  
p r e s s u r e s .  The somewhat l i m i t e d  i n f o r m a t i o n  which  i s  a v a i l a b l e  
c o n c e r n i n g  a i r - b l a s t  p r e s s u r e s  i s  c o l l a t e d ,  and a p i e c e w i s e  
l i n e a r  appr oach  t o  t h e  s y n t h e s i s  o f  a p p r o x i m a t e  b l a s t  p r e s s u r e  
h i s t o r i e s  i s  used t o  g e n e r a t e  f o r c i n g  f u n c t i o n s '  u h i c h  a re  
c o m p a t i b l e  w i t h  t h e  t i m e  i n t e g r a t i o n  a l g o r i t h m .  A cc ou nt  o f  
b oun da ry  l a y e r  e f f e c t s  i s  t a k e n  by t h e  use o f  a power law 
r e p r e s e n t a t i o n  o f  t h e  v e l o c i t y  p r o f i l e  a l o n g  t h e  s t r u c t u r e .
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The complex  n a t u r e  o f  wind l o a d i n g  (a s t o c h a s t i c  p r o c e s s )  
p r e c l u d e s  a s i m p l e  n u m e r i c a l  s i m u l a t i o n ,  a l t h o u g h  p r o v i s i o n  
i s  made f o r  t h e  use o f  d i g i t i z e d  a nemomet r i c  d a t a .  The 
g e n e r a t i o n  o f  s t o c h a s t i c  f o r c i n g  f u n c t i o n s  such as wind and 
s e i s m i c  e x c i t a t i o n  i s  d i s c u s s e d  s i n c e  i t  i s  e n v i s a g e d  t h a t  
c u r r e n t  t r e n d s  i n  c omput er  h a r dw ar e  w i l l  soon a l l o w  c o s t -  
e f f e c t i v e  g e n e r a t i o n  o f  a r t i f i c i a l  random p r o c e s s e s  w i t h  
c o n t r o l l a b l e  c h a r a c t e r i s t i c s .  \ T h e  a n a l y s i s  i s  amenable to  
t h e  ' added- mass*  appr oach  f o r  t h e  s i m u l a t i o n  o f  h y d r o d y n a m i c  
s t r u c t u r a l  i n t e r a c t i o n ,  a l t h o u g h  i t  i s  n o t e d  t h a t  t h e  c o n c e p t  
r e q u i r e s  some v a l i d a t i o n .  Wi th  t h i s  p r o v i s o ,  i t  i s  p ropsoed  
t h a t  l o c a l  i n d e p e n d e n t  f o r c i n g  v e c t o r s  a c t i n g  on n o d a l  
s u bgr ou ps  c o u l d  be used t o  model  t h e  r e s p o n s e  o f  p a r t i a l l y  
submerged s t r u c t u r e s .  The r e sp o n s e  p r e d i c t i o n s  f o r  two 
s p e c i f i c  s t r u c t u r a l  i d e a l i s a t i o n s  are  used t o  i l l u s t r a t e  t h e  • 
e f f e c t i v e n e s s  o f  t h e  a n a l y t i c a l  method and t o  i n d i c a t e  t h e  
s a l i e n t  f e a t u r e s  o f  s e v e r a l  modes o f  e x c i t a t i o n .
The l a t t e r  h a l f  o f  t h i s  t h e s i s  i s  c o nc er ne d  w i t h  t h e  
e f f e c t s  o f  damping upon t h e  dynamic  s t r u c t u r a l  r e s p o n s e ,  
s i n c e  t h e  i n c o r p o r a t i o n  o f  r e p r e s e n t a t i v e  damping f u n c t i o n s  
i n t o  t h e  i n t e g r a t i o n  a l g o r i t h m  i s  o f  p a r t i c u l a r  i m p o r t a n c e  
i n  t r a n s i e n t  p r o b l e m s .  The n e g l e c t  o f  t h e  d i s s i p a t i v e  
p r o c e s s e s  i s  shown t o  l e a d  t o  e r r o n e o u s  p r e d i c t i o n s  o f  t h e  
l o c a t i o n  and m a g n i t u d e s  o f  c r i t i c a l  s t r u c t u r a l  s t r e s s e s .  The 
f o l l o w i n g  damping mechanisms a r e  o f  s i g n i f i c a n c e  i n  t a l l ,  
s l e n d e r  s t r u c t u r e s  and a r e  c o n s e q u e n t l y  s t u d i e d  i n  some d e t a i l :
1) M a t e r i a l  damping due t o  i n t e r n a l  f r i c t i o n ,
2) I n t e r a c t i o n  between t h e  s t r u c t u r e  and i t s  
s u r r o u n d i n g  me d i a ,
3) Energy l o s s e s  a c r o s s  m e c h a n i c a l  j o i n t s  and 
i n t e r f a c e s ,
A review of the literature dealing with structural damping 
reveals a diversity of nomenclature and experimental techniques, 
with little standardisation. Furthermore, the brief review 
highlights the dependency of structural damping upon the fine 
detail of the test structure, especially the method of 
constraint/support. The use of simple viscous elements to 
simulate damping in structural analyses is widespread.
However, there is considerable evidence to suggest that this 
approach is unsuitable for transient response problems. This 
indicates the need for numerical models which are based upon 
the empirically-derived behaviour of real structures.
The author assesses five of the most commonly 
encountered material damping models from the aspect of their 
amenability to a time-integration difference formulation and 
their ability to attenuate transient responses in a realistic 
fashion. The models assessed are;
A) Simple Viscous Damping
B) Viscous Resistance to Strain
C) Displacement Dependent Damping
D) Stiffness Proportional Damping
E) 'Hysteretic' Damping
In each case an appropriate difference formulation is 
derived, and the performance is assessed via its stability, 
frequency and decay characteristics. Damping models A and B 
are shown to be equivalent, and model C is rejected since it 
yields indicial responses with unacceptable instability even 
for quite lightly damped simulations. The frequency dependency 
of models A, D and E was studied, and different well-defined
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4 ) Energy d i s s i p a t i o n  th rough  the  s t r u c t u r a l
s u p p o r t .
218
r e l a t i o n s h i p s  were fo u nd  f o r  each case .  The a u t h o r  s e l e c t e d  
model  (D) as t h e  most  s u i t a b l e  f o r  use i n  t h e  a n a l y s i s ,  s i n c e  
i t  i s  n o t  f r e q u e n c y  d e p e n d e n t .  T h i s  i s  i n  l i n e  w i t h  t h e  
c u r r e n t  o p i n i o n  t h a t  t h e r e  i s  a m i n i m a l  dependence o f  m a t e r i a l  
damping upon s t r u c t u r a l  f r e q u e n c y .  I t  i s ,  ho we ve r ,  n o t ed  t h a t  
some ar gument  as t o  t h e  v a l i d i t y  o f  t h i s  a s s u m p t i o n  s t i l l  
e x i s t s . '  A s u bs e q u e n t  i n v e s t i g a t i o n  o f  model  A, D and E shows
them a l l  t o  i n t r o d u c e  t o l e r a b l e  l ow phase d i s t o r t i o n s  i n t o  t h e\
r e s p o n s e  c o m p u t a t i o n s .
The a e r od y n a m i c  damping o f  s l e n d e r  s t r u c t u r e s  i s  
r e l a t i v e l y  l o w ,  and a somewhat  c r u de  n u m e r i c a l  model  i s  used 
t o  i n c o r p o r a t e  i t s  e f f e c t  i n t o  t h e  i n t e g r a t i o n  a l g o r i t h m .  I t  
i s  assumed t h a t  t h e  a e ro du n am i c  damping f o r c e  i s  p r o p o r t i o n a l  
t o  t h e  sq uar e  o f  t h e  r e l a t i v e  n o d a l  v e l o c i t y .  T h i s  i s  t h e  
fo rm o f  r e l a t i o n s h i p  used by many t h e o r e t i c a l  a e r o e l a s t i c i a n s ,  
a l t h o u g h  t h e r e  i s  e v i d e n c e  t h a t  i t  i s  i n a c c u r a t e  f o r  l ow 
r e s p on s e  a m p l i t u d e s .  I t  s h o u l d  be n o te d  t h a t  t h e  m o d e l l i n g  o f  
b o t h  t h e  a e r o d y n a m i c  and t h e  m a t e r i a l  damping l e a d s  t o  a 
m i x e d - d i f f e r e n c e  c o m p u t a t i o n a l  a l g o r i t h m .  A l s o ,  t h e  a l g o r i t h m  
becomes n o n l i n e a r ,  i nasmuch as t h e  damping t e rm s  i n v o l v e  
a b s o l u t e  and ' d i r e c t e d *  v a l u e s  o f  t h e  s t r u c t u r a l  p a r a m e t e r s .  
The ener gy  l o s s e s  a s s o c i a t e d  w i t h  t h e  s t r u c t u r a l  s u p p o r t s  a r e  
c o n s i d e r e d  t o  be c o n c e n t r a t e d  a t  t h e  two base nodes i n  t h e  
f o r m o f  r e s i s t i v e  moments.  To f a c i l i t a t e  t h e  m o d e l l i n g  o f  
t h i s  e f f e c t ,  e x p r e s s i o n s  a r e  d e r i v e d  v i a  a s t r a i n  energy  
a n a l y s i s  f o r  t h e  r o t a t i o n  o f  t h e  i d e a l i s e d  beam a t  t he s e  
p o s i t i o n s .  The a u t h o r  p r o po s e s  t h e  use o f  s i m p l e  l i n e a r  
v i s c o u s  dampers wh i ch  oppose t h e  r o t a t i o n a l  m o t i on  o f  t h e  
beam a t  t h e  s u p p o r t s ,  as t h e  means o f  g e n e r a t i n g  t h e  r e s i s t i v e  
moments.  The c o r r e s p o n d i n g  f o r m u l a t i o n  o f  t h e  i n t e g r a t i o n
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a l g o r i t h m  i s  f o u n d  t o  have good l o n g  t e r m s t a b i l i t y  and 
y i e l d s  s e n s i b l e  decay e n v e l o p e s .  The e f f e c t  o f  t h i s  mode o f  
damping i s  t o  a t t e n u a t e  t h e  h i g h  f r e q u e n c y  r e s p on s e  components 
more r a p i d l y  t h a n  t h e  h i g h  a m p l i t u d e ,  l ow f r e q u e n c y  components ,  
and t h i s  i s  i l l u s t r a t e d  as an example .
Very  f e u  t a l l ,  s l e n d e r  s t r u c t u r e s  a re  m o n o l i t h i c ,  and 
t h e  s t r u c t u r a l  j o i n t s  n o r m a l l y  e n c o u n t e r e d  can have an 
i m p o r t a n t  i n f l u e n c e  o v e r  t h e  damping o f  t h e  t r a n s i e n t  r e s p o n s e .  
Due t o  t h e  many i m p o r t a n t  and i n t e r a c t i n g  p a r a m e t e r s  r e l a t e d  
t o  t y p i c a l  m e c h a n i c a l  c o n n e c t i o n s  ( e . g .  s i z e ,  g e o m e t r y ,  
p r e l o a d ) ,  and t h e  many p o s s i b l e  modes o f  l o a d i n g ,  t h e  
a s s o c i a t e d  e nergy  l o s s e s  w i l l  o f t e n  a r i s e  f rom a complex 
c o m b i n a t i o n  o f  mechanisms a c t i n g  a t  t h e  j o i n t  i n t e r f a c e .  The 
a t t e m p t s  o f  o t h e r  w o r k e r s  t o  d e ve l o p  v i a b l e  a n a l y t i c a l  models  
o f  i n t e r f a c e  damping a r e  r e v i e w e d ,  a l t h o u g h  i t  becomes 
a p p a r e n t  t h a t  a t r u l y  r e p r e s e n t a t i v e  a n a l y s i s  i s  n o t  f e a s i b l e  
f o r  a l l  b u t  t h e  s i m p l e s t  c a s e s .  There i s ,  i n  a l m o s t  every  
c a s e ,  a need f o r  a s s o c i a t e d  e x p e r i m e n t a l l y - a c q u i r e d  p h y s i c a l  
d a t a .  A p a r t i c u l a r  t y p e  o f  f l a n g e d  j o i n t  i s  commonly 
e n c o u n t e r e d  i n  t h e  m a s t - l i k e  s t r u c t u r e s  u h i c h  a r e  o f  i n t e r e s t  
t o  t h e  a u t h o r .  A s e t  o f  e x p e r i m e n t s  was c o n s e q u e n t l y  d e v i s e d  
and c o nd u c t e d  i n  o r d e r  t o  e v a l u a t e  t h e  damping b e h a v i o u r  o f  
t h i s  t y p e  o f  c o n n e c t i o n  i n  t r a n s i e n t  r es p on s e  p r o b l e m s .
N o t i n g  t h e  d i f f i c u l t i e s  i n  p r o d u c i n g  an e f f i c i e n t  t h e o r e t i c a l  
mo de l ,  i t  was t h e  a u t h o r ’ s i n t e n t i o n  t o  i n c o r p o r a t e  a semi -  
e m p i r i c a l  model  o f  t h e  i n t e r f a c e  damping e f f e c t  i n t o  the  
n u m e r i c a l  a n a l y s i s .  A f u r t h e r  purpose  o f  t he  e x p e r i m e n t a l  
work was t o  assess,  t h e  p e r f o r m a n c e  o f  t h e  i n t e g r a t i o n  a l g o r i t h m  
i n  p r e d i c t i n g  t h e  t r a n s i e n t  b e h a v i o u r  o f  s t r u c t u r e s  f o r  u h i c h  
h i g h - q u a l i t y  e x p e r i m e n t a l  r es p on s e  d a ta  were a v a i l a b l e .  T h i s
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a s p e c t  o f  t r a n s i e n t  r e s p on s e  i n v e s t i g a t i o n  has been somewhat 
n e g l e c t e d  i n  t h e  p a s t ,  l a r g e l y  due t o  t h e  l a c k  o f  s u i t a b l e  
h i g h - s p e e d  d a t a  a c q u i s t i o n  e q u i p m e n t .
The e x p e r i m e n t a l  work was c on du c te d  i n  two d i s t i n c t  
p hase s ,  t h e  f i r s t  t o  a ssess  t h e  f u n d a m e n t a l  energy  d i s s i p a t i o n  
p r o p e r t i e s  o f  a f l a n g e d  m od e l ,  and t h e  second t o  i n v e s t i g a t e  
t h e  t r a n s i e n t  r e sp o n s e  o f  b o t h  ' c o n t i n u o u s *  and ' b u i l t - u p '
model  c o n f i g u r a t i o n s .  A s u r v e y  o f  e x i s t i n g  e x p e r i m e n t a l\ ..
i n f o r m a t i o n  shows t h a t  t h e  e f f e c t s  o f  i n t e r f a c e  damping are  
u s u a l l y  measured o n l y  f o r  cases o f  p s e u d o - s t a t i c  o r  s t e a d y -  
s t a t e  h a r m o n i c  l o a d i n g ,  and t h a t  t h e  energy  d i s s i p a t i o n  i n  
b o l t e d ,  f l a n g e d  j o i n t s  has n o t  been c o n s i d e r e d .  A l so  i t  i s  
a p p a r e n t  t h a t  some o f  t h e  e a r l i e r  e x p e r i m e n t a l  work was 
hampered by r e l a t i v e l y  i n a c c u r a t e  and u n s t a b l e  i n s t r u m e n t a t i o n  
and t r a n s d u c e r  s y s t e m s .  A d i g i t a l  t r a n s i e n t  r e c o r d e r  was 
used by t h e  a u t h o r  f o r  t h e  a c q u i s i t i o n  o f  dynamic  r e sp on se  
d a t a  w i t h  f i n e  t e m p o r a l  and a m p l i t u d e  r e s o l u t i o n  i n  c o n j u n c t i o n  
w i t h  h i g h l y  l i n e a r  a c c e l e r o m e t e r s  and s i g n a l  c o n d i t i o n i n g .
The t e s t  models  c o n s i s t e d  o f  b a s i c  t u b u l a r  s t e e l  ' m a s t s '  w i t h  
and w i t h o u t  a f l a n g e d  j o i n t ,  t o  which a d j u s t a b l e  mass 
c o n c e n t r a t i o n s  were a t t a c h e d .  S t r a i n  gauged b o l t s  were used 
t o  measure t h e  j o i n t  c l a m p i n g  p r e s s u r e s  and t h e  dynamic 
b e n d i n g  moments i n  t h e  t u b e s  were m o n i t o r e d  by s t r a i n  gauge 
r o s e t t e  i n s t a l l a t i o n s .  For  a l l  t h e  t r a n s i e n t  t e s t s ,  and some 
o f  t h e  p r e l i m i n a r y  i n v e s t i g a t i o n s ,  a d o u b l e  base r e s t r a i n t  
c o n f i g u r a t i o n  was u se d.
The f i r s t  i n v e s t i g a t i o n s  i n v o l v e d  an assessment  o f  
t h e  s t a t i c  h y s t e r e s i s  i n  t h e  mode l s ,  A s e q u e n t i a l  range  o f  
known l o a d s  was a p p l i e d  t o  t h e  t i p  o f  t h e  models  i n  b o t h  t h e  
p o s i t i v e  and n e g a t i v e  sense i n  a c y c l i c  f a s h i o n .  The r e s u l t i n g
t i p  d e f l e c t i o n s  o f  t h e  b a s i c  f l a n g e d  mode l ,  c lamped i n  an 
e n c a s t r e  c o n d i t i o n ,  were m o n i t o r e d  f o r  a r an ge  o f  i n t e r f a c e  
c l a m p i n g  p r e s s u r e s  and a p p l i e d  l o a d  a m p l i t u d e s .  H y s t e r e s i s  
l o o p s  were p l o t t e d  f r om t h e s e  t e s t s ,  and t h e i r  e n c l o s e d  a reas  
were used t o  y i e l d  t h e  e nergy  l o s s  per  c y c l e  f o r  each case .
The energy  l o s s  v a l u e s  o b t a i n e d  i n  t h i s  way were c o r r e l a t e d  
t o  t h e  e f f e c t i v e  a p p l i e d  b e n d i n g  moment u s i n g  t h e  a ss u mp t i on  
o f  a p o u e r - l a w  r e l a t i o n s h i p .  I t  i s  p o i n t e d  o u t  t h a t  t h i s  
a p p r o a c h ,  wh i ch  has been .used s u c c e s s f u l l y  f o r  d i f f e r e n t  j o i n t  
t y p e s  by o t h e r  w o r k e r s ,  i s  an a t t e m p t  to s i m u l a t e  t h e  g r os s  
d i s s i p a t i v e  e f f e c t  o f  t h e  f l a n g e ,  r a t h e r  t h a n  an a c c u r a t e  
r e p r e s e n t a t i o n  o f  t h e  p h y s i c a l  l o s s  mechanisms wh i ch  a c t  a t  
t h e  i n t e r f a c e .  The e f f e c t i v e  r e d u c t i o n  o f  s t r u c t u r a l  s t i f f n e s s ,  
due t o  t h e  p r e s e n c e  o f  t h e  f l a n g e ,  was a l s o  q u a n t i f i e d  by 
c o n s i d e r a t i o n  o f  t h e  ’ s l o p e *  o f  t h e  r e s u l t a n t  h y s t e r e s i s  
l o o p s .  A d d i t i o n a l l y ,  t h e  r e l a x a t i o n  o f  t h e  p r e l o a d  i n  t h e  
f l a n g e  b o l t s  u nd er  t h e  a c t i o n  o f  t he  l o a d i n g  c y c l e s  was 
m o n i t o r e d .
The p r e l i m i n a r y  e x p e r i m e n t a l  i n v e s t i g a t i o n s  were 
c o n c l u d e d  by a s e r i e s  o f  f r e e  v i b r a t i o n  t e s t s ,  a g a i n  co nd uc t ed  
on t h e  b a s i c  f l a n g e d  mode l .  A range o f  i n t e r f a c e  c l a m p i n g  
p r e s s u r e s  and i n i t i a l  t i p  d i s p l a c e m e n t s  were used and t h e  
r e s u l t i n g  v i b r a t i o n  decay was m o n i t o r e d  v i a  a s t r a i n  gauge 
i n s t a l l a t i o n  a t  t h e  base o f  t h e  model .  The d i g i t i s e d  re sp on se  
r e c o r d s  were p o s t - p r o c e s s e d  t o  y i e l d  t h e  m a g n i t u d e  and p e r i o d  
o f  t h e  c o n s e c u t i v e  v i b r a t i o n a l  peaks .  S i n ce  t h e  f l a n g e d  
j o i n t  does n o t  d i s p l a y  t h e  c o n v e n t i o n a l l y  assumed v i s c o u s - t y p e  
a t t e n u a t i o n  c h a r a c t e r i s t i c s ,  a p i e c e w i s e  e x p o n e n t i a l  c u r v e -  
f i t t i n g  t e c h n i q u e  i s  u t i l i s e d  t o  assess  t h e  r e s u l t i n g  decay 
e n v e l o p e s .  T h i s  a ppr oach  y i e l d s  e f f e c t i v e  l o g a r i t h m i c
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d e c r em en ts  f o r  each f r e e  v i b r a t i o n  t e s t .  The f u n d a m e n t a l  
s t r u c t u r a l  f r e q u e n c y  i s  a l s o  d e r i v e d  f r om t h e  r es p on s e  r e c o r d s  
i n  o r d e r  t o  check t h e  e f f e c t i v e  s t i f f n e s s  v a r i a t i o n s  i n f e r r e d  
by t h e  s t a t i c  h y s t e r e s i s  t e s t s .  The dynamic  v a r i a t i o n s  i n  
t h e  c o n n e c t i n g  b o l t  p r e l o a d s  ue re  a l s o  m o n i t o r e d  f o r  s e v e r a l  
o f  t h e  t e s t s .  Both e n c a s t r e  and d o ub l e  s u p p o r t  c o n d i t i o n s  
u e re  used i n  an a t t e m p t  t o  q u a n t i f y  t h e  damping c o n t r i b u t i o n  
due t o  t h e  l a t t e r  c o n f i g u r a t i o n .
The second s t a g e  o f  t h e  e x p e r i m e n t a l  i n v e s t i g a t i o n s  
i n v o l v e d  t h e  measurement  o f  t h e  t r a n s i e n t  r e s p o n s e  o f  t h e  
m a s t - l i k e  mo d e l s ,  A t r a n s i e n t  t e s t  r i g  uas d e s i g n e d  and 
c o n s t r u c t e d ,  u h i c h  uas c a p a b l e  o f  f e e d i n g  c o n t r o l l a b l e  base
impulses ranging from 1 g to 30 g at impact v e lo c i t i e s  up to
-  1 T2*6 ms i n t o  t h e  t e s t  m o d e l s .  The r i g  uas a s t r u c t u r a l  s t e e l
f ra me wo rk  f r om u h i c h  a ma s s i ve  ’ pe nd u l um1 b l o c k  was suspended
by c a b l e s .  T h i s  b l o c k ,  wh i ch  fo rmed t h e  e f f e c t i v e  base f o r
t h e  t e s t  m o d e l s ,  was swung a g a i n s t  a p a i r  o f  a d j u s t a b l e  shock
a b s o r b e r s  so as t o  p r o du c e  a t r a n s i e n t  d e c e l e r a t i o n .  Care was
ta k e n  t o  e n s ur e  t h a t  a deq ua te  s a f e t y  f a c t o r s  were a l l o w e d  i n
t h e  d e s i g n  s t r e s s  c a l c u l a t i o n s ,  s i n c e  t h e  pendulum b l o c k  has
a h i g h  k i n e t i c  energy  a t  t h e  i n s t a n t  o f  i m p a c t *  The
a c c e l e r o m e t e r s  used f o r  t h e  measurement  o f  t h e  t r a n s i e n t
r e s p o n s e  have a d i s a d v a n t a g e  i n  t h a t  t h e i r  own r e s o n a n t
f r e q u e n c i e s  can be e x c i t e d ,  t h u s  d i s t o r t i n g  t h e  t r u e  o u t p u t .
T h i s  p r ob l em i s  d i s c u s s e d  and t h e  i n e f f i c i e n c y  and d rawbacks
o f  a n a l o g u e  f i l t e r i n g  a r e  p o i n t e d  o u t .  The a u t h o r  has a d ap t ed
s i g n a l  p r o c e s s i n g  t e c h n i q u e s  t o  p roduce  e x t r e m e l y  e f f e c t i v e
d i g i t a l  f i l t r a t i o n  o f  t h e  c a p t u r e d  a c c e l e r o m e t e r  t r a c e s ,  t h u s
y i e l d i n g  v e r y  ’ c l e a n ’ h i g h - r e s o l u t i o n  r es p on s e  h i s t o r i e s .
The p o s t - i m p a c t  m o t i o n  o f  t h e  pendulum b l o c k  was r e c o r d e d  v i a
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a l i n e a r  d i s p l a c e m e n t  t r a n s d u c e r ,  t h u s  d e f i n i n g  t h e  base 
e x c i t a t i o n  and a l l o w i n g  i t  t o  be used as t h e  d i g i t i z e d  f o r c i n g  
f u n c t i o n  i n  t h e  c o r r e s p o n d i n g  n u m e r i c a l  a n a l y s e s .  C a r e f u l  
use o f  t h e  t r i g g e r i n g  and t i m e - b a s e  f u n c t i o n s  p r o v i d e d  by t h e  
t r a n s i e n t  r e c o r d e r  en su r ed  a c c u r a t e  c a l i b r a t i o n  o f  t h e  c a p t u r e d  
re s po ns e  h i s t o r i e s .
B e f o r e  u s i n g  t h e  t e s t  r i g  w i t h  any s t r u c t u r a l  mode l s ,  
i t s  p e r f o r m a n c e  was f u l l y  d e f i n e d  i n  a s e r i e s  o f  t e s t s  i n  wh i ch  
d i f f e r i n g  pendulum r e l e a s e  a n g l e s  and ' b u f f e r 1 s e t t i n g s  were 
u s ed .  These t e s t s ,  wh i ch  m o n i t o r e d  t h e  p o s t - i m p a c t  b e h a v i o u r  
o f  t h e  b l o c k  v i a  b o t h  t h e  d i s p l a c e m e n t  t r a n s d u c e r  and an 
a c c e l e r o m e t e r ,  a l l o w e d  t h e  r e c o r d i n g  and p o s t - p r o c e s s i n g  
t e c h n i q u e s  t o  be o p t i m i s e d ,  as w e l l  as y i e l d i n g  t h e  a c t u a l  
i m p a c t  v e l o c i t i e s  and peak d e c e l e r a t i o n s  f o r  c omp ar i so n  w i t h  
t h e  o r i g i n a l  d e s i g n  c a l c u l a t i o n s .  To o b t a i n  a s e n s i b l e  
c omp ar i so n  between t h e  e x p e r i m e n t a l  r e sp on se  d a t a  and t h e  
c o r r e s p o n d i n g  a n a l y t i c a l ,  s i m u l a t i o n s ,  c a r e f u l  i n i t i a l i s a t i o n  
o f  t h e  t i m e  i n t e g r a t i o n  r o u t i n e  i s  r e q u i r e d .  A l g o r i t h m s  f o r  
t h e  a p p r o x i m a t i o n  o f  t h e  p r e - i m p a c t  m o t i o n  o f  t h e  pendulum 
b l o c k  a r e  d e r i v e d  such t h a t  t h e  a n a l y s i s  may be run  t o  
s i m u l a t e  t h e  r e s p o n s e  f r o m  t h e  i n s t a n t  o f  t h e  i n i t i a l  pendulum 
r e l e a s e .  T h i s  app r oa ch  e n su r e s  t h a t - t h e  a n a l y s i s  c o n t a i n s  t h e  
c o r r e c t  s t r u c t u r a l  d e f o r m a t i o n  and v e l o c i t y  v e c t o r s  a t  t h e  
i n s t a n t  o f  i m p a c t ,  beyond wh i ch  t he  t r u e  t r a n s i e n t  r esp on se  
o c c u r s .  I t  i s  p o i n t e d  o u t  t h a t  t he  s t r e s s e s  a r i s i n g  d u r i n g  
t h e  p r e - i m p a c t  phase o f  t h e  r es p on s e  a re  n e g l i g i b l e  and t h a t  
c o n s e q u e n t l y  a s e p a r a t e  f a s t  s ubpr og r am,  s t r i p p e d  o f  a l l  
u n n e c e s s a r y  s t o r a g e  and s o r t i n g  r o u t i n e s ,  s h o u l d  be employed.
Two s e t s  o f  t r a n s i e n t  model  t e s t s  were u n d e r t a k e n ,  
t h e  f i r s t  i n v o l v i n g  t h r e e  d i f f e r e n t  t y p i c a l  ' c o n t i n u o u s '
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s t r u c t u r a l  c o n f i g u r a t i o n s .  Each c o n f i g u r a t i o n  was t e s t e d  f o r  
a r an ge  o f  i m p u l s i v e  base d i s p l a c e m e n t s ,  and i n  each case a 
c o r r e s p o n d i n g  n u m e r i c a l  s i m u l a t i o n  was u n d e r t a k e n .  In t h e  
s i m u l a t i o n  o f  t h e s e  ’ c o n f i g u r a t i o n *  t e s t s ,  t h e  i n t e g r a t i o n  
a l g o r i t h m  employed t h e  base d i s s i p a t i o n  and s t i f f n e s s  
p r o p o r t i o n a l  damping m o d e l s .  In o r d e r  t o  o b t a i n  t h e  c o r r e c t  
v a l u e s  f o r  t h e  damping c o n s t a n t s ,  each model  c o n f i g u r a t i o n
was s u b j e c t e d  t o  f r e e  v i b r a t i o n  t e s t s  i n  b o t h  t h e  encas t re"\w „
and t h e  d o u b l e  s u p p o r t  c o n d i t i o n s .  N u m e r i c a l  f r e e  v i b r a t i o n  
s i m u l a t i o n s  were then  c o n d u c t e d  w i t h  t h e  damping c o n s t a n t s  
as v a r i a b l e s  wh i ch  were a d j u s t e d  u n t i l  t h e  decay o f  t h e  
a n a l y t i c a l  r e s p o n s e  matched t h a t  o f  t h e  c o r r e s p o n d i n g  
e x p e r i m e n t .  Us in g  t h i s  s e m i - e m p i r i c a l  i t e r a t i v e  a p p r o a c h ,  
t h e  e f f e c t i v e  v a l u e s  o f  t h e  n u m e r i c a l  damping p a r a m e t e r s  
c o u l d  be d e t e r m i n e d .  S u b s e q u e n t l y  t h e  e x p e r i m e n t a l l y  and 
a n a l y t i c a l l y  d e r i v e d  t r a n s i e n t  r e sp on se s  were compared v i a  
t h e i r  r e s p e c t i v e  a c c e l e r a t i o n  and base moment h i s t o r i e s .
The second s e t  o f  t r a n s i e n t  t e s t s  i n v o l v e d  t h e  use o f  
a s i n g l e  ’ f l a n g e d *  model  u nd er  t h e  a c t i o n  o f  a r ange  o f  
i m p u l s i v e  l o a d  c o n d i t i o n s  and i n t e r f a c e  c l a m p i n g  p r e s s u r e s .
In  o r d e r  t o  e f f e c t  c o m p a r a t i v e  a n a l y t i c a l  s i m u l a t i o n s ,  a t i m e  
i n t e g r a t i o n  a l g o r i t h m  i s  d e r i v e d  u h i c h  i n c l u d e s  a l o c a l  
i n t e r f a c e  damping t e r m ,  based upon t h e  p o w e r - l a w  r e l a t i o n s h i p s  
o b t a i n e d  i n  t h e  s t a t i c  h y s t e r e s i s  t e s t s .  T h i s  a l g o r i t h m  
assumes t h a t  t h e  e f f e c t i v e  n o d a l  i n t e r f a c e  damping f o r c e  i s  
p r o p o r t i o n a l  t o  t h e  power o f  t h e  l o c a l  moment as y i e l d e d  by 
t h e  c o r r e s p o n d i n g  h y s t e r e s i s  t e s t .  The l umped-mass i d e a l i s a t i o n  
i n c l u d e s  a node a t  t h e  f l a n g e  p o s i t i o n ,  and a s e l e c t i v e  m a t r i x  
i s ” used t o  e ns u r e  t h a t  t h e  i n t e r f a c e  damping a c t s  a t  t h a t  node 
a l o n e .  An i l l u s t r a t i v e  n u m e r i c a l  example o f  t h e  e f f e c t  o f
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t h i s  mode o f  damping f o r  a ' t y p i c a l 1 r e a l  s t r u c t u r e  i s  
i n c l u d e d .  The e f f e c t i v e  base d i s s i p a t i o n  and m a t e r i a l  damping 
c o n s t a n t s  were e v a l u a t e d  as f o r  t h e  ' c o n f i g u r a t i o n '  t e s t s ,  b u t  
w i t h  a s o l i d  ' e q u i v a l e n t '  f l a n g e  b e in g  used t o  e l i m i n a t e  t h e  
i n t e r f a c e  damping e f f e c t .  T h i s  uas f o l l o w e d  by a f r e e  v i b r a t i o n  
t e s t  w i t h  t h e  f l a n g e d  model  as u t i l i s e d  i n  t h e  t r a n s i e n t  t e s t ,  
so t h a t  t h e  same e m p i r i c a l / i t e r a t i v e  t e c h n i q u e  c o u l d  be used 
t o  e v a l u a t e  t h e  i n t e r f a c e  damping c o n s t a n t .  A f u r t h e r  
a d j u s t m e n t  t o  t h e  n u m e r i c a l  a l g o r i t h m  uas t o  m o d i f y  t h e  
s t i f f n e s s  o f  t h e  i d e a l i s a t i o n  t o  conform t o  t h e  f r e q u e n c y  
r e d u c t i o n s  d e t e c t e d  i n  t h e  p r e l i m i n a r y  f r e e  v i b r a t i o n  t e s t s  
due t o  t h e  p r e s e n c e  o f  t h e  f l a n g e .  Aga in  a c omp ar i so n  o f  t h e  
e x p e r i m e n t a l  and a n a l y t i c a l  r es po ns e s  uas made v i a  t h e i r  
r e s p e c t i v e  moment and a c c e l e r a t i o n  h i s t o r i e s .  T h i s  posed t h e  
most  s t r i n g e n t  t e s t  o f  t h e  p e r f o r m a n c e  o f  t h e  n u m e r i c a l  
a n a l y s i s ,  and c o n c l u d e d  t h e  programme o f  e x p e r i m e n t a l  work 
i n  s u p p o r t  o f  t h i s  t h e s i s .
8 •2  S u g g e s t i o n s  f o r  F u r t h e r  Work
There  a r e  s e v e r a l  a s p e c t s  o f  t h e  work c o n d u c t e d  i n  
t h i s  t h e s i s  wh i ch  m i g h t  b e n e f i t  f rom some f u r t h e r  i n v e s t i g a t i o n .  
Computer  h a r d w a r e  i s  i n c r e a s i n g  i n  power and d e c r e a s i n g  i n  
c o s t  a t  a v e r y  f a s t  r a t e ,  and i t  i s  r e c o g n i s e d  t h a t  some 
t e c h n i q u e s  wh i ch  have been d i s c a r d e d  by t h e  a u t h o r  as b e i n g  
t o o  complex  o r  t i m e - c o n s u m i n g ,  may w e l l  become e c o n o m i c a l l y  
v i a b l e  i n  t h e  f u t u r e .  I t  i s  f o r  t h i s  reason  t h a t  a d i s c u s s i o n  
o f  t h e  g e n e r a t i o n  o f  s t o c h a s t i c  p r o c e s s e s  i s  i n c l u d e d  i n  
C h a p t e r  4.  I t  i s  s u gg e s t e d  t h a t  an i n v e s t i g a t i o n  o f  t he  
i m p l e m e n t a t i o n  o f  such s t a t i s t i c a l  t e c h n i q u e s  on s m a l l  comput er s  
m i g h t  p r o v e  u s e f u l  i n  i t s  own r i g h t ,  as w e l l  as i n d i c a t i n g
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w h e t h e r  i t  wou l d be f e a s i b l e  t o  i n c o r p o r a t e  a s t o c h a s t i c  
p r o c e d u r e  as p a r t  o f  an o n - l i n e  dynamic s t r u c t u r a l  a n a l y s i s .
I t  i s  c o n c e i v a b l e  t h a t  t h i s  may be p o s s i b l e  f o r  t h e  case o f  
s t a t i o n a r y  random s e r i e s ,  b u t  i t  i s  n o t e d  t h a t  t h e  u l t i m a t e  
g o a l  i s  t h e  s y n t h e s i s  o f  a n o n s t a t i o n a r y  f u n c t i o n  w i t h  
s p e c i f i c  s p e c t r a l  c h a r a c t e r i s t i c s .  The a u t h o r  a l s o  s u g ge s t s  
t h a t ,  i n  t h i s  c o n t e x t ,  a s e p a r a t e  p e r i p h e r a l  ’ f o r c i n g  f u n c t i o n  
g e n e r a t o r ’ c o u l d  be d e v e l o p e d , v i n  u h i c h  a m i c r o p r o c e s s o r  c o u l d  
be programmed t o  use c u r r e n t l y  a v a i l a b l e  d e d i c a t e d  f u n c t i o n  
c h i p s  ( e . g .  FFT) t o  g e n e r a t e  t h e  r e q u i r e d  s t o c h a s t i c  f o r c i n g  
f u n c t i o n .  Such a p e r i p h e r a l  c o u l d  then  be accessed by the  
h o s t  comput er  as r e q u i r e d ,  t h u s  l e a v i n g  t h e  l a t t e r  f r e e  t o  
p r o c e s s  t h e  main c o m p u t a t i o n a l  a l g o r i t h m ,  y i e l d i n g  a s i g n i f i c a n t  
impr ov eme nt  i n  d a t a  t h r o u g h p u t .
The a n a l y s i s  p r e s e n t e d  has been r e s t r i c t e d  t o  t h e  
i n v e s t i g a t i o n  o f  t a l l ,  s l e n d e r  s t r u c t u r e s  i n  wh i ch  r o t a t o r y  
i n e r t i a  and t r a n s v e r s e  s h e a r  e f f e c t s  can be n e g l e c t e d .
However ,  t h e  f u n d a m e n t a l  a l g o r i t h m s  d e ve l op ed  h e r e i n -  c o u l d  be 
e x te n d e d  t o  s t r u c t u r e s  i n  u h i c h  t he s e  e f f e c t s  a r e  o f  
s i g n i f i c a n c e .  The r e s t r i c t i o n  on t h e  e x t e n s i o n  o f  t h i s  
a n a l y s i s  i s  r e a l l y  d e t e r m i n e d  by t h e  c a p a c i t y  o f  t h e  a v a i l a b l e  
c o m p u t e r ,  and i t  must  be remembered t h a t  a more complex a n a l y s i s  
w i l l  n e c e s s a r i l y  i n c u r  t h e  p e n a l t y  o f  an i n c r e a s e d  p r o c e s s i n g  
t i m e .  N o n e t h e l e s s ,  u s e f u l  e x t e n s i o n s  t o  t h i s  p r o c e d u r e  m i g h t  
i n c l u d e  t h e  a n a l y s i s  o f  guyed masts  and t o w e r s  i n  which  
s e v e r a l  d i f f e r e n t  r e s t r a i n i n g  members a r e - u s e d .  I t  i s  p o s s i b l e  
t h a t  a t a l l  s t r u c t u r e  may have a n o n - a x i s y m m e t r i c  e x t e r n a l  
shape o r  may have a n o n - s y m m e t r i c  mass d i s t r i b u t i o n .  In such 
cases t o r s i o n a l  o s c i l l a t i o n s  o f  t h e  s t r u c t u r e  may be o f  
s i g n i f i c a n c e ,  and i t  wou ld  be u s e f u l  t o  d e ve l o p  an e q u i v a l e n t
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a n a l y s i s  t o  d e a l  w i t h  t o r s i o n a l  e x c i t a t i o n  and r es p on s e  under  
t r a n s i e n t  l o a d i n g  c o n d i t i o n s .
The r e s p on s e  o f  p a r t i a l l y  and t o t a l l y  submerged 
s t r u c t u r e s  i s  becoming i n c r e a s i n g l y  i m p o r t a n t  w i t h  t h e  g rowt h  
o f  o f f s h o r e  e n g i n e e r i n g  t e c h n o l o g y .  I t  has been i n d i c a t e d  
t h a t  t h e  s p a t i a l l y  d i s c r e t e  s t r u c t u r a l  i d e a l i s a t i o n  . can 
accommodate t h e  h y d r o d y n a m i c  e f f e c t  by means o f  t h e  ‘ added 
mass ’ c o n c e p t .  However ,  t h e  a u t h o r  has n o t e d  t h e  weakness o f  
t h i s  approach  f o r  t r a n s i e n t  r es p on s e  p r o b l e m s ,  i n  t h a t  i t  i s  
c u s t om ar y  t o  d e r i v e  t h e  added-mass c o n t r i b u t i o n  f r om a s i n g l e  
assumed mode shape .  The use o f  a v a r i a b l e - m a s s  m a t r i x  based 
upon t h e  i n s t a n t a n e o u s  f l e x u r a l  d e f o r m a t i o n  o f  t h e  s t r u c t u r e  
i s  c o n s e q u e n t l y  s u g g e s t e d  as a p o s s i b l e  means o f  c o r r e c t i n g  
t h i s  d e f i c i e n c y .  H ou e ve r ,  t h e  a u t h o r  has n o t  i m p l e m en te d  
t h e  t e c h n i q u e ,  and t h e  a s s e r t i o n  s h o u l d  be a ssessed  by t h o r o u g h  
n u m e r i c a l  e v a l u a t i o n .  F u r t h e r m o r e ,  v e r y  l i t t l e  c o m p a r a t i v e  
a n a l y t i c a l / e x p e r i m e n t a l  work has been c a r r i e d  o u t  f o r  p a r t i a l l y  
submerged s t r u c t u r e s  and a t e s t  programme- s i m i l a r  t o  t h a t  
i n s t i g a t e d  by t h e  a u t h o r  f o r  t h e  i n v e s t i g a t i o n  o f  i n t e r f a c e  
dampi ng ,  c o u l d  y i e l d - u s e f u l  d e s i g n  i n f o r m a t i o n .
The a u t h o r ’ s r e s e a r c h  has been d i r e c t e d  t o w a r d s  t h e  
assessment  and s i m u l a t i o n  o f  i n h e r e n t  s t r u c t u r a l  damping .
I t  i s ,  h o u e v e r ,  r e a l i s e d  t h a t  s e v e r a l  c o n s t r u c t i o n  t e c h n i q u e s  
a r e  a v a i l a b l e  u h i c h  a l l o w  a measure o f  c o n t r o l  o v e r  t h e  
s t r u c t u r a l  dampi ng ,  e n a b l i n g  i t  t o  be i n c r e a s e d  t o  some 
e x t e n t  o f  t h i s  i s  d e s i r a b l e ,  A common method t h a t  i s  
employed i s  t h e  i n t r o d u c t i o n  o f  v i s c o - e l a s t i c  l a y e r s  between 
s t r u c t u r a l  j o i n t s  and i n t e r f a c e s .  S i nce  t h e  a u t h o r  has 
a c q u i r e d  energy  d i s s i p a t i o n  d a t a  f o r  a b a s i c  f l a n g e d  j o i n t ,  
i t  wou l d  be i n f o r m a t i v e  f o r  s i m i l a r  t e s t s  t o  be c o n d u c t e d  i n
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w h i c h  a  v a r i e t y  o f  d a m p i n g  m e d i a  w e r e  p l a c e d  b e t w e e n  t h e  
f l a n g e  f a c e s .  S u c h  a n  i n v e s t i g a t i o n  w o u l d  i n d i c a t e  w h e t h e r  a  
p r o f i t a b l e  i n c r e a s e  i n  s t r u c t u r a l  d a m p i n g  c o u l d  b e  a c h i e v e d  
f o r  e x i s t i n g  f a b r i c a t e d  m a s t - l i k e  s t r u c t u r e s  i n  w h i c h  t h i s  
t y p e  o f  c o n n e c t i o n  i s  f o u n d .  A n  a d d i t i o n a l  i n v e s t i g a t i o n  
i n t o  t h e  s i g n i f i c a n c e  o f  t h e  s u r f a c e  c o n d i t i o n  o f  t h e  f l a n g e  
m i g h t  b e  c o n d u c t e d ,  a l t h o u g h  a  r e a s o n a b l e  a m o u n t  o f  u s e f u l
i n f o r m a t i o n  d o e s  a l r e a d y  e x i s t s ( s b b  S e c t i o n  6 . 2 . 2 ) .
\ „
I n  a s s e s s i n g  s t r u c t u r a l  l o a d i n g  d u e  t o  e x t e r n a l  
p r e s s u r e  t r a n s i e n t s ,  t h e  i n t e r a c t i v e  p h e n o m e n a  a s s o c i a t e d  
w i t h  r e a l  f l u i d  m e d i a  s u r r o u n d i n g  t h e  s t r u c t u r e  w e r e  n e g l e c t e d .  
P o s s i b l y  t h e  m o s t  i m p o r t a n t  o f  t h e s e  e f f e c t s  i s  v o r t e x  
s h e d d i n g ,  w h i c h  i n  s o m e  i n s t a n c e s  c a n  a d d  ' n e g a t i v e  d a m p i n g *  
t o  t h e  s t r u c t u r a l  r e s p o n s e .  T h e r e  i s  a  w e a l t h  o f  e x p e r i m e n t a l  
a e r o e l a s t i c  d a t a  a v a i l a b l e  f o r  s u c h  e f f e c t s ,  b u t  i t  i s  n o t  
i m m e d i a t e l y  a p p a r e n t  h o w  t h e y  c o u l d  b e  a d e q u a t e l y ,  y e t  s i m p l y  
m o d e l l e d  i n  a  f o r m a t  s u i t a b l e  f o r  i n c o r p o r a t i o n  i n t o  t h e  t i m e  
i n t e g r a t i o n  a n a l y s i s .  R e s e a r c h e r s  i n  t h i s  f i e l d  h a v e  t e n d e d  
t o  n e g l e c t  t h i s  p r o b l e m  w h i l s t  c o n c e n t r a t i n g  o n  s t a t i s t i c a l  
a n a l y s e s  o f  t h e  w i n d  l o a d i n g  e f f e c t s  o n  t a l l  s t r u c t u r e s .  
C o n s e q u e n t l y ,  t h o r o u g h  r e s e a r c h  i s  r e q u i r e d  i n t o  t h e  m e a n s  o f  
e f f e c t i v e l y  a n d  e f f i c i e n t l y  m o d e l l i n g  t h e  f l u i d - s t r u c t u r e  
i n t e r a c t i o n s  i n  c a s e s  w h e r e  t h i s  m a y  s i g n i f i c a n t l y  a f f e c t  t h e  
t r a n s i e n t  s t r u c t u r a l  r e s p o n s e .  A s  h a s  b e e n  d e m o n s t r a t e d  b y  
t h e  a u t h o r ' s  i n v e s t i g a t i o n  o f  s t r u c t u r a l  d a m p i n g ,  s e m i - e m p i r i c a l  
f o r m u l a e  c a n  f o r m  t h e  b a s i s  o f  s u c c e s s f u l  . r e s p o n s e  s i m u l a t i o n s ,  
a n d  i t  i s  p o s s i b l e  t h a t  c a r e f u l l y  d e v i s e d  p h y s i c a l  t e s t s  m a y  
p r o v i d e  a d e q u a t e  i n f o r m a t i o n  f o r  t h e  n u m e r i c a l  m o d e l l i n g  o f  
t h e s e  p r o c e s s e s .
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A f i n a l  a r e a  u h i c h  h a s  n o t  b e e n  e x p l o r e d  b y  t h e  
a u t h o r ,  b u t  u h i c h  a g a i n  i s  b e c o m i n g  i n c r e a s i n g l y  i m p o r t a n t ,  
i s  t h e  t r a n s i e n t  r e s p o n s e  o f  s t r u c t u r e s  u h i c h  i n c o r p o r a t e  
n o n l i n e a r  m a t e r i a l s .  S p e c i a l i s e d  t e l e c o m m u n i c a t i o n s  m a s t s  a r e  
b e g i n n i n g  t o  b e  m a n u f a c t u r e d  f r o m  s o p h i s t i c a t e d  f i b r e  r e i n f o r c e d  
c o m p o s i t e s  a n d  e v e n  q u i t e  m u n d a n e  m a t e r i a l s  s u c h  a s  c o n c r e t e  
a r e  n o w  b e i n g  r e i n f o r c e d  u i t h  p l a s t i c s .  T h e  d y n a m i c  m e c h a n i c a l  
b e h a v i o u r  o f  s u c h  m a t e r i a l s  c a n  b e  h i g h l y  n o n l i n e a r  a n d  
r e q u i r e s  e x t e n s i v e  i n v e s t i g a t i o n .  A p r i n c i p l e  a d v a n t a g e  o f  
t h e  e x p l i c i t  t i m e  i n t e g r a t i o n  s c h e m e  s e l e c t e d  b y  t h e  a u t h o r  
i s  i t s  a b i l i t y  t o  h a n d l e  n o n l i n e a r  a n a l y s e s ,  a n d  t h e r e f o r e  
a t t e m p t s  s h o u l d  b e  m a d e  t o  i n c o r p o r a t e  n o n l i n e a r  m a t e r i a l  
p r o p e r t i e s  i n t o  t h e  c o m p u t a t i o n a l  a l g o r i t h m .  A s  u a s  t h e  c a s e  
f o r  t h e  s t r u c t u r a l  d a m p i n g  s t u d i e s ,  q u i t e  e x t e n s i v e  e x p e r i m e n t a l  
i n v e s t i g a t i o n s  w i l l  b e  n e c e s s a r y  t o  d e t e r m i n e  t h e  p e r f o r m a n c e  
o f  a  p a r t i c u l a r  c o m p o s i t e  m a t e r i a l  w h e n  u s e d  a s  a n  e l e m e n t  o f  
a  s t r u c t u r e  u h i c h  i s  s u b j e c t e d  t o  t r a n s i e n t . l o a d i n g . T h e r e  i s  
a  s t r o n g  c a s e  f o r  c o n d u c t i n g  q u i t e  r u d i m e n t a r y  r e s p o n s e  t e s t s  
o n  s i m p l e  s t r u c t u r a l  c o n f i g u r a t i o n s  t h a t  u t i l i s e  s u c h  
m a t e r i a l s .  T h i s  u o u l d  y i e l d  d e s i g n  r e s p o n s e  p a r a m e t e r s  
u h i c h  m i g h t  p e r m i t  a  m o r e  s o u n d  a n d  a c c u r a t e  a n a l y s i s  t h a n  
t h e  e s t i m a t i o n  t e c h n i q u e s  u h i c h  a r e  o f t e n  e m p l o y e d  a t  p r e s e n t .
8 • 3  C o n c l u s i o n s
T h e  n u m e r i c a l  t e c h n i q u e s  t h a t  h a v e  b e e n  d e v e l o p e d  
h a v e  b e e n  s h o w n ,  b y  c o m p a r i s o n  w i t h  e x p e r i m e n t a l  d a t a  a n d  
o t h e r  a n a l y t i c a l  t e c h n i q u e s ,  t o  y i e l d  a d e q u a t e  s i m u l a t i o n s  
o f  t h e  d a m p e d  t r a n s i e n t  r e s p o n s e  o f  t a l l ,  s l e n d e r  s t r u c t u r e s .
I n  c o n c l u d i n g  t h i s  t h e s i s ,  i t  i s  w o r t h w h i l e  t o  s u m m a r i s e  t h e  
i m p o r t a n t  f e a t u r e s  o f  t h e  a n a l y s i s  a n d  t o  h i g h l i g h t  t h e  
f i n d i n g s  o f  t h e  r e s e a r c h .
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T h e  w h o l e  d e v e l o p m e n t  o f  t h e  a n a l y s i s  h a s  b e e n  c e n t r e d  
a r o u n d  t h e  u s e  o f  a  l o w - l e v e l  s i n g l e - u s e r  c o m p u t e r  a s  a  c o s t -  
e f f e c t i v e  i n t e r a c t i v e  t o o l  f o r  t h e  s t u d y  o f  t h e  i m p o r t a n t  
d e s i g n  p a r a m e t e r s  i n  p r o b l e m s  o f  t r a n s i e n t  s t r u c t u r a l  r e s p o n s e .  
T h e  u s e  o f  a 'l u m p e d - m a s s  i d e a l i s a t i o n  o f  t h e  s t r u c t u r e s  i s  
a d v a n t a g e o u s  s i n c e  t h i s  i s  a  t e c h n i q u e  u h i c h  i s  f a m i l i a r  t o  
m a n y  e n g i n e e r s .  F u r t h e r m o r e ,  i t  h a s  b e e n  d e m o n s t r a t e d  t h a t
t h e  a n a l y s i s  c a n  y i e l d  p e r f e c t l y  a d e q u a t e  r e s u l t s  w i t h  t h e\
u s e  o f  a  m i n i m a l  n u m b e r  o f  n o d e s  i n  t h e  i d e a l i s a t i o n .  F o r  m o s t  
p r a c t i c a l  p u r p o s e s  a n  i d e a l i s a t i o n  u i t h  5 ,  6 o r  7 n o d e s  i s  
s u f f i c i e n t  t o  o b t a i n  a n  a c c u r a t e  a s s e s s m e n t  o f  t h e  t r a n s i e n t  
s t r u c t u r a l  r e s p o n s e ,  a n d  w i l l  y i e l d  a d e q u a t e  e s t i m a t e s  o f  t h e  
p e a k  s t r e s s e s  i n  t h e  s t r u c t u r e .  I t  c a n ,  i n  f a c t ,  b e  s t a t e d  
t h a t  t h e  i n c l u s i o n  o f  m o r e  n o d e s  m i g h t  b e  d e l e t e r i o u s ,  s i n c e  
t h i s  m a y  i n t r o d u c e  s t r u c t u r a l l y  i n s i g n i f i c a n t  h i g h  f r e q u e n c y  
c o m p o n e n t s  u h i c h  t e n d  t o  s m e a r  a n d  o b s c u r e  t h e  g r o s s  d e f o r m a t i o n  
b e h a v i o u r .
T h e  d o u b l e  s u p p o r t  c o n f i g u r a t i o n  i n t r o d u c e d  b y  t h e  
a u t h o r  i s  c o n s i d e r e d  t o  b e  m o r e  v e r s a t i l e  t h a n  t h e  i d e a l i s e d  
r e s t r a i n t  s y s t e m s  u s e d  b y  o t h e r  w o r k e r s .  I t  c o n f e r s  t h e  
a d v a n t a g e  o f  e n a b l i n g  o v e r a l l  t i l t i n g  a n d  i m p o s e d  b a s e  m o m e n t s  
t o  b e  m o d e l l e d  i n  a d d i t i o n  t o  s i m p l e  t r a n s l a t i o n a l  d i s p l a c e m e n t  
e x c i t a t i o n s .  T h e  e n c a s t r e "  c o n d i t i o n  c a n  a l s o  b e  m o d e l l e d  w i t h  
t h i s  c o n f i g u r a t i o n  b y  t h e . u s e  o f  a r e l a t i v e l y  s t i f f  i n t e r -  
s u p p o r t  e l e m e n t .  A l s o ,  t h i s  t y p e  o f  c o n s t r a i n t  l e a d s  t o  a  
m o r e  r e a l i s t i c  s i m u l a t i o n  o f  t h e  c o n s t r a i n e d  s e c t i o n  o f  t h e  
s t r u c t u r e  ( c . f .  s o i l  c o m p l i a n c e  f u n c t i o n s ) .
T h e  c o n d i t i o n a l  s t a b i l i t y  o f  e x p l i c i t  t e m p o r a l  
o p e r a t o r s  i s  o f t e n  c i t e d  i n  t h e  l i t e r a t u r e  a s  a m a j o r  
d i s a d v a n t a g e .  T h e  s t a b i l i t y  c r i t e r i o n  u h i c h  i s  d e r i v e d
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i n d i c a t e s  t h e  m a x i m u m  p e r m i s s i b l e  t i m e  s t e p  s i z e  f o r  t h e  
b a s i c  i n t e g r a t i o n  a l g o r i t h m .  H o w e v e r ,  t h e  c r i t e r i o n  i s  n o t  
a p p l i c a b l e  t o  t h e  a l g o r i t h m s  w h i c h  a r e  m o d i f i e d  b y  a d d i t i o n a l  
d a m p i n g  t e r m s  w h i c h  c o n v e r t  t h e m  i n t o  m i x e d - d i f f e r e n c e  s c h e m e s ,  
a l t h o u g h  i t  c a n  s t i l l  b e  u s e d  t o  y i e l d  a n  ' o r d e r  o f  m a g n i t u d e '  
e s t i m a t e .  T h e  a u t h o r  c i r c u m v e n t e d  t h i s  p r o b l e m  b y  .t h e  u s e  o f  
a  s i m p l e  s e l f - c o r r e c t i n g  s c h e m a  w h i c h  d e t e c t e d  i n s t a b i l i t y  a n d  
r e s t a r t e d  t h e  a n a l y s i s  w i t h  a r e f i n e d  t i m e  i n c r e m e n t .  I n  a n y  
c a s e ,  t h e  a u t h o r  c o n s i d e r s  t h e  u s e  o f  t h e  e x p l i c i t  a p p r o a c h  t o  
b e  ' s a f e r '  t h a n  t h e  i m p l i c i t  a p p r o a c h .  I m p l i c i t  a n a l y s e s  c a n  
b e  s u c c e s s f u l l y  c o n d u c t e d  w i t h  r e l a t i v e l y  c o a r s e  t i m e  i n c r e m e n t s ,  
b u t  t h i s  c a n  q u i t e  p o s s i b l y  p r o d u c e  e r r o n e o u s  r e s p o n s e  
p r e d i c t i o n s  d u e  t o  a l i a s i n g  p h e n o m e n a  a n d  t h e  f i l t e r i n g  e f f e c t  
o f  a n  i n c r e m e n t  w h i c h  m a y  e x c e e d  t h e  p e r i o d  o f  a c o m p o n e n t  
s t r u c t u r a l  f r e q u e n c y .  C o n v e r s e l y ,  i t  i s  u s u a l l y  f o u n d  t h a t  
t h e  r e q u i r e m e n t  f o r  a n  a d e q u a t e  v i s u a l  r e p r e s e n t a t i o n  o f  t h e  
c o m p u t e d  r e s p o n s e  l e a d s  t o  t h e  s e l e c t i o n  o f  a n  e x p l i c i t  t i m e  
i n c r e m e n t  w h i c h  i s  s m a l l e r  t h a n  t h a t  d i c t a t e d  b y  n u m e r i c a l  
s t a b i l i t y  c o n s i d e r a t i o n s .  F o r  t h e s e  r e a s o n s  t h e  a u t h o r  
q u e s t i o n s  w h e t h e r  t h e  c o n d i t i o n a l  s t a b i l i t y  o f  t h e  e x p l i c i t  
s c h e m e s  i s  n e c e s s a r i l y  a  s i g n i f i c a n t  d i s a d v a n t a g e  w h e n  t r a n s i e n t  
r e s p o n s e  p r o b l e m s  a r e  i n v o l v e d .  N u m e r i c a l  t e s t s  c o n d u c t e d  b y  
t h e  a u t h o r  s h o w  t h a t  t h e  s t a b l e / u n s t a b l e  t r a n s i t i o n  ( d e n o t e d  
b y  i n c r e m e n t  < £ t * )  i s  w e l l  d e f i n e d ,  w i t h  r a p i d  d i v e r g e n c e  o f  
t h e  r e s p o n s e  f o r  1 * 5  £ t *  a n d  s a t i s f a c t o r y  l o n g - t e r m  s t a b i l i t y  
f o r  0 * 9 8  g t * .
T h e  a d v a n t a g e s  o f  t h e  a n i m a t e d  d i s p l a y  o f  t h e  s t r u c t u r a l  
d e f o r m a t i o n  b e h a v i o u r  b e c o m e  a p p a r e n t  w i t h  p r a c t i c a l  u s e  o f  t h e  
a n a l y s i s .  A p a r t  f r o m  e n h a n c i n g  t h e  u s e r ' s  a p p r e c i a t i o n  o f  a 
p a r t i c u l a r  t r a n s i e n t  r e s p o n s e ,  t h i s  t e c h n i q u e  g r e a t l y  i m p r o v e s
1t h e  e f f i c i e n c y  o f  d e s i g n  p a r a m e t e r  s t u d i e s  i n  t e r m s  o f  d a t a  
t h r o u g h p u t  ( s e e  T a y l o r  a n d  A l l i s o n  ^ ® 9 ) ^  e x t e n s i v e  u s e
o f  m o r e  c o n v e n t i o n a l  p a r a m e t e r  h i  s t o r y  p l o t s  o n  a g r a p h i c s  V D U  
a l s o  o f f e r s  t h i s  a d v a n t a g e  a s  w e l l  a s  r e d u c i n g  t h e  a m o u n t  o f  
r e d u n d a n t  h a r d  c o p y .  E x p l o i t a t i o n  o f  t h e  i n t e r a c t i v e  
f a c i l i t i e s  t o g e t h e r  u i t h  t h e  g r a p h i c a l  d i s p l a y  o f  i n p u t  
p a r a m e t e r s  l e a d s  t o  a v e r y  ' f r i e n d l y 1 a n a l y t i c a l  p a c k a g e  u i t h  
n o n - c a t a s t r o p h i c  r e c o v e r y  f r o n v u s e r  e r r o r s .  T h e s e  f e a t u r e s  
m a k e  t h i s  i m p l e m e n t a t i o n  o f  t h e  a n a l y s i s  s u i t a b l e  a s  a n  
' . i n - h o u s e 1 d e s i g n  t o o l ,  r a t h e r  t h a n  b e i n g  a n o t h e r  c o m p l e x  a n d  
e x p e n s i v e  h i g h - l e v e l  p r o g r a m  s u i t e  r e q u i r i n g  a n  a b o v e - a v e r a g e  
l e v e l  o f  c o m p u t i n g  e x p e r t i s e  f o r  s u c c e s s f u l  u t i l i s a t i o n .
T h e  w o r k  c o n d u c t e d  o n  t h e  s i m u l a t i o n  o f  e x c i t a t i o n  
f u n c t i o n s  s h o w s  t h a t  a  c o m p u t a t i o n a l l y  c o n v e n i e n t  i d e a l i s e d  
f u n c t i o n  i s  o f t e n  ' a d e q u a t e l y  r e p r e s e n t a t i v e .  T h e  i m p o r t a n t  
a s p e c t  o f  t h e  f o r c i n g  f u n c t i o n  i s  i t s  s p e c t r a l  e n e r g y  c o n t e n t  
s i n c e ,  a s  i s  i l l u s t r a t e d  i n  F i g u r e s  1 3 - 1 6 ,  t h i s  l a r g e l y  
d e t e r m i n e s  b o t h  t h e  s e v e r i t y  a n d  t h e  c o m p l e x i t y  o f  t h e  
r e s u l t i n g  t r a n s i e n t  s t r u c t u r a l  r e s p o n s e .  A s i n g l e  c y c l e  
s y m m e t r i c  t r i a n g u l a r  a c c e l e r a t i o n  p u l s e  i s  s u g g e s t e d  a s  a  
v e r s a t i l e  i d e a l i s e d  b a s e  f o r c i n g  f u n c t i o n ,  a n d  a  s i n e - s q u a r e d  
r a m p  i s  s h o w n  t o  b e  a n  a d e q u a t e  a p p r o x i m a t i o n  t o  i t s  
c o r r e s p o n d i n g  d o u b l y - i n t e g r a t e d  d i s p l a c e m e n t  f u n c t i o n .  T h e  
d o u b l e  n u m e r i c a l  i n t e g r a t i o n  o f  a  r e a l  a c c e l o g r a m  y i e l d s  a n  
a l m o s t  l i n e a r  r a m p - l i k e  d i s p l a c e m e n t  f u n c t i o n  w h i c h  i s  t y p i c a l  
o f  s e i s m i c  e x c i t a t i o n .  T h i s  j u s t i f i e s  t h e  u s e  o f  a  s i m p l e  
l i n e a r  r a m p  a s  a b a s e  d i s p l a c e m e n t  f u n c t i o n ,  s i n c e  t h e  l o w  
f r e q u e n c y ,  l o w  e n e r g y  n o n l i n e a r  d e v i a t i o n s  i n  t h e  r e a l  f u n c t i o n  
c o n t r i b u t e  l i t t l e  t o  t h e  g r o s s  f l e x u r a l  d e f o r m a t i o n  o f  t h e  
s t r u c t u r e .
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T h e  e a s e  a n d  s p e e d  w i t h  u h i c h  a  w h o l e  s e r i e s  o f  
a n a l y t i c a l  r u n s  c a n  b e  m a d e ,  w i t h  v a r i a t i o n s  i n  s t r u c t u r a l  a n d  
e x c i t a t i o n  p a r a m e t e r s ,  c o n f e r s  c o n s i d e r a b l e  a d v a n t a g e s  w h e n  
m u l t i - m o d e  s t r u c t u r a l  e x c i t a t i o n  i s  o f  i n t e r e s t .  A s  i s  
i l l u s t r a t e d  b y  t h e  s e c o n d  e x a m p l e  i n  S e c t i o n  4 . 5 ,  i t  i s  
p o s s i b l e  t o  s t u d y  b o t h  t h e  i n d i v i d u a l  a n d  c o m b i n e d  e f f e c t s  
o f  s p e c i f i c  m o d e s  o f  l o a d i n g .  T h i s  i s  o f  s i g n i f i c a n c e  s i n c e  
t h e  i n t e r a c t i o n  o f  t w o  s p e c i f i c  e x c i t a t i o n  f u n c t i o n s  m a y  
y i e l d  e i t h e r  a  w o r s e n i n g  o r  a n  i m p r o v e m e n t  i n  t h e  s t r e s s i n g  
o f  t h e  s t r u c t u r e .  F u r t h e r m o r e ,  i n  s o m e  c a s e s ,  i t  m a y  b e  
p o s s i b l e  t o  i d e n t i f y  t h e  i n s i g n i f i c a n c e  o f  a  p a r t i c u l a r  m o d e  
o f f l o a d i n g ,  i n  w h i c h  c a s e  i t  m a y  b e  n e g l e c t e d  i n  s u b s e q u e n t  
a n a l y s e s .  S o m e  f o r c i n g  f u n c t i o n s ,  s u c h  a s  b l a s t - g e n e r a t e d  
p r e s s u r e  t r a n s i e n t s ,  a r e  c h a r a c t e r i s e d  b y  a  v e r y  s h o r t  
d u r a t i o n  h i g h  a m p l i t u d e  p u l s e ,  f o l l o w e d  b y  a  s l o w ,  l o w e r  
a m p l i t u d e  d e c a y .  T h e  e x p l i c i t  a l g o r i t h m  i s  v e r y  s u i t a b l e  
f o r  t h i s  t y p e  o f  e x c i t a t i o n ,  s i n c e  t h e  i n t e g r a t i o n  t i m e  s t e p  
c a n  b e  r e f i n e d  t o  c o v e r  t h e  i n i t i a l  p u l s e  a d e q u a t e l y ,  a n d  
t h e n  s u b s e q u e n t l y  e x p a n d e d  t o  y i e l d  a  m o r e  e f f i c i e n t  c o m p u t a t i o n  
o f  t h e  s u b s e q u e n t  s t r u c t u r a l  r e s p o n s e .
T h e  i l l u s t r a t i v e  e x a m p l e  o f  F i g u r e  2 1  s h o w s  t h a t  t h e  
n e g l e c t  o f  t h e  d i s s i p a t i v e  p r o c e s s e s  w h i c h  a r e  i n e v i t a b l y  
p r e s e n t  i n . r e a l  s t r u c t u r e s  m a y  w e l l  l e a d  t o  i n a c c u r a t e  
p r e d i c t i o n s  o f  t h e  s t r e s s e s  i n d u c e d  i n  a  s t r u c t u r e  u n d e r g o i n g  
t r a n s i e n t  e x c i t a t i o n .  M a n y  o f  t h e  n u m e r i c a l  m o d e l s  o f  
s t r u c t u r a l  d a m p i n g  p r o p o s e d  b y  v a r i o u s  w o r k e r s  a r e  b a s e d  u p o n  
q u i t e  u n r e p r e s e n t a t i v e  i d e a l i s e d  d i s s i p a t i v e  e l e m e n t s ,  a s  
t y p i f i e d  b y  t h e  c o m m o n l y  u s e d  ’ v i s c o u s  e q u i v a l e n t  d a m p e r 1 .
S u c h  s i m u l a t i o n s  w i l l  o f t e n  y i e l d  a d e q u a t e  r e s u l t s  i n  
v i b r a t i o n a l  p r o b l e m s  i n  w h i c h  r e l a t i v e l y  f e w  m o d e s  a r e  e x c i t e d ,
a n d  t e c h n i q u e s  e x i s t  f o r  t h e  o p t i m i s a t i o n  o f  t h e  e q u i v a l e n t  
v i s c o u s  d a m p i n g  m a t r i c e s  f o r  t h e s e  c a s e s .  H o w e v e r ,  a s  s h o w n  
b y  t h e  a u t h o r ' s  c o m p a r a t i v e  s t u d y  o f  f i v e  c o m m o n  m o d e l s  o f  
m a t e r i a l  d a m p i n g ,  m a n y  o f  t h e  s c h e m e s  b r e a k  d o w n  w h e n  t r a n s i e n t  
b r o a d - b a n d  r e s p o n s e s  a r e  i n v o l v e d .  A s  a  r e s u l t  o f  a  c r i t i c a l  
e x a m i n a t i o n ,  t h e  a u t h o r  p r o p o s e s  a m o d i f i e d  f o r m  o f  t h e  
s t i f f n e s s , p r o p o r t i o n a l  m a t e r i a l  d a m p i n g  m o d e l  ( d u e  t o  C l o u g h  
a n d  B a t h e )  a s  b e i n g  m o s t  s u i t a b l e  f o r  u t i l i s a t i o n  i n  t h e  
t r a n s i e n t  r e s p o n s e  a l g o r i t h m .  T h i s  m o d e l  i s  s h o w n  t o  p r o d u c e  
e n e r g y  d i s s i p a t i o n  w h i c h  i s  i n d e p e n d e n t  o f  f r e q u e n c y  a n d  w h i c h  
i n t r o d u c e s  m i n i m a l  p h a s e  s h i f t  a n d  r i p p l e  i n t o  t h e  r e s p o n s e  
c o m p u t a t i o n s .
T h e  b a s e  s u p p o r t  d a m p i n g  m o d e l ,  w h i c h  i s  s h o w n  t o  
p r o d u c e  g o o d  s i m u l a t i o n s  o f  t h e  a t t e n u a t i o n  o f  r e a l  s t r u c t u r a l  
r e s p o n s e ,  i s  b a s e d  u p o n  t h e  p o s t u l a t e  o f  d i s s i p a t i v e  m o m e n t s  
a t  t h e  t w o  n o d a l  s u p p o r t s ,  w h i c h  a r e  p r o p o r t i o n a l  t o  t h e  r a t e  
o f  c h a n g e  o f  m o m e n t  a c t i n g  a t  t h o s e  p o i n t s .  T h e  e f f e c t  o f  
t h i s  m o d e  o f  e n e r g y  d i s s i p a t i o n  i s  t o  r a p i d l y  a t t e n u a t e  t h e  
h i g h  f r e q u e n c y  c o n t e n t  o f  t h e  s t r u c t u r a l  r e s p o n s e ,  w h i l s t  
a l l o w i n g  t h e  h i g h  a m p l i t u d e ,  l o w  f r e q u e n c y  c o m p o n e n t s  t o  
d e c a y  m o r e  s l o w l y .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  
g o v e r n i n g  e n e r g y  l o s s  e q u a t i o n  s h o w s  t h a t ,  f o r  a  n o m i n a l l y  
h o m o g e n e o u s  s u p p o r t  c o n d i t i o n ,  t h e  d a m p i n g  e f f e c t  a t  t h e  
u p p e r  s u p p o r t  n o d e  ( n  +  1) i s  f o u r  t i m e s  g r e a t e r  t h a n  t h a t  
a t  t h e  l o w e r  s u p p o r t  ( n  +  2 ) .  T h i s  i n d i c a t e s  t h a t  t h e  d e t a i l  
d e s i g n  t o w a r d s  t h e  t o p  o f  a b a s e  f i x i n g  w i l l  h a v e  a  
s i g n i f i c a n t l y  d o m i n a n t  e f f e c t  u p o n  t h e  s u p p o r t ' s  c o n t r i b u t i o n  
t o  t h e  t o t a l  s t r u c t u r a l  d a m p i n g .
A s  i s  c l e a r l y  i n d i c a t e d  b y  t h e  l i t e r a t u r e  a n d  r e s e a r c h  
r e v i e w s  c o n t a i n e d  i n  t h e  l a t t e r  h a l f  o f  t h i s  t h e s i s ,  t h e r e  i s
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c o n s i d e r a b l e  d i s c r e p a n c y ,  d i s a g r e e m e n t  a n d  n o n c o m f o r m i t y  i n  
t h e  f i e l d  o f  d a m p i n g  a s s e s s m e n t ,  m e a s u r e m e n t  a n d  m o d e l l i n g .
T h e  v e r y  s t r u c t u r e - d e p e n d e n t  n a t u r e  o f  d a m p i n g  m a k e s  i t  
d i f f i c u l t  t o  q u a n t i f y  i n  a  g e n e r a l ,  m e a n i n g f u l  w a y ,  a n d  t h i s  
e x a c e r b a t e s  a n y  a t t e m p t s  a t  c o m p a r i n g  o r  c o l l a t i n g  t h e  e f f o r t s  
o f  v a r i o u s  i n v e s t i g a t o r s .  W h a t  d o e s  b e c o m e  a p p a r e n t ,  h o u e v e r ,  
i s  t h e  n e e d  t o  c o n d u c t  q u i t e  s p e c i f i c  p h y s i c a l  t e s t s  t o  
m e a s u r e  t h e  l e v e l  o f  d a m p i n g  p r e s e n t  i n  a  p a r t i c u l a r  s t r u c t u r a l  
f o r m  i f  a d e q u a t e  e s t i m a t e s  o f  t h a t  s t r u c t u r e ' s  d y n a m i c  r e s p o n s e  
a r e  t o  b e  m a d e .  T h e s e  p r o b l e m s  a r e  a m p l i f i e d  w h e n  a n o n l i n e a r ,  
d i s c o n t i n u o u s  s t r u c t u r a l  e l e m e n t  s u c h  a s  a  l o a d - b e a r i n g  
m e c h a n i c a l  c o n n e c t i o n  i s  p r e s e n t ,  s i n c e  t h e  d a m p i n g  m e c h a n i s m s  
b e c o m e  c o m p l e x  a n d  h i g h l y  i n t e r a c t i v e ,  u i t h  a  s t r o n g  d e p e n d e n c e  
u p o n  t h e  m o d e  a n d  l e v e l  o f  a p p l i e d  l o a d  a n d  t h e  a c t u a l  j o i n t  
c o n d i t i o n .  T h e r e  i s  l i t t l e  d o u b t  t h a t  t h e  j o i n t s  a n d  
c o n n e c t i o n s  f o u n d  i n  f a b r i c a t e d  s t r u c t u r e s  c a n  m a k e  a 
s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  e n e r g y  d i s s i p a t i o n  d u r i n g  
d y n a m i c  r e s p o n s e .  T h u s  i t  i s  i m p o r t a n t  t o  i n c l u d e  a  
r e p r e s e n t a t i v e  m o d e l  o f  ' i n t e r f a c e '  d a m p i n g  i n  t h e  t r a n s i e n t  
a n a l y s i s  o f  b u i l t - u p  s t r u c t u r e s .  B e c a u s e  o f  t h e  c o m p l e x  
n a t u r e  o f  t h e  m e c h a n i s m s  i n v o l v e d ,  t h e  m o s t  v i a b l e  a n d  
e f f e c t i v e  w a y  t o  i m p l e m e n t  t h i s  i s  t o  d e r i v e  s e m i - e m p i r i c a l  
i n t e r f a c e  d a m p i n g  m o d e l s  u h i c h  a r e  b a s e d  u p o n  e x p e r i m e n t a l l y  
a c q u i r e d  d a t a  f o r  t h e  p a r t i c u l a r  f o r m  o f  f a b r i c a t i o n  o f  
i n t e r e s t .
T h e  s t a t i c  h y s t e r e s i s  t e s t s  c o n d u c t e d  o n  t h e  
s t r u c t u r a l  m o d e l s  c o n t a i n i n g  a  f l a n g e d  j o i n t  y i e l d e d  d a m p i n g  
d a t a  u h i c h  i s  u s e f u l  i n  i t s  o w n  r i g h t ,  a s  u e l l  a s  a l l o w i n g  
a  s u i t a b l e  n u m e r i c a l  d a m p i n g  m o d e l  t o  b e  f o r m u l a t e d . T h e  
a s s u m e d  p o u e r - l a w  r e l a t i o n s h i p  b e t w e e n  t h e  e n e r g y  l o s s  p e r
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a c q u i r e d  d a t a  v e r y  w e l l ,  w i t h  c o r r e l a t i o n  c o e f f i c i e n t s  i n
e x c e s s  o f  0 * 9 8  b e i n g  o b t a i n e d  f o r  e v e r y  t e s t .  I n  t h e  3 - b o l t
f l a n g e  t e s t s  t h e  p o u e r - l a w  i n d e x  w a s  f o u n d  t o  i n c r e a s e  f r o m
2 * 3 5  t o  2 * 6  a s  t h e  f l a n g e  i n t e r f a c e  p r e s s u r e  w a s  r e d u c e d  f r o m  
-  2 -  21 2  N m m  t o  0 * 4  N m m  . I n  t h e  c o r r e s p o n d i n g  6 - b o l t  t e s t s  t h e
i n d e x  i n c r e a s e d  f r o m  2 * 4 0  t o  2 * 6 6  a s  t h e  i n t e r f a c e  p r e s s u r e
-  2 -  2w a s  r e d u c e d  f r o m  2 4  N m m  t o  0 * 8  N m m  . I t  i s  i n t e r e s t i n g  t o
n o t e  t h a t  t h e s e  i n d e x  v a l u e s  l i e  b e t w e e n  t h e  v a l u e  o f  3 o f t e n
a s s u m e d  i n  P a n o v k o - t y p e  i n t e r f a c e  l a s s  a n a l y s e s ,  a n d  t h e  v a l u e
o f  2 u h i c h  i s  s o m e t i m e s  u t i l i s e d  f o r  t h e  s i m u l a t i o n  o f
m a t e r i a l  d a m p i n g  e f f e c t s .  T h e  e x p e r i m e n t a l  r e s u l t s  a l s o  s h o w
t h a t  t h e  e n e r g y  l o s s  p e r  c y c l e  v a r i e s  i n s i g n i f i c a n t l y  w i t h
c y c l i c  b e n d i n g  m o m e n t  a m p l i t u d e  f o r  i n t e r f a c e  p r e s s u r e s  i n  
-  2e x c e s s  o f  6 N m m  . A v a r i a t i o n  i n  e f f e c t i v e  s t r u c t u r a l
s t i f f n e s s  w i t h  i n t e r f a c e  c l a m p i n g  p r e s s u r e  w a s  a l s o  d e t e c t e d ,
a l t h o u g h  a g a i n  t h i s  w a s  n e g l i g i b l e  f o r  p r e s s u r e s  e x c e e d i n g  
-  26  N m m  . T h e  m o n i t o r i n g  o f  t h e  f l a n g e  b o l t  t e n s i o n s  i n  t h e
h y s t e r e s i s  t e s t s  y i e l d e d  h i g h  r e l a x a t i o n s  ( < : 5 0 $ )  f o r  l o w
i n i t i a l  i n t e r f a c e  p r e s s u r e s  a n d  e v e n  f o r  p r e s s u r e s  i n  e x c e s s  
-  2o f  6 N m m  r e l a x a t i o n s  o f  s e v e r a l  p e r  c e n t  w e r e  r e c o r d e d .
T h e  u t i l i s a t i o n  o f  a  ’ p i e c e u i s e - e x p o n e n t i a l ’ a n a l y s i s  
o f  t h e  d e c a y i n g  r e s p o n s e s  o b t a i n e d  i n  t h e  f r e e  v i b r a t i o n  
t e s t s  g i v e s  c o r r e l a t i o n  c o e f f i c i e n t s  i n  e x c e s s  o f  0 * 9 6  f o r  
e v e r y  t e s t  c a s e ,  a n d  t y p i c a l l y  b e t t e r  t h a n  0 * 9 8 .  T h e  
s u m m a r i s i n g  p l o t  o f  t h e  n o r m a l i s e d  l o g a r i t h m i c  d e c r e m e n t s  
o b t a i n e d  f r o m  t h e s e  t e s t s  o n  t h e  f l a n g e d  m o d e l  ( F i g u r e  3 9 )  
s h o w s  t h a t  t h e i r  v a l u e s  b e c o m e  a s y m p t o t i c  t o  t h a t  o b t a i n e d  
f o r  t h e  s o l i d  ’ e q u i v a l e n t *  f l a n g e  a s  t h e  i n t e r f a c e  p r e s s u r e  
i s  i n c r e a s e d .  T h e  r e c o r d e d  v a r i a t i o n s  i n  v i b r a t i o n a l  f r e q u e n c y
c y c l e  and th e  a p p lie d  lo a d  am p litu d e  f i t t e d  th e  e x p e r im e n ta lly
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w i t h  i n t e r f a c e  p r e s s u r e  i n d i c a t e  t h a t  f o r  i n t e r f a c e  p r e s s u r e s
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i n  e x c e s s  o f  3  N m m  , t h e  f u n d a m e n t a l  f r e q u e n c y  o f  t h e  m o d e l s
i s  n o t  s i g n i f i c a n t l y  a f f e c t e d .  T h e  m a g n i t u d e  o f  t h e  f l u c t u a t i o n
i n  f l a n g e  b o l t  t e n s i o n  w a s  f o u n d  t o  v a r y  w i t h  a l m o s t  i n v e r s e
p r o p o r t i o n  t o  t h e  i n i t i a l  i n t e r f a c e  p r e s s u r e .  T h u s ,  w h i l s t
t h e  l o w e r  i n t e r f a c e  p r e s s u r e s  p r o d u c e  v a r i a t i o n s  i n  t e n s i o n
o f  s e v e r a l  h u n d r e d  p e r  c e n t ,  t h e  a c t u a l  m a x i m u m  t e n s i o n s
i n d u c e d  a r e  l o w  d u e  t o  t h e  l o w ^  i n i t i a l  t e n s i o n .  C o n s e q u e n t l y -
i n  n o n e  o f  t h e  t e s t  c a s e s  d i d  t h e  b o l t  t e n s i o n s  i n c r e a s e  t o  a
c r i t i c a l  l e v e l .  H o w e v e r ,  f r o m  t h e  s t a n d p o i n t  o f  f a t i g u e  l i f e
a n d  r e d u c t i o n  o f  i n t e r f a c e  f r e t t i n g ,  a  h i g h  i n t e r f a c e  p r e s s u r e
i s  ' c l e a r l y  p r e f e r e n t i a l .  T h e  a u t h o r ' s  r e s u l t s  a r e  i n  g e n e r a l
( 1 7 3 )a g r e e m e n t  w i t h  t h o s e  o f  Y o s h i m u r a  , a l t h o u g h  c o n s i d e r i n g
t h e  p r e v i o u s  c o m m e n t s  o n  t h e  s p e c i f i c  p r o b l e m - d e p e n d e n c y  o f
d a m p i n g  m e a s u r e m e n t s  a n d  n o t i n g  t h e  l a c k  o f  d e t a i l  i n
Y o s h i m u r a ' s  p a p e r ,  i t  i s  n o t  t h o u g h t  v a l i d  t o  d r a w  a n y  d e f i n i t e
c o n c l u s i o n s .  O n  t h e  b a s i s  o f  b o t h  t h e  s t a t i c  h y s t e r e s i s  a n d
t h e  f r e e  v i b r a t i o n  t e s t s ,  t h e  a u t h o r  r e c o m m e n d s  a n  i n t e r f a c e
-  2c l a m p i n g  p r e s s u r e  o f  6  N m m  a s  a m i n i m u m  p r a c t i c a l  w o r k i n g  
l e v e l .
T h e  p e n d u l u m - t y p e  t r a n s i e n t  t e s t  r i g  p r o v i d e d  a 
r e l i a b l e  s o u r c e  o f  b a s e  e x c i t a t i o n  f o r  t h e  s t r u c t u r a l  m o d e l s  
a n d  t h e  i n c o r p o r a t i o n  o f  a d j u s t a b l e  s h o c k  a b s o r b e r s  a l l o w e d  a  
w i d e  r a n g e  o f  i m p u l s e s  t o  b e  p r o d u c e d .  T h e  r e p e a t a b i l i t y  o f  
t h e  e f f e c t i v e  f o r c i n g  f u n c t i o n  f o r  a  g i v e n  r e l e a s e  p o s i t i o n  
a n d  ' b u f f e r '  s e t t i n g  w a s  r e m a r k a b l y  g o o d , . a l t h o u g h  t h i s  h a d  
n o t  b e e n  o n e  o f  t h e  p r i m a r y  d e s i g n  c o n s i d e r a t i o n s .  T h e  d e s k t o p  
c o m p u t e r  u s e d  f o r  a l l  o f  t h e  n u m e r i c a l  a n a l y s e s  p r o v e d  t o  b e  a 
u s e f u l  a n d  v e r s a t i l e  e l e m e n t  o f  t h e  t e s t  s y s t e m .  T h e  n o n -  
r e c u r s i v e  d i g i t a l  f i l t r a t i o n  o f  t h e  c a p t u r e d  a c c e l e r o m e t e r
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t r a c e s  t o  r e m o v e  u n w a n t e d  r e s o n a n t  d i s t o r t i o n s  w a s  f o u n d  t o  b e  
f a r  s u p e r i o r  a n d  p r e f e r e n t i a l  t o  t h e  u s e  o f  a n a l o g u e  f i l t r a t i o n  
d u r i n g  r e c o r d i n g .  T h e  d i g i t a l  r e c o r d i n g  s y s t e m  i n  c o n j u n c t i o n  
u i t h  t h e  p o s t - p r o c e s s i n g  o f  t h e  t r a c e s  y i e l d e d  a  h i g h l y  
e f f i c i e n t  a n d  v e r s a t i l e  d a t a  a c q u i s i t i o n  f a c i l i t y ,  e n a b l i n g  
h i g h  q u a l i t y ,  a c c u r a t e l y  c a l i b r a t e d  t r a n s i e n t  r e s p o n s e  
h i s t o r i e s  t o  b e  o b t a i n e d .
T h e  u l t i m a t e  t e s t  o f  tjie a n a l y s i s  a n d  i t s  a s s o c i a t e d
\ w ,
n u m e r i c a l  d a m p i n g  m o d e l s  i s  i n  t h e  s i m u l a t i o n  o f  t h e  t r a n s i e n t  
t e s t s ,  f o r  w h i c h  a c c u r a t e  s t r u c t u r a l  . r e s p o n s e  d a t a  h a d  b e e n  
a c q u i r e d .  A s c r u t i n y  o f  t h e  a n a l y t i c a l / e x p e r i m e n t a l  c o m p a r a t i v e  
p l o t s  i n  F i g u r e s  4 7  t o  5 6  s h o w s  t h e  s u c c e s s  o f  t h e  n u m e r i c a l  
s i m u l a t i o n s .  T h e  a m p l i t u d e s  o f  t h e  r e s p o n s e  h i s t o r i e s  a r e  
w e l l  p r e d i c t e d  a n d  t h u s  t h e  a n a l y s i s  c a n  b e  s e e n  t o  y i e l d  
a c c u r a t e  e s t i m a t e s  o f  t h e  p e a k  s t r u c t u r a l  s t r e s s e s  o c c u r r i n g  
d u r i n g  t h e  t r a n s i e n t  e x c i t a t i o n .  T h e  f r e q u e n c y  c o n t e n t  o f  t h e  
s i m u l a t i o n s  i s  g o o d ,  a l t h o u g h  t h e r e  i s  s o m e  d i s p a r i t y  i n  t h e  
p h a s e  r e l a t i o n s h i p s ' .  T h i s  d o e s  n o t  s i g n i f i c a n t l y  a l t e r  t h e  
g r o s s  s t r u c t u r a l  s t r e s s e s  a n d  c a n  t h e r e f o r e  b e  t o l e r a t e d ,  
a s  c a n  t h e  i n h e r e n t  u n d e r e s t i m a t i o n  o f  t h e  f u n d a m e n t a l  
s t r u c t u r a l  f r e q u e n c y .  T h e  n u m e r i c a l  a n a l y s i s  t e n d s  t o  o v e r ­
e s t i m a t e  t h e  p e a k  m o m e n t s  a c t i n g  o n  t h e  s t r u c t u r e  b y  a  fe.w 
p e r  c e n t  a n d  t h i s  i s  c o n s i d e r e d  t o  b e  p r e f e r e n t i a l  t o  a n  
u n d e r e s t i m a t e .  T h e  d e c a y  e n v e l o p e s  f o r  t h e  ’ c o n f i g u r a t i o n *  
t e s t  s i m u l a t i o n s  c o n f o r m  t o  t h o s e  o f  t h e  r e a l  r e s p o n s e  c u r v e s  
u i t h  v e r y  l i t t l e  d e v i a t i o n .  T h i s  a c c u r a c y  i s  t h o u g h t  t o  
j u s t i f y  t h e  i n i t i a l  e f f o r t  r e q u i r e d  t o  e v a l u a t e  t h e  a p p r o p r i a t e  
d a m p i n g  c o n s t a n t s  f o r  u s e  i n  t h e  n u m e r i c a l  a n a l y s i s .  T h e  
d a m p i n g  s i m u l a t i o n  o f  t h e  ’ f l a n g e *  t e s t s  i s  n o t  a s  g o o d  a s  
f o r  t h e  c o n t i n u o u s  s t r u c t u r e  w i t h  a l a c k  o f  a t t e n u a t i o n  o f  t h e
239
n o d a l  a c c e l e r a t i o n s  b e i n g  d i s c e r n i b l e  i n  s o m e  i n s t a n c e s .  
N o n e t h e l e s s ,  t h e  i n t e r f a c e  d a m p i n g  a l g o r i t h m  y i e l d s  q u i t e  
a d e q u a t e  e s t i m a t e s  o f  t h e  d y n a m i c  s t r u c t u r a l  p a r a m e t e r s  
d u r i n g  t h e  i m p o r t a n t  i n i t i a l  p h a s e  o f  t h e  t r a n s i e n t  r e s p o n s e .  
I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  t h e s e  d a m p e d  r e s p o n s e  
c o m p u t a t i o n s  a r e  f a r  s u p e r i o r  t o  t h o s e  f r o m  a n  e q u i v a l e n t  
s i m p l e  v i s c o u s l y  d a m p e d  a l g o r i t h m  w h i c h  w o u l d  p r o d u c e  p u r e l y  
e x p o n e n t i a l  d e c a y s .  H e n c e  t h e  s e m i - e m p i r i c a l  a p p r o a c h  t o  t h e  
n u m e r i c a l  s i m u l a t i o n  o f  d a m p e d  s t r u c t u r a l  r e s p o n s e  i s  s e e n  t o  
y i e l d  a d e q u a t e  a n d  u s e f u l  p r e d i c t i o n s  o f  t h e  b e h a v i o u r  o f  
b u i l t - u p  s t r u c t u r e s  u n d e r  t h e  a c t i o n  o f  t r a n s i e n t  e x c i t a t i o n .  
T h e  a u t h o r  t h e r e f o r e  p r o p o s e s  t h e  n u m e r i c a l  a l g o r i t h m s  a n d  
e m p i r i c a l  d a m p i n g  a s s e s s m e n t s  d e v e l o p e d  i n  t h i s  t h e s i s  a s  a 
u s e f u l  c o n t r i b u t i o n  t o  t h e  u n d e r s t a n d i n g  a n d  p r e d i c t i o n  o f  
t h e  d a m p e d  t r a n s i e n t  r e s p o n s e . o f  t a l l ,  s l e n d e r  s t r u c t u r e s .
FIGURES
datum
Figure 1 : Method of S tru ctu ral Id ealisation
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0 node 1
node 2
+ + + : Time In tegration  (5  increm ents per p o in t)
 i Modal Superposition
i . e .  yx/d  -  -I .1 9 7 co s0 .5 8 t*  + . 1 9 7 co s3 . 8 8 t* 
y^/d = -0 .3 8 4 co s0 .5 8 t*  + .6 l6 co s3 .8 8 t*
where t* = /EI
Figure 2 i Comparison of Time Integration  and Mode Superposition
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Figure 8 Flow Chart of Computation Sequence
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L I  =  . 8  m
L2 = 1 m
L3 = .8  m
L4 = .6  m
f
L5 = 1 . 2  m
LG = 1 . 1 m
L7 = 1 .3  m
O
O M 3
13 »
O
i - O
M4 
14 =
M5
15
O
MG
L8 = .7  m
= 40 k 9
285
= 25 kg
285 cmA 4
= G 0 kg
285 crri'M
= 38 kg
3G0 c m ^
= 87 kg
4 10 cmA4
= 32 kg
4 10 cmA4
= 74 kg
480 cm^A
530 c m 'M
Figure 9 i Computer Representation of a 'T yp ical' S tru ctu ral Id ealisation
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f  Ct> f  Ct)
(a). Cb).
f Ct)
Ce ) .
( a )  
Cb ) 
C c  ) 
( d  ) 
C e ) 
( f  ) 
( g ) 
( h )
I m p u 1 s e  
S t e p  c h a n g e  
R a m p  c h a n g e
D o u b l y  i n t e g r a t e d  t r i a n g u l a r  p u  
H a  1 f - s  i n u s o  i d p u l s e  
S i n e - s q u a r e d  p u l s e  
D e c a y i n g  s i n u s o i d  
C o m p l e x / r a n d o m  w a v e f o r m
s e
Figure 10 : Typical E xcitation  Functions
Figure 11 j Idealised A cceleration Pulse
And I ts  Displacement Representation
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Figure 12 : Double Numerical Integration of a Seismic A cceleration
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L o a d i n g  C a s e  # 1  
N o m i n a l  P e a k  A c c e l e r a t i o n  =  3 . 8 g
3 c m  B ase  D is p la c e m e n t in 8 0  m s e c  
M ax. T ip D e fle c tio n  : 5 .9  c m  @ t  =  4 3 2  m s e c
P e ak  A c c e le ra t io n  : 5 .5 g  n o d e  1 @ t  =  4 3 5  m s e c
P e ak  B ase M o m e n t : 7 .4  kN m  @ t  =  711 m s e c  
M ax. B ase  S tre s s  : 211 MPa @ t  =  711 m s e c
P e ak  M o m e n t in 'F re e ' S tru c tu re  : 4 .7  kN m  n od e  5  @ t  =  301 m s e c  
P e ak  S tre s s  in 'F re e ' S tru c tu re  : 1 3 7  MPa n od e  5  @ t  =  301 m s e c
Figure 13 (a) : Undamped Response of 9 Node Idealisation
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Moments
Figure 13 (b) : Tip Deflection & Base Moment H isto ries , fo r Case 1 (3*6g)
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Rbs.  D e f l e c t i o n s
L o a d i n g  C a s e  # 2  
N o m i n a l  P e a k  A c c e l e r a t i o n  =  9 . 8 g
3 c m  B ase  D is p la c e m e n t in  5 0  m s e c  
M ax. T ip D e fle c tio n  : - 6 . 3  c m  ©  t  =  751 m s e c
P e ak  A c c e le ra t io n  : 10.1 g n o d e  6 @ t  =  7 4 5  m s e c
P e ak  B ase  M o m e n t : 1 2 .5  kN m  @ t  =  3 5 2  m s e c
M ax. B ase  S tre s s  : 3 5 4  MPa @ t  =  3 5 2  m s e c
P e ak  M o m e n t in 'F re e 1 S tru c tu re  : 7 .2  kN m  n o d e  5  @ t  =  4 2 2  m s e c
P e ak  S tre s s  in  'F re e ' S tru c tu re  : 2 1 3  MPa n o d e  5  ©  t  =  4 2 2  m s e c
Figure 14 (a) : Undamped Response of 9 Node Idealisation
R c c e 1e r at  i ons
Moments
Figure 14 (b) : Tip D eflection & Base Moment H isto ries , fo r  Case 2 (9 .8 g )
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Fibs. D e f l e c t i o n s
L o a d i n g  C a s e  # 3  
N o m i n a l  P e a k  A c c e l e r a t i o n  =  1 5 . 3 g
3  c m  B ase  D is p la c e m e n t in  4 0  m s e c  
M ax. T ip D e fle c tio n  : *“ 6 .4  c m  @ t  =  751 m s e c
P e ak  A c c e le ra t io n  : 1 5 .7 g  n o d e  6 @ t  -  2 1 9  m s e c
P e ak  B ase  M o m e n t : 1 5 .7  kN m  #  t  — 3 4 7  m s e c  
M ax. B ase  S tre s s  : 4 4 5  MPa @ t  =  3 4 7  m s e c
P e ak  M o m e n t in  ’Free* S tru c tu re  : 8 .6  kN m  n o d e  6 @ t  ~  741  m s e c  
P e ak  S tre s s  in  'F re e 1 S tru c tu re  : 251 MPa n od e  6  @ t  =  741  m s e c
Figure 15 (a) : Undamped Response of 9 Node Idealisation
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R c c e 1e r at  i ons
Moments
Figure 15 (b) 1 Tip Deflection & B^se Moment H isto rie s , fo r Case 3 (l5«3g)
L o a d i n g  C a s e  # 4  
N o m i n a l  P e a k  A c c e l e r a t i o n  =  6 1 . 2 g
3  c m  B ase  D is p la c e m e n t in  2 0  m s e c  
M ax. T ip  D e fle c tio n  : - 6 , 9  c m  @ t  =  7 4 5  m s e c
P e a k  A c c e le ra t io n  : 4 5 .7 g  n o d e  7  ©  t  =  5 3 2  m s e c
P e a k  B ase  M o m e n t : 2 8 .2  kN m  ©  t  =  4 6 9  m s e c  
M ax. B a se  S tre s s  : 7 9 9  MPa ©  t  =  4 6 9  m s e c
P e ak  M o m e n t in  ‘F re e 1 S tru c tu re  : 1 7 .5  kN m  n o d e  3 ©  t  =  6 1 9  m s e c  
P e ak  S tre s s  in  ‘F re e 1 S tru c tu re  : 4 9 8  MPa n o d e  7  ©  t  — 6 4 3  m s e c
Figure 16 (a) : Undamped Response of 9 Node Idealisation
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f l c c e I e r a t  i ons
Moments
Figure 16 (b) : Tip D eflection & Base Moment H isto rie s , fo r Case 4 (6 l .2 g )
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Response o f  9 node id e a l is a t io n  ( F ig .9) to  sine-squared  displacem ent ramp.
Figure 22 (a) : E ffe ct of Support Damping upon Tip Deflection
273
Response o f 9 node id e a l is a t io n  (F ig .9) to  s in e-sq u ared  displacem ent ramp.
Figure 22 (b) j E ffe c t  o f  Support Damping upon Base Moment
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A i s tra in  gauges dimensions in m illim etres
Model 01 
(S ta t ic  H y ste r e s is )  
Flanged Tube
Model 02 
(S ta t ic  H y stere s is )
S o lid  E quivalent Flange
Figure 24 (a)
1
5
2
5
2 76
Flange and s tra in  gauge positions as in Figure 24 (a )
277
Model 06
(T ran sien t * C onfigu ra tion ' T e s ts )  
F igure 24 (c)
278
lumped-mass id e a l is a t io n
Model 07
(T ran sien t • C onfigu ra tion1 T e s ts )  
F igure  24 (d)
lumped-mass id e a l is a t io n  Mode"1 08
(T ran sien t 'C o n fig u ra tio n ' T es ts)
Figure 24 (e )
1.53 kg
280
(T ran sien t 'Flange* T este)
Figure 2k  ( f )
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Figure 29 : Typical Experimental H ysteresis Loops
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F igure  31 ? Summary o f Energy Loss v s. B.M.- Amplitude R ela tio n sh ip s  
from S ta t ic  H y ste re s is  T es ts
287
F l a n g e  I n t e r f a c e  P r e s s u r e  ( MPa)
F l a n g e  I n t e r f a c e  P r e s s u r e  ( MPa)  
F igure  32 : Energy Loss v a r ia t io n  w ith Flange Clamping P ressu re
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R c c e 1e r at i on 
<9> F r e e  V i b r a t i o n  o f  C a n t i l e v e r  Beam
4 sec
Digitised Tip R c c e 1erometer Signal with 
Zero Drift of 0.2X F.S. during Recording Period
V e 1oc i ty (m / s )
0
Single Numerical Integration of 
R c c e 1erometer Trace
“2
4 sec
Figure 37 s Errors A rising from Numerical Integration  o f a D riftin g  S ignal
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0 5 10
Interface Pressure (MPa)
i__   i___.___  I__ i__ .---- .___.__ I___i___.__ i__   i__ .__ i__ i__ i__ I----1__ .__ i__ .__ L_
0 5 10 15 20  25
Interface Pressure (MPa)
Figure 40 : Fundamental Frequency Variation with Flange Tightness
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R m p 1 i t u d e  ( mm)
T i p D e f  1 e c  t  i on
8 s e c
8 sec
4 0 0  -
3 0 0
200 -
100 -
100
Case # i : 3 clamping bolts @ 1 kN
V, of Norn. Tension
v  V vv
Bo 1 t B
iVvvvlivvvv
II
III V V 8 sec
Figure 4 l  (a) : Flange Bolt Tension V ariation During Free Vibration Decay
293
R m o 1 i t u d e  (m m )
Case # 2 : 3 c l a m p i n g  bolts @ 10 kN
Figure 4-1 (b) ; Flange Bolt Tension V ariation During Free Vibration Decay
2 99
Case # 3 : 6 c l a m p i n g  bolts @ 1 kN
Figure 4 l  (c )  : Flange Bolt Tension Variation During Free Vibration Decay
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II
Case # 4 : G c l a m p i n g  bolts @ 10 kN
Figure 4 l  (d) : Flange Bolt Tension Variation During Free Vibration Decay
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1000 1
8 0 0  *
6 0 0
4 0 0  -
200 -
T r a n s i e n t  S i g n a l  l o i u  p a s s  f i l t e r e d  @ 3 0 0 0  H z  
b y  a  1 2 8  p o i n t  N o n - R e c u r s  i v e  D i g i t a l  F i l t e r
0
-200 -
- 4 0 0  -
10 15
25 3 0
T  i me ( ms  e c  ) .
M i n .  a c c e l e r a t i o n  -  - 1 5 0 g  
M a x .  a c c e l e r a t i o n  -  5 1 8 g
Figure 43 : The Use o f D ig ita l F ilte r in g  to Remove Transducer Resonance
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R e l e a s e  R n g l e  ( d e g )
Figure 44 : Comparison o f T heoretica l and Actual Impact V e lo c it ie s
304
Figure 45 : T heoretical Performance o f Transient T est Rig Design
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Figure 46 s Comparison o f Actual Peak D ecelerations and. Linear P redictions
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T e s t  M o d e l # 0 G  5g i mp act (n o m . )
Base Moment (Nm)
Figure k% (a) : 'Configuration* Tests
30?
Figure 47 (b) : 'Configuration* T ests
308
B a s e  D i s p l a c e m e n t  ( cm)
T e s t  M o d e  1 #06 1 0g impact (n o m . )
Figure 47 (c ) : 'Configuration* T ests
309
T e st  M o d e  1 # 0 6  1 0 g  Imp a c  t  (n o m . )
Figure 47 (d; j 'Configuration' T ests
310
T e s t  M o d e  1 # 0 7  5 g  i m p a c t  ( n o m . )
Base Moment (Nm)
Figure 48 (<?) : 'Configuration* T ests
311
Test Model #07 5g Imp act (n o m . )
Tip Acceleration (g) : Analytical
Figure 48 (b)  : • Configuration' Tests
312
T e st  Model #07 10g impact (nom.)
Figure 48 (c) s 'Configuration' Tests
313
Test Model #07 10g Imp act (n o m , )
Figure 48 (d) : * Configuration* T ests
314
T e s t  Model #08 5g i mp act (nom. )
Figure 49 (a) t ’ Configuration' Teats
T e s t  M o d e 1 #08 5q Impa c t  (nom
Tip Acceleration (g) : Analytical
Figure #9 (b) t 1Configuration* Tests
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T e s t  M o del #08 10g impact (n o m . )
Figure 49 (c) j * Configuration* Tests
317
Test M o d e  1 #08 ,1 0g Imp act (n o m . )
Figure #9 (d) t 'Configuration' T ests
318
Moment  s
9 node idealisation subjected to lOOg peak base excitation
Moment s
Base
Base
Figure 5Q (a) : E ffect o f  Mechanical Interface Damping
319
R c c e l e r a t i o n s
9 node idealisation subjected to lOOg peak base excitation 
Rccelerations
Figure 50 (b) : E ffect o f Mechanical Interface Damping
320
Re 1 . Def 1 ec t  i ons
9 node idealisation subjected to lOOg peak base excitation
Re 1 . Def1ect i ons
Figure 50 (c ) i E ffect o f Mechanical Interface Damping
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F l a n g e  : 3 Bo Its <5 5 k N , 5g impact (nom.)
Base Moment (Nm)
Figure 51 (a) * 'Flange* Tests
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R c c e 1e r  a t  1 on ( g )  -  Mass  #2 : E x p e r i m e n t a l
F l a n g e  : 3 B o l t s  @ 5kN, 5g impact (nom.)
Rcceleration (g) - Node #3 : Rnalytical
Figure 51 ( t )  s 'Flange' Tests
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B a s e  D i s p l a c e m e n t  ( cm)
F l a n g e  : 3 B o l t s  @ 15kN, 5g impact ( n o m . )
B a se  Moment (Nm)
Figure 52 (a) t 'Flange* Tests
324
R c c e l e r a t i o n  ( g )  -  Mass  #2 : E x p e r i m e n t a l
F l a n g e  : 3 B o l t s  @ 15kN, 5 g impact (nom.)
Rcceleration (g) - Node #3 : Rnalytical
Figure 52 (b) : 'Flange' Tests
325
F l a n g e  : G Bo 1ts @ 15 k N , 5g impact (nom, )
B a s e  M o m e n t  ( N m )
Figure 53 (~) : 'Flange* Tests
326
R c c e l e r a t i o n  ( g )  -  Mass  #2 : E x p e r i m e n t a l
F l a n g e  : 6 Bo Its @ 15 k N , 5 g i mp act (nom. )
Rcceleration (g) - Node #3 : Rnalytical
Figure 53 (b) i 'Flange' Tests
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Ba s e  D i s p l a c e m e n t  (cm)
F l a n g e  : 3 B o l t s  <S 2 k N  , 10g i mp ac t (nom.)
B a s e  M o m e n t  ( N m )
Figure 54 (a) : ’ Flange' Tests
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R c c e 1e r a t  1 on ( g )  -  Mass  #2 : E x p e r i m e n t a l
F l a n g e  : 3 B o l t s  @ 2kN, 10g impact (nom.)
Rcce1erat ion (g) - Node #3 : Rnalytical
Figure 54 (b) s * Flange* Tests
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B a s e  D i s p l a c e m e n t  (cm)
F l a n g e  : 6 Bo 1ts @ 2 k N  , 10g impact (nom.)
Base Moment (Nm)
Figure 55 (a) • 'Flange' Tests
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R c c e l e r a t i o n  ( g )  — Mass  #2 : E x p e r i m e n t a l
F l a n g e  : 6 B o l t s  2 k N , 10g impact (nom.) 
Rcceleration (g) ~ Node #3 : Analytical
Figure 55 (b) t 'Flange* Tests
i.
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F l a n g e  : G B o l t s  @ 5kN, 10g impact (nom.)
Base Moment (Nm)
Figure 56 (a) : 'Flange' Tests
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R c c e l e r a t i o n  ( g )  -  Mass  #2 : E x p e r i m e n t a l
F l a n g e  : 6  Bo 1t s @ 5 k N , 10g impact (nom. )
Rcceleration (g) - Node #3 : Rnalytical
Figure 56 (b) s 'Flange* Tests
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Plate 1 s General View of Transient Test Rig.
335
Plate 2a : Further View of Transient Test Rig.
Plate 2b s Further View of Transient Test Rig.
Plates 3afbtc : Transient Test Rig Pendulum Block
337
P late  4b : Release System and Hoist
338
Plate 5a • Transient Test Rig Buffer Area
Plate 5b : Buffers, Impact Discs and Mechanical Stop
339
Plate 6a s Flanged Joint with Strain Gauged Bolts
(accelerometer on reference cube in background)
Plate 6b : Transducer Wiring Installation on Pendulum Block 
(compensating 'dummy* bolt - bottom right)
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Plate 8b s Method of Loading Tube Tip and Measuring its Displacement 
(static hysteresis tests)
3#2
P late  9b : Weight and Pu lley  System fo r  S ta tic  H ysteresis Tests
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P late lOt : Support Bearing Block and 'Solid* Flange
APPENDICES
APPENDIX A.l 
EXPOSITION OF ORIGINAL NUMERICAL ANALYSIS
Notation :
aj,k general flexibility matrix element
j,k general modified flexibility matrix element
^j»k general 'stiffness’matrix element
1. distance between node i + 1 and node i in longitudinal direction
nro mass localised at node point i
n number of free node points
u. deflection of node i from datum in transverse directionl
v. deflection of node i relative to base support Al
x. distance of node i from datum in logitudinal directionl
(EI)^ flexural rigidity of beam section between node i and node i. + 1
F. nett deflecting force on node i at time tl
G. matrix reduction multiplier
1L moment acting at node point i
P. external force acting upon node i at time ti
S, shear force acting upon node i at time t
<j). slope of beam at node i
A. deflection parameter at node i
6t time increment used in analysis
As a first approximation it is possible to idealise a mast-like structure 
as a cantilever consisting of n lumped masses interconnected by elastic 
beams with flexural rigidity (EI)^ and length 1^ as shown in Figure 1. Two 
base support points are specified which allows the base restraint conditions 
to be expressed in a general manner.
Figure Al.l shows a typical beam element between the nodes 'i1 and 'i + 1' 
and also indicates the sign convention used for the forces and moments acting 
upon it.
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The deflection parameter is now expressed in terms of the deflecting forces 
and properties of the interconnecting beams. Thus equation (3.1) yields a 
set of n linear simultaneous equations relating each of the nodal displace­
ments to the forces acting on the structure. These can be expressed in 
matrix form as:
(A> “ [a](F} (4)
where [a] is the (n x n) flexibility matrix.
The ntk equation will contain a term in the upper base reaction, and
this can be removed by equating the moments about the lower base 
restraint. The flexibility matrix elements are then given by:
aj»k  ^ [Tj^xi ” Xk  ^+ i^] for 1 4 3 4 n ”  1
and 1 < k < j (5.1)
ai £  “ - e f e  for 1 < j < a - 1 .
and k = j + 1 (5.2)
m , n (xn+2 ~ xk^n^n+l
an,k “ Tn(xn " xk> + %  + 6(EI)n+1
for 1 < k < n (5.3)
The reduction of the flexibility matrix [a] to lower triangular form 
facilitates the establishment of F-j^ in terms of A, from which corresponding 
expressions for the other nodal forces can be found. The modified (lower 
triangular) flexibility matrix [»] and its complementary upper triangular 
'stiffness' matrix £q ] can be found by pivotal condensation, giving:
[b ] {F} = [q] {A} (6-D
where (i) bRjk 53 an>k for 1 < k < n
( ii) 1: n a 1 f°r 1 < J < n
J 9 11
(iii) br>k - br+l>k - Gr.arjk for 1 < k < r
( i v)  q j #r ® -  Gr f o r  1 < j  < r
By equating tke moments acting on the element and using the general 
beam bending relationships it can be shown that:
(EI) I v = Mi + Si T^- + (EI) i [^i6 + Vi] (1)
It is convenient to define a deflection parameter A such that:
Z i A  I  Z i
Zi+1 + Vi+i + L i+iAi = vi " \ji7 T + 1 vi+i + 1777 vi+2 (2)
Substituting from equation (1) and introducing the force balance at node 
i + 1 together with the overall equilibrium conditions expressed in terms 
of the external load, equation (2) can be rewritten in the form:
i, i F * & ^ 5, •
Ai - Ti Z Fr(Xi - xr) + Qi Z Fr - -tfeffi-- (3.1)
rsl r=l
where T *i f.i ' 2(EI)i I 1 + ii(EI)i+1 j (3-2)
qand Qi
r
6(El)i 2+W ^ ( 3 + ^ f  ° - 3)
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and M u l t i p l i c a t i o n  Fac t o r , Gr « fe—-’i l L  f o r  1 <  r  < n -  1 ( 6. 2)
ar,r+l
n
Hence: ba ~ ~ Z G ^ a ^  where Gn = - 1 (7)
r= l
and by consideration of the first rows of  ^bj and £qj :
n
E G • Ar
F, - ^ -----  (8)
I G -ar= 1 r r ’ 1
Having solved for F,, the remaining node point forces can be easily obtained 
from equation (A) by the back substitution of known values as shown:
(9)Fi " (Ai-r V i - , , f ------ - h - . W
It is convenient in the interpretation of the analysis to express A in 
terms of fu', the nodal displacement relative to the transverse datum.
This transforms equation (2) to the form:
A  = - ui + (xpq + 7) Ui+1 "(xfer) ui+2 (10)
The nodal loading consists of the inertia force due to the motion of the 
nodal mass in addition to any external loading. Therefore:
d 2u • ,  .
Fi = mi"dc+ + pi (U)
Equation (11) can be integrated numerically using central differences which
give:
ui,t+6t = 2ui,t " ui,t~6t + (Ei " Ei)<5t2 (12)
A flow chart illustrating the sequence of these operations is given in 
Figure A1.2 overleaf.
Figure A1.2
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APPENDIX A .2
S T R A I N  E N E R G Y  A N A L Y S I S  O F  B E A M  W I T H  T W O  P I N  R E S T R A I N T S  
A N D  S E V E R A L  T R A N S V E R S E  L O A D S
F o r m u l a t i o n  o f  F l e x i b i l i t y  M a t r i x
f e . T  . 'E I n+1 n+1 n n E2I2 E1I1 u
T h e  d i a g r a m  s h o w s  t h e  i d e a l i s e d  E u l e r - t y p e  b e a m  w i t h  s e v e r a l  
t r a n s v e r s e  l o a d s ,  F  ,  a n d  t w o  p i n  j o i n t  s u p p o r t s  A  a n d  B ,  w i t hrC
r e a c t i o n s  a n d  f e .  C o n s i d e r i n g  m o m e n t s  a b o u t  s u p p o r t  B :
R „  ( x  _  -  x  . )  =  -  F .  ( x  -  x . )  -  F  ( x  _  -  x  )
1  n + 2  n + 1  1  n + 2  1  2  n + 2  2
. . . .  - F, (x ) -
i . e . ,  f e  ( x n + 2  -  x n + 1 )
k  n + 2  “  \
" Z Pk (xn+2 “ V
-  F (x - — X ) 
n  n + 2  n
n
Hence
- z
k=l
k=l
Fk (xn+2 - A 1
(x * -  X ,. ) 
n + 2  n + 1
L e t  M  b e  t h e  m o m e n t  a c t i n g  b e t w e e n  n o d e s  q  a n d  q + 1 ,  t h e n ,
q , q + l
(1)
M q,q+l- F  ^ (x -  xfe + F2 ( x -  xfe +
+ F (x -  x )q q
i . e . Mq.q+l - Z  <  (X - Xk>
k=l
(2)
for 1 < q < n .
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The total strain energy in the beam, neglecting energy due to transverse 
shear, is given by,
U =
■X2 M21,2 ‘X3 M22  +
2E„I,
■o O I m -1dx - .... ♦ \ - 2 ^ 1  dx +
xa 11 x2 2E2J2 ’ 2E I Xq q q
xn+l M2n,n+l , _ z  dx
2E I
fXn+2 M2 \ n+1,n+2+ \  1-- dx
n n n
2E .1 .x . n+1 n+1n+1
Hence, U - z
Xq+1 M2 , fXn+2 M2 . _M a,a+1 , \ n+l,n+2 ,— u-.—  dx + \  1---- dx
a=l v x 2E Iq q 2E ,1 .x „ n+1 n+1n+1
(3)
Nov; consider the displacement 6^ of the point of application of the 
ith force, in the direction of . By Castigliano•s theorem,
£u_
bF.
n C q + 1  ^  M  .
E I \ q,q+l  ^ F .
q - l q q J X q
where
En+lIn+l
n+2
n+1
M
'bn . 0n-r i,n+2
n+1,n+2  ^F,
M _ = > F, (x - X. ) + R- ( x - x  9)n+1,n+2 /  ■ k fie 1 n+1
k=l
Considering the partial differentials of the moments with respect to 
the ith force,
(4)
(5)
M l + l
b F. SFTi k=l
352
a n d , M
1 , 2
ri hi
ft
M2 , 3
ii
M
3 , 4 -  F i
I t  f o l l o w s t h a t ,
4 F i
= ( x ft
Xi
™ 1 , 2
= 0
l
+ F2 ( x  -  x 2 ! 
c4 ) + f 9 ( x  -  x 2 ; e t c .
^ M2 ,3 , , ^  M3,4 . .
f e F f r  ’  <x -  xi> T f ^ -  ■ (x -  X1)
*M 3 >^M3 4
6F2 H f  = (X -  x2> i f f  - (X " X2)
f t ,  )>M
- f t ^ '  = 0  - J X  = 0 - f t f t  =  ( x  -  x , )t>F SF i F , J
e t c .
H e n c e ,
'bn 'bn
cr , q + l  = 0  f o r  a  <  i  a n d  — H -L L l  = ( x  -  x .  ) f o r  q  >  i  ( 6 )
a F  * o F .  ii i
A l s o ,
n + 1 , n + 2  _  ~ x F
1 > F .  bF. Z _ j  k
1  1  k = l
(X -  xk ) + ^  ( x  -  xn+1)j
w h i c h  b e c o m e s ,
- t f ^  ■ ( X ~ V  (7)1 1
a n d  f r o m  e q u a t i o n  ( 1 ) ,
'bR. -  ( x  -  x .  )
1  n + 2  i
"JJF. ( x  -  x  . )
l  n + 2  n + 1
U s i n g  t h e s e  r e l a t i o n s h i p s ,  n o t i n g  t h a t  t h e  b o t t o m  s u m m a t i o n  l i m i t  i s  
n o w  i  d u e  t o  t h e  n a t u r e  o f  e q u a t i o n  ( 6 ) ,  i t  i s  p o s s i b l e  t o  r e v / r i t e  
e q u a t i o n  ( 4 )  a s ,
( 8 )
353
6i
n q+1
■ Z e V \  S pk (x- xk H x- xi ) dxr t o  q q j vq=i x k=l
q
F  Tn+1 n+1
n+2
n+1
I nk=l
Fk U “Xk > + R1 (x'xn+l)\ |X-Xi+^F7(x-Xn+lU  dx
Integrating and simplifying, this expression gives,
n
■ Z
q=l
6E I
q q
r q
Fk (2x3 -  3 [x. + xk ] x2 + 6*i V )
a+1
k=l
6E .1 .n+1 n+1
n
2 1 1  + i ri  + Z Fk x'  - 3
1 k=l
Tf
n
k.l
k *k
(xi + xn+l Fk + Rl( X1 + Xn+1 t1
^ R.,
k=l
'bR
+ 6 1 Xi + Xn+1 W : ) [  R1 xn+l ) ( « , w X X - O
1 k=l
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Now, using equations (1) and (8 ) , th is  becomes,
n
q=iZ , T  \  ' f  [ 2 ( x 3 - x 3 ) - 3 ( x . + x  ) ( x 2 - x 2 ) + 6 x . x  ( x  - x  )]X Z__. k  L q + 1  q  l  A c  q + 1  q  i  Tc q + 1  qk = l
6 E n + l I n + l
f X i ~ X n + l  
X^ n + 2 “ X n + l
Tl
k = l
T T  F (x -x. )v 
f e f e  k  n+2 Qc \ ,
p _    (x - )k (x ^-x „) / n+2 n+1
n + 2  n + 1
x . - x  
i  n + 1_ 3 y  * + x
l_ \xn+2-x n + l '  f t e  n+2 ' X •'_X
n
n + 2  n + 1 .
k = l
n
E  pk (3W V
( X n + 2 + X n + l ) t X
( x  _ - x  . )
n + 2  n + 1
r t o l ) f 2  2 4( x  - X  „ )n + 2  n + i
V *  F  ( x  - x ,  ) \ 1
k  n + 2  Tc '
+  3 x n + 2  ^ X i  X n + 1 ^  ( F k X k  "  X n + 1  ( x  - x  „ )
\ k = l  n + 2  n + i
N o w  c o n s i d e r  t h e  f l e x i b i l i t y  c o e f f i c i e n t s  f .  . f o r  t h e  b e a m .
f  =  d e f l e c t i o n  a t  n o d e  i  d u e  t o  a u n i t  l o a d  a p p l i e d  a t
n o d e  j .
T h e s e  c o e f f i c i e n t s  c a n  b e  g e n e r a t e d  f r o m  e q u a t i o n  ( 9 ) ,  w h e r e  t h e  f o r c e
t e r m s  F  a r e  a l l  p u t  t o  z e r o  e x c e p t  f o r  F .  w h i c h  i s  g i v e n  t h e  
k  3
v a l u e  o f  u n i t y .  S o m e  a t t e n t i o n  m u s t  b e  g i v e n  t o  t h e  f i r s t  t e r m  i n  
e q u a t i o n  ( 9 )  w h i c h ,  w h e n  e x p a n d e d ,  b e c o m e s
\  ■ - L - [ \  F  [  2 ( x 3 - x 3 ) - 3 ( x . + x f e  ( x 2 - x 2 ) + 6 x .  x .  ( x  -.“ f e l l
/  , 6 E  I  k  L q + 1  q  1 Tc q + 1  q  I K  q + i  q  J
q=l
n
k = l
E —B-—  \ F  [ 2 ( x 3 . - x 3 ) - 3 ( x . + x . ) ( x 2 - x 2 ) + 6 x . x  (x - x  )1OEqi q L l l - 8+1 q 1 1 q+i  q 1 1 q +1 q Jq = l
+  F „  [ 2 ( x 3  - x 3 ) - 3 ( x . + x  ) ( x 2 - x 2 ) + 6 x .  x  ( x  . - x  )1
2 L q + 1  q  1  2 q + 1  q 1  2 q + 1  q J
+ F  [ 2 ( x 3 ~ x 3 ) - 3 ( x . + x  ) ( x 2 - x 2 ) + 6 x . x 0 ( x  - x  )1
3 L q + 1  q  1 2  q + 1 q 1 2 q + 1  q J
+  F  f  2 ( x 3 - x 3 ) - 3 ( x . + x  ) ( x "  - x 2 ) + 6 x . x  ( x  . . - x  )1 1
q  L  q + 1  q  1 q  q + 1  q  1 q  q + 1  q J J
( 9 )
( 1 0 )
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Comparing the f l e x ib i l i t y  c o e f f ic ie n ts  with the d e fle c tio n  term, 6
it is apparent that
6 with F. = 1 and all other F = 0 
Ji
Applying these values of F, the first term as given in equation (10) 
becomes
n
However, no forces beyond node q appear in equation (10) and consequently 
equation (11) can only be valid for j ^ q. Since the smallest value 
of q in equation (11) is i it follows that this equation is valid 
provided that j < i. When applying the unity and zero force values 
to the second term in equation (9) these restrictions do not apply, 
since all of the nodal forces appear in each of the summations.
However, the complete influence coefficient expression derived from 
equation (9) will necessarily be valid only for j < i. Hence, to 
give the influence coefficients, equation (9) becomes
(11)
n
q-i
. 3 3
( x  _ —x  n+2 n+
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T h i s  e x p r e s s i o n  c a n  b e  s i m p l i f i e d  t o  y i e l d  a c o n v e n i e n t  f o r m  f o r  t h e  
e v a l u a t i o n  o f  t h e  f l e x i b i l i t y  c o e f f i c i e n t s  a s  f o l l o w s :
n
E— 4— j 2(x3 . - x 2) -  3 (x .+ x .) (x2 - x 2)+ 6 x .x .  (x . - x  MBE I {. q+1 q i j q+1 q 1 j q+1 q' )
1+     (x.-x .Hx.-x .)(x X .)
3 E  . 1  . l  n + 1  i  n + 1  n + 2  n + 1
n + 1  n + 1  J
v a l i d  f o r  j  ^  i  .  ( 1 2 )
F r o m  M a x w e l l ' s  L a w  o f  R e c i p r o c a l  D e f l e c t i o n s ,  t h e  f l e x i b i l i t y  m a t r i x
f o r m e d  b y  t h e  i n f l u e n c e  c o e f f i c i e n t s  i s  s y m m e t r i c .  C o n s e q u e n t l y  t h e
r e s t r i c t i o n  o f  v a l i d i t y  o n  e q u a t i o n  ( 1 2 )  i s  u n i m p o r t a n t ,  s i n c e  i t  w i l l
g e n e r a t e  t h e  l o w e r  t r i a n g l e  a n d  d i a g o n a l  t e r m s .  T h e  u p p e r  t r i a n g l e
t e r m s  a r e  s i m p l y  f o u n d  f r o m  f .  . =  f .  . .
J j i  1 »3
N o t e  t h a t  t h e  b e a m  s t i f f n e s s  m a t r i x  i s  s i m p l y  t h e  i n v e r s e  o f
T o  m o d e l  t h e  d a m p i n g  a r i s i n g  a t  t h e  s u p p o r t s  i t  i s  n e c e s s a r y  t o  d e r i v e  
e x p r e s s i o n s  f o r  t h e  r o t a t i o n  o f  t h e  b e a m  a t  t h e  p i n  j o i n t s .  T h i s  
i n f o r m a t i o n  m a y  b e  o b t a i n e d  b y  c o n s i d e r i n g  a n  i m a g i n a r y  m o m e n t  M *  
a c t i n g  a t  e a c h  s u p p o r t  i n  a d d i t i o n  t o  t h e  t r a n s v e r s e  n o d a l  l o a d s  a n d  
s u p p o r t  r e a c t i o n s .
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R. = / M* + M* + 5 Z  Ft, (x -x )]/ (x -x )1 \ n+1 n+2 k n+2 Tc } j  n+1 n+2
The total strain energy in the beam (neglecting energy due to transverse 
shear) is,
Equating the moments about support B:
■ z
n x . _ .2 r  x _ . .2q+1 M . j n+2 H
q.q-1-1 dx + 1 . q t l ' n+2 dx2E I \ 2E .1 .
. , q q J  n+1 n+1q=l ^ x x „q n+1
where M , is as previously defined in equation (2), and the moment
q, q+i
acting between the supports is given by,
n
M „ F, (x-x. ) + R. (x-x .) + M*n+1, n+2 / . k k 1 n+1 n+i
k=l
The rotation 9 . of the beam at node (n+1) is given by usingn+1
Castigliano's theorem,
v « f x q+1ou l i .. a^ q-*--5- jM — —Lizi—  dxE_I_ \ q, q+1
q
n+1 q q J n/
q=l  n v x
1 C Xn+2 *"n+l,n+2 ,
+ E - T — ' \ n+1, n+2 W  , dXn+1 n+1 J  ’ n+1
Xn+1
Ma,q+1 0 , ^ Mn+l,n+2 ^ R1 . .But, - -I = 0 and (x-xn+1> + 1
n+1 n+1 n+1
* R1 - 1 . * Mn+l,n+2 Xn+2~x \
A1S° ’ *Mn+l = (xn+2-Xn+l) ' ' * "5.1 " V xn+2"xn + J
(13)
(14)
(15)
(16)
Using these r e su lts , equation (16) becomes
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e n+1 En+lIn+l
ri+2
n+ i
 ^ (x-oc) + R. (x-x ) + M* A l ---------L f —i  k k 1 n+1 n+i\\ x ~x ,k=l n+2 n+ 1
dx
and using equation (13) to replace R^ ,
e
n+1 En+F n +1
n+2 r  n
n+1
x-xn+1
x^n+2 Xn+1, f y +l +Mn+2 + g  Fk <Xn+2 -^ ) + Mn 4 ( i - v J  ^
It is now possible to remove the imaginary moments, M*, yielding
0 n+i E .1 ^n+1 n+1
n+2 n
S  Fk (x_Vk=l
n+1
x-xn+ i
.Xn+2 Xn+1/ k=lz
F, (x -x, ) k n+2 k
' x n—x n-2
X - x  i n-2 n-
Integrating this equation gives,
0
E  F*
n+1 ’ 3En+l I n+l CV 2 - xn , l )2
(x2 —x^ J  - 3x _ (x^ 0-x2 .)n+2 n+i n+2 n+2 n+-
+ 3 x „ (x n-x ) n+2 n+2 n+1
and this simplifies to give
G
(x 0 - x ) n
= — *212---- 2±i- V ]  F (x - x, )n+1 3E I . k n+1 xn+1 n+1 k--l
(17)
Similarly,
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.X
n+2 " iMn+2 '  V q  j  q’q+1 bMn+2Xq
Xn+2 .n+1,n+27 7  \ M 1 , ■ w ’ dx (18)
■ W n - l  \  n+1’n+2 * Hn*2
xn+l
Assessing the differentials,
bM . 'bR bR.
q .q +1 _ n n+i,n+2 = ___ 1 - ( X_ X ) .— 1.M* ’ "Jm* m l  ’ Am*
K J  ’ ^ Mn+2 ‘ iMn+2 n+1 ’ iMA+2 " ' W t o i
~^Mn+l,n+2 (  Xn+1 X
hM* \ x - xn+2 \ n+2 n+1
Hence equation (18) becomes,
.x
9 n+2 ■ E j —  \ { £  F k  ( x -  V  +  R l ( x "  xn+t  + ML l ]  (x f e x  , )
n + 1  n + 1  J  L  k = l  •> \ n + 2  n + - /
Xn+1
dx
and substituting for R. ,
_ . ( Xn+2 r n
0  =  — — - — - \ j  y~] f  ( x  -  x , )
n+2 Ln+1 n t l  J k ^
U  VXn+1
X~Xn+l
xn+2"xn+l K r 1 * Mn*2 + f ) U  ' W V )  + Mn + j  ( * " * - '* ■ )lc=1 \ n+2 n+1/
dx
Removing the imaginary moments, M*, this becomes,
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e n+2 En+lIn+l
n+2 (■ n
{ E  F,c ' x - v
k = l
n+1
( f e + r )  £  r« u « - v j  ( + + + )\ n+2 n+1' k=l -f ' n+2 n+17
dx
Integrating,
n
0
E  pk {xn + r \ >  k=l___________________
n+2  ^p T / \ 26E I  f i x  0 - x  )n+1 n+1 n+2 n+1
2 (x3 -x3 ) - 3(x -x E( x 2 -x2 ,.)n+2 n+1 n+2 n+1 n+2 n+»
+ 6x x 0 (x n - x  ) n+1 n+2 n+2 n+1
and this simplifies to give
e n+2
- (xn+2 - Xn+l) ^  „ ,
6e Ti ~—  E  Fk < v r  Vn+1 n+1 k=l
(19)
n
It should be noted that the term E  Fk (xn+l - x^) in equations (17)
and (19) is in fact M „ , the moment at the restraint node (n+1).n+1
Consequently, the two equations can be re-written as,
0
Mn+1
n+1 3E .1 ,n+1 n+1
and 0
-  Mn+ i
Also, it is apparent that, 0
n+2 6E In+1 n+1
n+1e.
n+2
(20)
(21)
To include the effect of losses at the pin supports, consider the 
effect of resistive moments acting at those points. To obtain the 
resultant nodal deflections, imaginary forces, F^* are placed at
each o f the external nodes as i s  i l lu s tr a te d .
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Comparing this configuration with equation (13),
n
R,
- + Mb * z  FJ (xn+2- ^ )
rC— -L
(Xn+2 - Xn N
The total strain energy, neglecting shear effects in the beam is,
« ■ Zq=l
n fXc+l M2a, a+1 ^- —  dx +
Xn+2 M2 „n+1,n+2
2E I
q q 2En+lIn+l
dx
n+1
(23)
and in this case,
n
Mn+1,n+2 = Z  (^ x - V +Rl  <X- Xn+1)+M/k=l
(24)
Now consider the displacement, , of node i due to the existence
of moments and Mg ,
v.l
n fXq+l M „ ^M , to— * I a.a+i a,a + 1 , \
Z  -ti  s i t -  dx + \
q x q q  1 J x
q
n+2 M . . . ,n+1, n+2 n+1, nt-2
E .1 .n+1 n+ *f ?
n+1
ax
(25)
But, M V"' p#. - > FT ( X - X .
q , q  k=l
'bn
x  x ) and hence q+q.--1-■bF?1
( x -  X. )1
for q > i
3 6 2
bn , 0 bR - (x -x.)n+1.n+2 , 1 , \ , l n+2Also, ------  = (x-x ) -f^rr (x-x > and ^  = ( ,
i . 1  l n+2 n+1
Hence equation (25) becomes,
n 1 f  q+1 q 
' i  ■ E —  \  S  F. ( x ^ X x - x . )  dx
q=i  q q J x k = i  
q
n+2 r n bR,
En+lI n+l J  vk=l 
xn+l
k
Removing the imaginary forces F* this reduces to
i E- f i f e  (n+1 n+1 J
c)R
R1 <x- xn+l > Ma1 f x - x i + 3fT  (x - V )| dx
n+1
Integrating this expression,
6En+lI n+l
2R„ 1 +
bR,1 \ 3
bF?i
x-' + 31 I M. -  R„ x I 1 +A 1 n+1/ V ^F?l
}R,
"  R1 l xi  + > r f  Xn+l ) ]  *2
^R
- 6 (xi + i 4 Xn+l ) ( MA -  R1 xn+l)
n+2
n+1
Evaluating the limits and substituting for the partial differential,
(x.-x .)i n+1v .l 6E „I , (x -x n+u. n+i n+2 n+i
-  2 ( V MB ) ( V 2 - xn+l)
♦ 3 l 2MA xn+2 + MB^xn+l+xn-t-2)J 
■ 6 ( MA xn+2 + MB xn+l ) (xn+2~xn+l) Xn+2 J
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This can be sim p lified  to g ive ,
i  ■ ( 2 MA -  Ms) (  ' )  ( *n+l -  Xi )v n+1 n+1 ' '
It is proposed that the resistive moments and are modelled
by viscous dampers opposing the rotations at the support points.
n+2
J.'<u
n
Hence,
MA - - C1 8 n+1 and n+z
Using equation (21), f t
Hence equation (26) can be rewritten as,
C_ ■ \ / x - x „n+2___n+_
2 ,1  . n+i n+1Vi \ “ -1 w n+1 ‘ 2 w n+1 I \ 6E „I „ ) *“n+
2  c f t  ,  je j  L f 2  . n + 1 1
and this expression can be simplified to become
v.l -  ( " ,  • S )  V  t o ,\ n+1 n+1 /
Using equation (20) this becomes,
/ ,  ,  /Allilin+l \ , , Mn+1
'i • "  ( 4 1 2/ ( 12E I ) n+1 ~ Xi 3E I\ n+1 n+1 / - n+l iI 1  31 n+1
( 2 6 )
(27)
( 2 5 )
(29)
and again th is  may be sim p lified  to give
n+1 n+1
The Superposition Principle allows this formulation cf the support 
damping effect to be added directly to the flexibility formulation of 
equation (12). In terms of the complete structural matrix, this yields 
the following format:
u.
u,
u.
11
21
31
nl
f12 f13
22
In
nn n
V1
v.
v.
n
Mn+1
i.e. [u] = [ £ ] { ? }  + [b] Mn+1
where is the nodal displacement vector
[ 0 is the flexibility matrix given by equation (12)
{ f } is the nett deflecting force vector
M is the 'base dissipation vector'
“n+1 is the rate of change of moment at node (n+1).
elements of { b 1 are obtained from equation (30) as follows,
(30)
(31)
i
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Rearranging equation (31) gives,
[f]_1 [ul = { f ! + [f]"1 M  Hn+1 (33)
It is noted that { F^ consists of inertia force plus any externally 
applied nodal loads,
i.e., { ¥ }  = - [m] {ul + {f}
where [m] is the diagonal lumped mass matrix
{u } is the nodal acceleration vector
[f ^ is the external load vector.
Equation (33) now becomes,
[ f ] -1 { u] = - [m] | u ]  + { f } + [f]"- {b] 1
n + .
But [f ] -  [k] , the stiffness matrix and therefore,
[k]{u} = - [m ] fS ]  + {f } + [k]{b] M , n+ j.
Let
H e n c e  t h e  e q u a t i o n  o f  m o t i o n ,  i n c l u d i n g  t h e  b a s e  d i s s i p a t i o n  e f f e c t  
is g i v e n  b y ,
(34)
For computational efficiency let,
{ b }  = [k]{b] (35)
where [ b ][ is the 'base loss load vector'.
Hence the structural equilibrium equation becomes,
m { u }  = - [k]{u] + [ f ] - M  Mn+1
{ f , }  = [ k ] [ u ]  ( 3 6 )  :
w h e r e  {  F s }  i s  t h e  e l a s t i c  f o r c e  v e c t o r .
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[m]fe} = - fe} + { f} + { b } Mn+1 (37)
Equation (37) can be replaced by a finite difference time integration 
algorithm using both central and backward difference terms:
m. (u. C4.-2U. +u. , ) =-f-Fs. +F. +B. (M -M . A )/6t \ 6t2l i,t+6t i,t i,t-ot I i,t i,t i n+l,t n+l,t-ot / J
Thus the displacements of the nodes may be predicted for a time 
t + 6t from structural parameter values for times t and t-St. For
a time stepping analysis the equation above is rearranged as follows,
u. , e, = 2u. , - u. . c, + — f (F. -Fs. .) 6t+B. (M „ ,-M „ ,fe"V (33)i,t+ct i,t i,t-6t m4  ^ 1»T 1 n+l,t n+l,t-5t J
The sequence of computation for the incorporation of this algorithm 
into a practical numerical structural analysis is given belowu
(1). Calculate the flexibility matrix [f]
(2). Invert [f ] to form the stiffness matrix [k]
(3). Calculate the base dissipation vector { b^
(4). Calculate the base loss load vector { B*]
(5). Input/generate initial structural displacement u £
(6). Calculate elastic force vector { Fs^
n-1
(7). Calculate nodal moments using M. = ‘ Fs (x. - x, )
1 k=l 1
(8). Input/generate external load vector {f}
(9). Calculate updated displacement vector [U ]t+St From equation (33)
(10). Update displacement vectors and increment time
(11). Loop back to step (6).
APPENDIX A .3
SPECIFICATIONS OF TRANSDUCERS AMD INSTRUMENTATION USED IN EXPERIMENTS
Accelerometers (3 off)
Entran Devices Inc.
EGC-240 Series, Flange Mounted
General Purpose Piezoresistive Accelerometer - High "g" 
Fully active, temperature compensated Wheatstone bridge 
Single axis sensitivity
Non-linearity 
Transverse Sensitivity 
Thermal Zero Shift 
Thermal Sensitivity Shift 
Compensated Temperature Range 
Weight
Range.
Overrange *
Nominal Sensitivity
_+ 1% of reading over full range 
3% (maximum)
+ 1% F.S./100°F
+ 2.5%/100 F 
80°F to 180°F 
: 4 grams
(2 off)
+ 500 g 
+ 1500 g
0.4 mV/g
Nominal Resonant Frequency : 4000 Hz 
Useful Frequency Range : 0 to 800 Hz
* for use within 30?4 of resonant frequency
(1 off)
+ 1000 g 
+ 3000 g 
0.2 mV/g 
5000 Hz 
0 to 1000 Hz
Displacement Transducer (1 off)
Waters U.S.A. Inc.
SLF-S-100—D-C
Linear Motion Position Transducer 
Conductive Plastic Track 
Active Travel : 0 - 100 mm 
Linearity : + .1%
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Showa Measuring Instruments Co. Ltd.
Polyester backed Foil Strain Gauges
Self-temperature compensated for steels and Al alloys 
Nll-FA-5 single element
N22-FA-5 90° stacked double element rossette
Strain  Gauges
Nominal Resistance 120 ft
Grid Length ' \ 5 mm
Grid Width 1.8 mm
Nominal Gauge Factor^ 2.1
Transverse Sensitivity Factor 1.3%
Signal Conditioning and Amplification 
(4 channels)
Fylde Electronic Laboratories Ltd.
Modular Instrumentation System
FE-359-TA D.C. Bridge/Transducer Amplifier
Constant Voltage 2-15 V Regulated Transducer Supply
Bridge Completion and Calibration Circuitry
Remote Bridge Excitation Sensing
Coarse and Fine Bridge Balance Potentiometers
Gain Range
Linearity
Gain Accuracy
Gain Stability
Input Drift
Input Noise
Common Mode Rejection
Bandwidth
Internal Filter
Output
20 - 80 dB 
< + 0.1%
+ 0.25%
+ 0.1% 12 months
< 0.01% FS/°C
< 0.1% FS pk-pk
100 dB at max. sensitivity 
DC - 50 kHz 3 dB 
Selectable 6 dB/Oct Low Pass 
2 Hz to 10 kHz in 1-2-5 steps 
f 10 V + 10 mA
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Transient Recorder (4 channels)
Data Laboratories Ltd.
DL 2800 Multichannel Transient Recorder
Bandwidth 
Sample Rate 
Amplitude Resolution 
Memory Size 
Recording Modes
Trigger Modes
Digital Output
Display Output
DC - 70 kHz 3 dB 
5 Hz - 200 kHz in 1-2-5 steps 
10 bit (0.1%)
4096 x 10 bit words 
Delay
see Appendix 6A/B
Pre-trigger J  
Auto
Continuous
Single
Manual
RS232/V24 binary/ASCII 
Current loop binary/ASCII 
Byte parallel binary/ASCII 
10 bit parallel binary 
first 4000 words displayed on 
oscilloscope via DAC-optional 
interpolative smoothing.
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APPENDIX A .4
LAGRANGIAN INTEGRATION FORMULAE FOR HYSTERESIS LOOPS
Due to the somewhat restricted number of experimental points 
obtained for each loading cycle in the hysteresis tests, it was 
decided to use curve fitting techniques to define the bounds of the
to
hysteresis loops. Simple linear interpolation was considered too 
crude and Lagrangian interpolation^methods were chosen since it is easy 
to find their corresponding integration formulae. In the hysteresis 
tests, the displacement formed the dependent variable and thus to 
effect a numerical curve fit with equispaced intervals it is necessary 
to rotate the axes through 90° as is shown below. The easiest way to 
find the loop area is to fit curves to the' upper and lower halves of 
the loop (as indicated by the different line types) and to then
dForce F J
f/
^ /  
Z  j f
VS 
-
V
\
integrate them both over the range H. The difference between these 
two integrals yields the area of the loop, which is equivalent to the 
energy dissipated in that cycle. Apart from the special cases of the 
loop tip positions, it was decided to use a cubic interpolation from
i f
(a) (b)
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which only the centre interval was used for integral evaluation (b). 
Thus each consecutive set of four data points could be treated in turn, 
to build up the total integral. At either end of each half of the loop 
it iss:necessary to use quadratic interpolation, as is shown in (a) 
and (c ).
To derive the appropriate integration formulae, the Lagrange 
Interpolation Polynomial is used in the following form:
n
Ln (x) = ' li (x) fi
i=0
(x-x-)(x-x.)....(x-x. .)(x-x. ,)....(x-x- ), . , x 0 1 l-l i+l nwhere li (x) = ----------------------------------------------
(x.-x^Mx. x.)... (x.-x. .)(x.-x. .)...(x.-x )i 0 i- 1 i i-I i i+l i n
For a constant interval, h: x = x + sh dx = h dso
and x^ _ = Xq + k h, where k is an integer
Therefore,
n
Ln (s) li (s) fi
i=0
s(s—1)....(s-i-1)(s-i+1)....(s-n) 
where li (s) = ----------------------------------
i(i-l)....... (!)(-!)....... (i-n)
Now consider the integration of a function over an interval from a 
to b,
b n -^b
fi \ li (x) dxf  \ f  (\ f (x) dx = \ Ln (x) dx = y  fi 
K  Ja i=0 Ja
Since dx = h ds,
■ x nN
Ln (x) dx .= h f  fi \ li (s) dsE
x0 i=0 0
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,xn "  r N
f (x) dx == h y  fi \ li (s) ds/  , I \
xQ i=0 d 0
and from this equation the specific integration formulae can be 
derived for this analysis.
Case (a): Three point formula with ordinates at xQ,x4,x2 for
integration over the range (Xq ,x )^
X1 2 s-l
i.e. \ f (x) dx == h * fi \ li (s) ds
x_ i=0 J 0
Therefore,
2 ., (s-l) (s-2) s(s-2) s(s-l)
In this case: \  li (s) fi =-----------  f„ +   f9 +   f
i=0 ( -1 ) ( -2 )  ° ( ! ) ( - ! )  1 (2 ) (ti) 2
= 4-(s2-3s+2)f - (s2-2s)f. + i(s2-s)f,
* O 1  £
Therefore,
ri ( 4  - 4 -  + 2s)fo - (t - s2)£1 + 4 4  - i ) f2f (x) dx # h
x,0
5 f + 8 f  - f J  + Error“ S  [5 fo + 8 fl " f2 ]
To investigate the error, consider the function expanded as a Maclaurin 
Series,
/ x2 // ///
f (x) = fQ + x fQ + Y i f0 + 77 fo +
If the function is integrated over an interval of width h then,
f (x) dx = -yy (5 f_h + 8 fQ - fh) + Error
Now, using the ser ie s  expansion for the l e f t  hand s id e ,
LHS = XoAn  
* 
*
2
+ —  f '  +
3X f" +
4
X f'" X '
u
2 : o 3: 0 4: *0 T -h
=
f o h
b2 to 
21  0 +
h3
3: f0 -
h4
4: *o
,5h iv
5: o “ ...........
from Maclaurin s Series,
f o • £o
fh f o + h f o +
h2
21 f0 +
h3
3: f '"0 + • • • •
•f-h fQ - h f0 +
h2
21 fo -
h3
3: f'"0 4* • • • •
Hence, the right hand side can be written as
RHS = iL12
2 3 4
„ r- r  i j- ' y, L  _ // _ h  ,_/z/ - h  _ i v  v(12 £0 - 6 h fQ + 4 —  fQ - 6 j j - £q + 4 —  f„'0
,2 3/j- , h_ ./ h »
~ K 0 2 0 + 3: 0 2.3: "0 ‘ 3.41 "0
Combining the new RHS and LHS gives the error as,
,2
E = (f Q h - —  f^
 ,3
*L- f ' . 2i_ -f "
21 0 3i 0
4 5h j- /z/ h iv—* r  + ---  r4: 0 5 i 0
,2  ,3h _z h
f^ o h ~ 21 f o + 3: f o
h _ /zz h fr  + I V2.31 0 3.4: 0 . .  J
Therefore,
* ■ ( - 5 r *  A )  < ;  * ” < +
As a simplifying step, neglect the error terms of order five and higher, 
This gives,
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Case (b ) : Four point formula with ordinates at xQ,x 4 ,x 2 ,x 3 for
i.e.
integration over the range (x-,x^).2 3
X,
f (x) dx 3 /fi I li (s) ds
i=0
In this case, 
3
Z , . , , (s-1) (s-2) (2-3) „ s(s-2) (s-3) _ s(s-l)(s-3)li (s) fi = ~t r r r r —  k —   f^ + w  „ w  ^  fi=0 (-1)(-2)(-3) \ 0  (1)(-1)(-2) X1 (2)(1)(-1) 2\ ,
s(s-l)(s-2) _
+ (3)(2)(1) 3
= -i [(6-lls+6s2-s3)fp + (3s3-15s2+18s)f. + (3s3-12s2+9sjf,
6 L 0 1 £
+ (s3-3s2+2s)f /I
Therefore,
x.
f (x) dx =  -jr 6
2 4 4t r 11s - 3  s \ /3s _ 3 n 2 \
(6s---? + -fe)f0 + ( _ r -5s + 9 s ft
4 2 4/3s . 3 9s \ / s 3 2\-
- ( — ■- 4s +— if 2 + ( - - s + s  / :
,2
Integrating and simplifying, this gives
X1
f (x) dx = ~  (_ f + 13 + 13 fg - fg) + Error
Again, assume
f (x) =
2 3' X j.// X j— r//
f0 * 0 + 21 0 + 3 J 0 + (Maclaurin)
and for an error evaluation, an interval width h is considered, so that 
 ^h
f (X) dx = ~  C- f_h + 13 f0 + 13 fh - £2h) ♦ E
0
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V . 2  V , 3  V 4  V , 5  • J 5_ y T —, , h ' h h _*/ h riv h ,_v
0 + 2! 0 + 3! 0 + 4! 0 + 5i 0 + 6! 0 +
From the Maclaurin expansion,
Also- f-h ■ fo - h to + i*0 - I I  + Ir folv - tf fov +
f = f0 0
, 2  , 3  . 4  . , 5
dT dT v. dT7 h  _ h  '  _ * "  h  _ I V  h  _ Vt  = r  4* ri r  +   f  + —~  f 7 x —  ± x  f  -fh 0 0 21 0 31 0 4i 0 51 0
^ dr  ^v dr' 4ri2 z * 8h3 16h4 _ i v  32h° _v
2h “ 0 0 + 21 0 + 3i 0 + 4 J 0 + 51 0 +
Therefore, after simplification,
2 , 3  , 4  , 5
RHS / , _ h _ h _ h j. h iv 3h v \ , „I 0 + 21 0 + 31 0 + 4: 0 “ 6.41 0 4.51 0 /
E =
Equating both sides, E = LHS - RHS
which leads to,
/ 1 1 \ 5 _iv / 1 3 ) 6 v n ,.7.
( 51 + 6.41/ 0 + ( 6J + 4-51/ 0 +
/I 1 \ h5 iv , 6.
( 5 + 6/ 41 0 + 0 (h )
11 h5 ffV + 0 (h6)720 0
Hence, if the error terms of order six and higher are neglected,
r x2
\ f ( x )  d x  = •—  (- fQ + 13 + 13 f2 - f3) + ■— j h5 fiv )
1
This form of numerical integration yields a significant increase in
accuracy over some of the more commonly used formulae. This is
illustrated by comparing the error term of the above equation with that 
1from Simpson's /3 Rule.
/ X2"1 ( h 1 5  iv c■ Simpson's /3 Rule: \ f (x) dx = 3 + 4 fl * ^2^ ” 90 h £
x 0
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With an integration interval of A  this gives, for integration over 
two intervals,
Error = —  ( 2 A ) 5 f1V (? ) = 0.355 A 5 f1V (| )yu * "
Whereas the four point formula for two adjacent intervals gives a 
maximum error of,
1 1  , 5  _ i v  , r  \ 1 1  , 5  r i v  , c  i
E r r o r  =  h  f  ( g  ) +  h  f  ( b  )
V\ ^
22 a 5 i v
720 A D f l v  ( ? )
= 0 .031 A  5 f1V )
Thus it can be seen that there is an improvement of better than a 
factor of ten in the error for the four point integration formula.
Case (c): Three point formula with ordinates at xQ,x4,x2 for
integration over the range (x^xfe.
X2 2 C2
i.e. \ f (x) dx == h \  fi \ li (s) dsf 
3 x i=0  ^ 1
2
From Case (a).
i=0
Therefore,
, ( s ) fj_ _  . ! (  s 2 - 3 s + 2 ) f e  -  ( s 2 - 2 s ) f e  + ^- (s2 ~ s )  f .
X2 f 3 2 3 2 3 2
£ (x) dx =  h t t +2s f 0 “ I T ” S fl + ^-1 ---T  f2
_h_
” 12 fe + 8 fe - fej + Error
Using Maclaurin's expansion and integrating over an interval h gives, 
h
Vtf (x) dx = 5 ±h , ~f, + 8 - f_J + E
where,
LHS =
r2. h / 
0 + 21 0
h3 
+ 31 f "0
y4
+ h  N
RHS = h -F + -F * h3 -F " + 1,4 f0 2 0 + 37 0 2.31 <
. 5h _ iv p— f„ +
, 5h r iv 
:— t t  +
Equating these two sides gives,
/ 1 1 \ ,4 (  1 1 \ , 5 _ iv .,.6,
V 41 2.31/ 0 + ( 5 1 3.41/ 0 + ( }
Neglecting error terms of order five^.and higher,
E = - j ^ h  f  (£)
Hence, this three point integration formula is, 
x2
f (x) dx = ~  (5 f2 + 8 f^ - fQ) - h4 f " ( £ )
X1
A simple program was written to apply these formulae to the three 
hysteresis loops measured in each test. Since the loops obtained were 
quite narrow, this approach yielded a significant improvement in 
accuracy over manual or mechanical methods, as well as offering the 
advantages of speed and ease of calibration.
APPENDIX A.5 
D ata From P re lim in ary  Experim ental Work
A .5 ( i )  S ta t ic  H y s te re s is  T es ts  s (see  S ection  6 .4 .3 )
Log-log p lo ts  o f energy lo s s  p e r cycle a g a in s t  c y c lic  bending 
moment am plitude. Quoted lo s s  in d ice s  a re  d e riv ed  from ' l e a s t  
sq u ares ' l in e a r  f i t s  to  th e  d a ta  p o in ts  as i l l u s t r a t e d ,
A .5 ( i i )  F ree V ib ra tio n  T es ts  : (see S ection  6.5*4)
P lo ts  o f lo g a rith m ic  decrement (S) a g a in s t v ib ra t io n  am plitude, 
E ffe c tiv e  S v a lues a re  ob ta ined  from p iecew ise-exponen tia l 
a n a ly s is  o f v ib ra t io n  decay h i s to r i e s .  A ll t e s t s  conducted 
in  e n c a s tre  co n d itio n  u n less  o therw ise s ta te d .
V01 - s o l id  eq u iv a len t flan g e
VOS - 3 b o l ts  @ . 5 kN
V03 - 3 b o l ts  @ IkN
vo4 - 3 b o lts  @ 2kN
V05 - 3 b o l ts  @ 3 . 5kN
VQ6 - 3 b o l ts  @ 5 kN
V07 - 3 b o l ts  @ 10KN
V08 - 3 b o l ts  @ 1 5 kN
V09 - 6 b o lts  @ . 5 kN
V10 - 6 b o lts  @ IkN
V ll - 6 b o l ts  @ 2kN
V12 - 6 b o l ts  @ 3 *5 kN
V13 - 6 b o l ts  @ 5kN
Vl4 - 6 b o l ts  @ lOkN
v i5 - 6 b o l ts  @ 1 5kN
Vl6 - s o l id  eq u iv a len t flange
double support configuration
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E n erg y  L o ss  /  C y c le  E n erg y  L o ss  /  C y c le  (mJ)
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E n e rg y  L o s s  /  C y c l e  ( mJ )
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The Use of a Transient Recorder to Capture Transient Structural Motion
The Datalab multichannel transient recorder utilised extensively
for the experimental work is typical of the current generation of high
speed digital recording devices. Transient recorders offer a number
of advantages over more traditional analogue recording techniques, and
it is worthwhile to consider the operational components and their
performance and restrictions when implemented to capture dynamic
structural events. The basis of digital recording is that the signal
waveform is sampled, quantized and stored in a digital memory, and the
fundamental elements of most digital memory recording devices are the
same. The signal to be recorded is applied to a 'track and hold'
circuit, having first been suitably amplified or attenuated. The
•sampled signal is then fed to an analogue-to-digital converter (ADC),
which produces a binary numerical value which is proportional, within
a certain resolution, to the sampled point value on the input signal.
The binary ’words' formed in this way are clocked into a random access
memory, where the data is held without deterioration. The sampling
rate for this recording process is accurately controlled and calibrated
by a stable crystal oscillator circuit. It is possible to scan the
memory contents continuously to produce a repetitive reconstitution of
the signal which can be fed into an oscilloscope to yield a steady
image. Access to the memory is usually possible via both analogue and
digital interfaces, the former being used for chart recorder dumps and
the latter being a data link to other digital devices (i.e. a disc
memory, or a host computer). Such recorders greatly simplify the
amplitude and time calibration of signals and commonly offer versatile
recording modes and an adjustable range of sampling rates from 2 Hz to
(188)20 MHz. A series of articles by Widenka et al. , describe the use
APPENDIX A.6
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and exploitation of transient recorders for a wide range of transient 
phenomena.
The number of bits in the ADC governs the vertical resolution 
of the digital record (8 bits ^  0.4%, 10 bits ~  0.1%). It is very 
important to ensure that the input covers most of the range of the
ADC since, for example, an 8 bit ADC with 50% full scale input can only
x
record that signal with an accuracy of 1 part in 128. When dealing
with transient structural tests, itvis not always possible to\
accurately predict the peak values and consequently conservative 
estimates must be made. Also, such signals often exhibit several 
large-magnitude peaks followed by some significant lower level data 
(e.g. Figure 43). Consequently an ADC with 10 or more bits is necessary 
for this type of data in order to give sufficient resolution. The rate 
at which a dynamic signal is sampled is of crucial importance and the 
" Nyquist Criterion (sometimes referred to as the Shannon Sampling 
Theorem), which states that the sampling frequency must be at least 
twice the highest signal frequency, is well known. Failure to observe 
this restriction leads to 'aliasing* errors, in which the high frequency 
components of the signal 'fold back' distorting the recorded trace. 
Low-pass anti-aliasing filters can be employed where it is either 
impossible or undesirable to sample at twice the highest signal 
frequency. It should be realised that whilst sampling at the Nyquist 
Frequency will not distort the frequency content of the signal, a 
significantly higher sampling■rate is needed in order to produce a 
visually acceptable reconstruction of the signal. This is illustrated 
in Figure A6.1, in which it can be seen that plotting the digitized 
data at 1.5 and 3 times the critical Nyquist frequency still results in 
misleading representations of the real signal. In practice it is found 
that a sampling frequency that is five to ten times greater than the 
highest frequency in the signal is necessary to produce a satisfactory
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graphical reconstruction. It is important to note that the highest 
frequencies referred to here are those contained in the signal as it 
enters the recorder, and not merely the highest frequencies of 
interest.
In common with many other commercially available transient 
recorders, the Datalab DL2800 offers three distinct modes of recording:
(a) Delayed Sweep - The recording cycle commences after a trigger- 
initiated delay, the duration of which is defined by the user, 
thus placing the recording period over the desired part of the 
signal.
(b) Switched Timebase - The recording cycle is initiated by a trigger 
signal and the sampling frequency changes at a pre-determined 
point in the recording sweep, as defined by the user. This mode 
is usually implemented to conserve memory capacity when abrupt 
temporal changes in signal frequency occur.
(c) Pre-trigger Mode - Recording commences as soon as the mode is 
selected. When the memory becomes full, the oldest samples are 
discarded as new samples are acquired (c.f. continuous tape loop 
recording). The.occurrence of a trigger arrests the recording 
process, leaving the memory with a 'snapshot* of the signal 
prior to the trigger. A user-defined period of digital delay 
can be introduced into the trigger circuit so that a record 
containing both pre-trigger and post-trigger information can be 
acquired.
The pre-trigger mode is usually deemed to be the most useful for the 
recording of many transient structural phenomena, since'it allows pre­
signal baselines to be captured. These baselines are usually necessary 
to allow correct positioning of the zero reference on the amplitude 
axes of the records. This is particularly important for sensitive
dynamic transducers, such as accelerometers, in which a truly zero 
static balance is rarely achieved. However, as explained in Chapters 
6 and 7, the author has adopted the switched timebase mode for the 
experimental transient recordings, albeit in a somewhat unconventional 
way.
The digital control lines provided on the transient recorder 
allow such essential functions as arming, triggering and sampling rate 
to be controlled by externally generated TTL signals. The author 
exploited this facility by linking the HP45B desktop computer to the 
recorder via a 16 bit parallel interface. Comprehensive software was 
developed which allowed the computer to configure and arm the recorder 
prior to a transient test, and to transfer the digitized records onto 
floppy discs, performing digital filtration and other post-processing 
operations as appropriate. This led to a very satisfactory integrated 
high-speed data acquisition system for the transient test programme.
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The main framework of the rig was manufactured from structural 
steel sections which were available from a dismantled platform 
structure. Careful use of these sections minimized the requirement for 
additional material to be requisitioned. The basic shape of the rig
is shown schematically in Figures A7.1 and A7.2, and a complete set of\ .
manufacturing drawings are held at the Department of Mechanical 
Engineering, University of Surrey. Two 4 metre lengths, of 8" x 3" 
C-section steel channel formed the base of the framework by being 
positioned face-upwards and parallel to each other 0.9 metre apart.
In order to ensure that the entire framework would not shift under the 
reactive forces produced by the impact, these two Base Members were 
each securely fixed to the concrete floor of the test area using 
'rawlbolts'. To prevent distortion of these members, steel packing was 
placed under their flanges wherever irregularities in the floor surface 
prevented direct contact. Three 1.3 metre lengths of 5" x 2£" C~section 
steel channel were used as Base Restraints to stop the framework from 
splaying, by being bolted face downwards transversely across the Base 
Members at a spacing of approximately one metre.
The fundamental purpose of the framework is to suspend the 
pendulum block, and this was achieved by using four Vertical Members 
2.45 metres high, supporting a rectangular frame fabricated from 
I-section members. The Vertical Members were formed from 3n square 
hollow steel section with a 3/8" wall thickness. In order to allow 
them to be attached to the Base Members and the upper frame, brackets 
which could accommodate fixing holes were welded to their ends. To 
maintain the structural integrity and to minimize machining, these 
brackets were themselves made from structural steel section as is
APPENDIX A . l
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illustrated in Figures A7.3 and A7.4. By positioning one of the Base 
Restraints under each opposing pair of Vertical Members, common fixing 
holes could be used. The frame which was to surmount the Vertical 
Members was made from four lengths of 5" x 3” steel I-beam. Two of 
these lengths, the Cross Members, straddle each of the two pairs of 
transversely opposed Vertical Members. It is these Cross Members from 
which the pendulum block is suspended and secure fixing to the Vertical 
Members was essential. The remaining two Side Members complete the 
upper frame and run parallel to the Base Members. These components, 
which serve to constrain the movement of the Vertical Members and do not 
carry any vertical load, have simple plate T-pieces welded at each end 
which enable them to be bolted to the webs of the Cross Members. The 
method of bolting the upper frame to the Vertical Members is illustrated 
in Figure A7.5.
Two 3 metre long Release Stiffening Members, made from 5" x 3" 
steel I-beam, run from the top of the two Vertical Members at the 
'release' end of the framework to the far ends of the Base Members.
These elements make a major contribution to the rigidity of the framework 
as well as providing a suitable location for attaching structural 
components associated with the pendulum block release system. Similarly, 
two shorter Buffer Member Supports, again made from 5" x 3" I-beam, run 
from the 'buffer' end of the Base Members at an angle of 45 degress to 
a point 1.1 metre up the corresponding Vertical Members. The energy 
absorbing buffer system was to be mounted between the Buffer Support 
Members and thus their relatively short length (~  1 metre) and 45 
degree angle were chosen so as to minimize the stressing in this area 
of the framework under impact conditions. Both the Release Stiffening 
Members and the Buffer Member Supports were attached to the corresponding 
Base and Vertical Members via a bracket and lug arrangement. Connecting 
lugs were made with a slot which enabled them to be fitted over the web
398
at each end of the I-beam sections. The brackets were of a basic 
U-section which could be bolted in appropriate positions on the Base 
and Vertical Members. This type of 'standard' connection was chosen 
in preference to welding so as to simplify the fabrification and 
assembly of the structural members, as well as to facilitate possible 
dismantling for relocation purposes. The lugs were attached to the 
I-beam members by two bolts passing through the slotted portion, but the 
corresponding web fixing holes were^not drilled until the brackets were 
in situ on the rig. The lugs could then be lightly clamped in their 
approximate position on the relevant I-beams, and the assembly made with 
the common single connecting bolts. The fixing hole positions on the 
I-beam webs could consequently be marked out, knowing that any mis­
alignment of the framework due to the inherent distortion of the 
structural members had been compensated. Due to the relatively thin 
wall thickness of the Vertical Members, it was thought that a 'sandwich' 
connection with the bracket fixing bolts passing through opposing faces 
of the square section was unsatisfactory. It was likely that such an 
arrangement would result in distortion and crushing of the Vertical 
Members under the action'of both the fixing bolt tensions and the loads 
propagated during impact. Consequently, cylindrical spigots were welded 
into the Vertical Members at the attachment points thus providing strong 
anchorage regions. The details of this strengthening arrangement are 
illustrated in Figure A7.6 and Plate 5a clearly shows the bracket-lug 
attachments at the buffer end of the framework.
As designed, the framework gave quite wide scope for the physical 
shape of the pendulum block which it was to suspend. In order to produce 
the characteristics referred to in Section 7.1, it was envisaged that 
the block would weigh between 200 and 300 kilograms and would have a 
mass distribution and shape that produced a high rotational moment of 
inertia in the plane of motion of the pendulum. A segment cut from a
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long, approximately square-section, cast iron machine bedway had these 
desirable properties and was used as the pendulum block. The overall 
dimensions of the segment used were 90 x 42 x 30 centimetres, with the 
longest dimension to be in the line of motion of the pendulum. The 
somewhat intricate shape of the casting, as illustrated in Figure A7.7, 
offered several advantages, including a mass concentration at each end 
of the segment used. This, together with the orientation used for the 
block, conferred the appropriate inertial properties. The .mass of the 
block was 180 kg, although the various components to be added increased 
the overall mass significantly. The central section of the casting was 
such that there was a large open area which was to offer great advantages 
for the attachment of the mast models. A benefit gained from the use 
of a cast iron block is this material's relatively high damping capacity, 
which would tend to rapidly attenuate any unwanted 'ringing' which it 
might pick up from the stress waves dissipating through the framework 
during impact. The .outside faces of the block were skimmed to provide 
flat orthogonal surfaces upon which attachments could be made.
The first requirement to form a suitable impact pendulum from the 
block was to devise an adequate suspension system. As previously 
mentioned, a four-point suspension was to be used so as to produce a 
purely translational motion of the block. It was decided to use 
stranded wire cables to suspend the block from each of its corners, and 
subsequently four T" diameter stranded steel cables with a nominal length 
of 1.6 metres and a swaged loop at each end were purchased. Cables were 
chosen in preference to steel rods primarily due to the availability of 
compatible terminations and length adjusters. However, a further 
advantage of this system is that the cables have a relatively high 
damping capacity, thus isolating the pendulum from resonances in the 
framework to a much larger extent than would plain rods. The 
manufacturer's quoted minimum breaking strength for the swaged cable
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angle (i.e. the angle through which the pendulum was drawn back) would
be about 40 degrees, and a simple energy calculation, assuming a
pendulum length of 2 metres, reveals that this results in an impact
_1velocity of about 3 m s  . Considering 300 kg to be an upper limiting 
value for the overall mass of the pendulum (i.e. the block, its 
attachments and the structural model), the magnitude of the added mass 
effect due to centripetal acceleration is approximately 90 kg. Thus 
the safety factor on the suspension system is in excess of ten for the 
worst case of maximum impact velocity and in excess of thirteen when 
the block is hanging statically in its lowest energy position. As an 
added precaution, a fifth short cable with swaged terminations was 
obtained. This cable was subjected to a destructive tensile test using 
a Denison testing machine and it failed at 1.9 tonnes, at which point 
individual cable strands were slipping through the swaging. Thus it 
would appear that the safety factors quoted above are quite 
conservative.
It was necessary to attach the cables to the framework and the
block in a way which would allow the ’pendulum1 to swing freely in the
desired.plane. A means of adjusting the lengths of the cables was
required so that levelling and height adjustment of the block could be
effected. Stainless steel marine rigging bottle screws with fork ends
were used at both ends of each cable for this purpose. The quoted safe
working load for these fittings exceeded the maximum estimated cable
tension by a factor of twelve, and the use of two on each cable.
afforded a length adjustment of + 20 cm on an effective pendulum radius
3of two metres. The bottle screw fork connections used a /8,f diameter 
pin for load transferal and suitable matching fixtures were designed 
(see Figure A7.8). These fixtures were made of mild steel and their 
dimensions were chosen so as to maintain a safety factor in excess of
term inations was 1 tonne. I t  was envisaged that the maximum relea se
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8 for the overall block suspension system. The Block Attachments 
needed an extended ’arm' to clear the protrusions which run along the 
upper edges of the block. The use of a central web in the design helps 
to distribute the stresses due to the relatively high moment which acts 
on these attachments. The Upper attachments are simple flanged lugs 
which are connected to the Cross Members at the top of the framework by 
four studs as shown in Figure A7.5. The cable loads are transferred 
axially through these studs and load spreading plates are used on the 
uppermost flanges of the Cross Members to eliminate the high local 
stressing which would occur under the nuts which retain the studs.
Plate 3 shows the block suspended from the framework and the Block 
Attachments and the lower bottle screws can be clearly seen.
Careful consideration was given to the selection of the 'buffer'
system to be used for absorbing the kinetic energy of the block. The
rig is designed so that the impact occurs as the block passes through
its free-hanging position, i.e., when the block's velocity is a maximum.
For the most severe case of a 40 degree release angle, the buffer system
must absorb approximately 1.8 kJoule of energy, if an excessive 400 kg
total pendulum mass is assumed. Industrial shock absorbers, such as
are used on overhead crane tracks and conveying systems, are capable of
absorbing impacts of this order, although few offer the refinement of
an adjustable damping rate. The provision of this facility is important
in the context of this work since it allows a range of decelerations to
be produced for a given impact velocity. Ace Controls Inc., have,
however, developed a range of 'linear deceleration' shock absorbers
(181)which utilise a multiple-orifice principle , thus allowing adjustment
of the damping rate. The manufacturer's term 'linear deceleration' is 
somewhat misleading, since these devices will only yield this type of 
response if they are optimally adjusted for a given impact condition.
A change in the mass or velocity of the impacting object will produce
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Using a 40 degree block release angle, a stopping distance of 
approximately 10 mm will yield a deceleration of 50 g, whilst a release 
angle of 10 degrees and a stopping distance of 35 mm yields a 
deceleration of about 1 g. The shortest shock absorber stroke length 
available with an adequate energy rating was 50 mm, and hence this was 
the obvious choice. The shorter stopping distances necessary for the 
more severe impact conditions are obtained by adjusting such a unit to 
a 'harder' setting. Whilst a 50 mm stroke unit with an adequate rating 
was available, it was decided to use two lower capacity 50 mm units in 
parallel. The actual units used had a 29 mm bore and an individual 
energy absorbing capacity of 1.35 kJoule. This leads to a nominal 33% 
overrating on the buffer capacity which is an adequate allowance for 
the approximate nature of the performance figures used (the manufacturers 
recommend a 20% margin).
Several advantages are conferred by the use of a parallel pair 
of shock' absorbers to arrest the motion of the block. Most importantly, 
relative adjustment of the individual units can be used to.'balance' the 
impact of the block. Due to the non-uniform, unsymmetric nature of the 
block, it is difficult to determine the exact position of its centre of 
gravity. As a result, any misalignment of the centre of gravity with 
respect to the axis of a single buffer configuration would result in a 
slewing of the block upon impact. Also, it is almost inevitable that 
such a framework will contain some distortions that can only be partially 
compensated for by careful adjustment of the length of the suspension 
cables. This can result In the block not being in perfect alignment as 
it reaches the impact position and could consequently result in 
transverse rocking of the block immediately after impact. A parallel 
pair of units also imposes somewhat less severe stress conditions upon 
the immediate supporting structural member than would a single unit.
a nonlinear d ecelera tion , un less the shock absorber i s  readjusted.
Finally, the use of two units is intrinsically 'fail-safe1 inasmuch as 
if one unit malfunctions, then the other operational unit has sufficient 
capacity to avoid a damaging impact.
A fabricated Buffer Member was used to support and restrain the 
pair of adjustable shock absorbers. This member which was to be 
attached between the pair of Buffer Member Supports, experiences the 
full impact of the block and will thus be subjected to quite high bending 
moments and shear forces. A box section was used to provide adequate 
flexural strength as well as a reasonably large torsional modulus to 
allow for offset loading which could arise due to structural misalignment 
or non-symmetric impact. The member was formed from two 0.9 metre 
lengths of 5" x 3" I-section steel beam with their flanges welded together 
as is shown in Figure h i . 9 . One of the composite flanged faces of the 
member was skimmed flat over its central portion to provide a locating 
surface for the shock absorber mounting plates. These components 
consisted of a single Backing Plate and two Mounting Plates, which were 
drilled to accept the shock absorber mounting bolts and to provide 
attachment points for bolting to the Buffer Member. As well as 
conforming to the manufacturer's mounting requirements, this plate 
arrangement significantly stiffened the central portion of the composite 
beam (see Figure A7.9).
A square steel plate was welded in a diagonal orientation to 
each end of the Buffer Member, thus forming a flange to facilitate 
connection to the Buffer Support Members, which had corresponding plates 
welded into recesses midway along their inward facing flanges.
Consequently the Buffer Member was attached to the Supports using eight 
bolts in each flange (the assembled arrangement is shown in Plate 5a).
It was envisaged that the assemblage should have a safety factor in 
excess of three, based upon a maximum block mass of 300 kg, a 
deceleration of 50 g and a material yield strength of 300 MPa. Basing
*K>3
the design calculations upon.a fixed-fixed Euler type beam, these 
loading conditions predicted a maximum bending moment of 16.8 kNm at 
the centre of the beam's span and an end shear force of 74 kN.
Ignoring the additional stiffness contribution from the shock absorber 
mounting assembly, these conditions lead to a maximum bending stress 
of 94 MPa in the flanges of the Buffer Member, which corresponds to a 
safety factor of 3.2. Assuming a uniform distribution of the shearing 
force over the sixteen bolts used, to attach the Buffer Member to the 
Support Members, each bolt experiences a maximum shear stress of 73 MPa, 
thus giving a safety factor of 4.1. The cross-sectional area of the 
Buffer Member is almost exactly equal to the gross sectional area of 
eight of the fixing bolts and thus has a similar shear stress safety 
factor.
The angular position of the 'pendulum' at the moment of impact 
affects how far the block might bounce back after the initial displacement 
stroke of the shock absorbers. To give a measure of control over this 
behaviour, and to enable the elimination of 'chattering' multiple 
impacts where this was undesirable, a method of altering the relative 
positions of the impact face of the freely hanging block and the fully 
extended shock absorber pads was required. This was achieved by producing 
two 76 mm diameter 'impact discs' and two corresponding sets of spacers 
with thicknesses ranging from 3 mm to 25 mm. These discs were to be 
bolted with the desired number of spacers to the impact face of the 
pendulum block, so that they aligned with and contacted the shock 
absorbers at impact. Hence, by altering the number of spacers behind 
the impact discs, the angular position of the block at impact could be 
adjusted by + 2 degrees. In order to strengthen the impact face of the 
block and to distribute the loads from the impact discs over a larger 
area of the casting, a 20 mm thick plate with suitable attachment holes 
for the impact discs was bolted across the face. A mechanical stop was
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required which would prevent the block from depressing the shock 
absorbers by more than their 50 mm working travel in the case of an 
impact energy which accidentally exceeded their 'damping' setting.
The provision of the variable length impact discs necessitated the use 
of an adjustable stop in the form of a long •f-'1 diameter bolt with a 
hard rubber stop on its head. This bolt was screwed into a captive 
nut which was attached to the Buffer Member by a length of thick steel 
tube, thus allowing the bolt to be "qcrewed in and out to the appropriate 
position for a given impact disc length. The details of this arrangement 
can be seen clearly in Plate 5b.
An electromagnet was to be used as the basis of the block release
system, this being preferred to a purely mechanical arrangement. The
use of an electromechanical device yields a 'clean1 release as well as
being amenable to the provision of an electrical trigger signal for the
recording equipment. An electromagnet with a laminated U-shaped core
2and a total pole contact area of 26 cm was available, for which a 
special power supply was devised. The circuit used a relay to switch 
a crudely rectified d.c. supply of 4 Amps at 15 Volts through the coils 
of the magnet. A second independent circuit containing a regulated 
constant reference voltage switched simultaneously' with the relay 
energisation circuit so as to provide a stable trigger pulse. It was 
envisaged that a time delay between the trigger pulse and the switching 
of the magnet supply might be desirable in order to ensure correct 
initialisation of the recordings. This was achieved by having a set of 
capacitors which could be individually strapped across the energising 
coil of the relay by means of a multi-way switch, thus providing delays 
in the range 5 msec to 1.5 sec, due to the exponential voltage decay 
introduced across the coil. In order to check the strength of the 
magnet, it was placed in the jaws of a Denison tensile test machine and 
was made to pull against a flat steel block clamped in the opposing
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jaws. A series of thirty tests were conducted, giving 'pull-off* 
loads ranging from 8.87 kN to 10.3 kN. On this basis the maximum 
working load for the magnet was conservatively rated at 8 kN. This 
was more than adequate for retaining the block, since assuming an upper 
limit mass of 300 kg and a release angle of 40°, a maximum retaining 
force of 2.5 kN is required.
The requirement for the rig to be able to release the block from 
a range of angles leads to the necessity for the magnet to be attached 
to the framework in a way which allows for suitable positional 
variation. This was achieved by bolting a Release Runner made from 
3" x l-§-" steel C-channel between each Release Stiffening Member and its 
corresponding Vertical Member (see Figures A7.1 and A7.2):, such that 
the webs of the channels were in the vertical plane. The orientation 
of each Release Runner in the vertical plane was determined such that 
they formed a 'best fit' to the locus of the mid-point of the release 
end of the block as it swings back from its static position. A third 
length of 3" x l£" channel formed the Release Member, which was to 
straddle the Release Runners and was to hold the electromagnet release 
system. By bolting V-shaped plates onto the flanges at each end of the 
Release Member, it was possible to fit it between the Runners such that 
the plates sandwiched their flanges. This arrangement retains the 
Release Member and allows it to be slid along the Runners (see Plate 
4b). Thirteen equispaced holes in the top and bottom flanges of each 
Runner allowed the Release Member to be clamped in any of twelve 
positions using four studs which passed through corresponding holes in 
the retaining plates.
The magnet was to be attached to the centre of the Release 
Me'mber in such a way that it would present its pole contact areas to 
the release end of the block in a suitable position for any of the twelve 
release locations. Any distortion or misalignment in the framework
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might result in the block becoming 'out-of-square' in a given release 
position. To compensate for this, a universal joint type of clamping 
system was devised for the retention of the magnet, thus allowing limited 
rotation in the horizontal and vertical planes, as is indicated in 
Figure A7.10. This jointed assembly was designed to give adequate 
strength at the limiting release angle and block mass of 40° and 300 kg 
respectively, as indeed was the Release Member and its associated
components. The gross stresses in <=ach element involved in transferring\ ,
the load from the magnet into the main framework were calculated. It 
was found that the weakest link was the Release Member itself which 
could be subjected to a maximum bending stress of approximately 73 MPa, 
thus yielding a safety factor of 4.1. All of the bolts used in 
connecting the various release components had safety factors in excess 
of 12, with shear forces producing the highest stresses.
The 'release end' of the block had a rough cast face which was 
unsatisfactory as a contact surface for mating with the electromagnet. 
Therefore, a square steel plate was bolted onto this end of the block, 
as can be seen in Plates 3a and 3c. The face of this plate which was 
to meet the electromagnet, was ground to give a smooth flat surface, 
thus ensuring good contact. It was necessary to use a plate covering 
the full height of the block, since the vertical position at which the 
magnet meets the block varies with the release angle. This is due to 
the use of the straight Release Runners to position the magnet assembly 
in the arc of the block's motion. It was important that a positive 
mechanical ’safety latch' was incorporated into the release system, so 
that the block would be securely restrained if the magnet was to 
accidentally lose power. Such a safety device must necessarily form a 
mechanical link between the block and a fixed part of the framework, 
such that it can be removed immediately prior to using the magnet to 
release the block. This arrangement offers the desirable feature of
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allowing the magnet to be switched off to prevent the possibility of 
overheating.if the block is to remain suspended for a significant 
period of time.
A problem was encountered in devising a suitable link, due to 
the variation of the contact position with release angle. A hinged 
interlock system, which would ordinarily present a simple and effective 
restraint,, is unworkable in this case, unless a complicated and 
impractical adjustable design is used. For this reason a basic shear 
pin layout was used, in which a steel rod is placed manually through 
locating lugs on the Release Member and the block release plate, which 
align as the block is brought up to a given release position (see 
Figure A7.ll). A C-shape steel bracket was bolted to the block release 
plate to form the lug into which the Safety Pin is dropped when the 
block is brought up to its release function. A stiffened Release 
Bracket, incorporating a strengthened lug for location of the Safety 
Pin, was welded up from steel plate to form the fixed part of the safety 
catch. The design of the bracket was such that the electromagnet 
assembly bolted to it via a spacer block, and the bracket itself was 
bolted to the Release Member (see Plate 4b). By carefully selecting 
the spacer thickness, the relative positions of the Safety Pin locating 
lug and the contact faces of the magnet were set to ensure smooth 
insertion and removal of the Safety Pin.
9The Safety Pin itself was a length of /16" diameter bar with a 
conveniently sized cylindrical 'handle' screwed onto one end, and a 
hemispherical tip on the other 'insertion' end. A small dowel pin was 
inserted diametrically into the Safety Pin a short distance from the 
handle, to prevent it from slipping too far through the lugs (see 
Figure A7.ll). The variation of the vertical distance between the 
locating lugs as a function of the release angle produces a maximum 
bending stress of 290 MPa in the pin at a release angle of 29°. Due to
this relatively large stress, high strength Enl7 steel was used for 
the Safety Pin, giving a safety factor of 2.5. At release angles 
greater than 29°, the bending moment in the pin diminishes whilst the 
shear load increases. However, the shear stress at the limiting release 
angle of 40° is only 15.6 MPa and is thus adequately sustained by the 
pin.
The twelve possible positions of the Release Member result in 
the following angles between the suspension cables and their corres­
ponding Vertical Members, as the block is swung back to contact the
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Position A B C D E F G H I J K L
Angle (deg) 3 5£ 8. 11 13* 16* 19 22 25 28 31 34*
electromagnet. The positions were given reference letters for 
convenience, and as can be seen-, the largest attainable angle is less 
than the 40° assumed in the design calculations. Hence the safety 
factors for the various highly stressed components considered in the 
design calculations will be somewhat higher than those quoted in this 
appendix.
A horizontal force of the order of 2 kNewton is required to pull 
the block back to its highest release position, and a one tonne capacity 
chain link hoist operated by a lever with a reversible ratchet was used 
for this purpose (see Plate 4b). The connections at either end of the 
hoist were crane-style hooks and thus it was necessary to provide 
suitable attachment points on both the framework and the block. The 
block attachment point was formed by bolting a square-section steel bar 
across the top surface of the block, through which was inserted a 
U-bolt, so as to provide a suitable eye for the free hook of the hoist
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(see Plate 3c). A length of 4" x 2" C-channel was bolted across the 
Release Stiffening Members just above the attachment points for the 
Release Runners (see Plate 1), thus providing a suitable anchorage for 
the body of the hoist. Two simple L-shaped brackets formed from steel 
section were bolted at the midspan position of this channel, and a -J" 
diameter bolt connecting their free arms created the 'eye’ for the 
hook on the hoist body. Using this arrangement, the hoist hangs 
unobtrusively from the transverse ahchorage channel when it is not in 
use. Plate 4b shows a further feature of the bracket used to restrain 
the magnet and locate the Safety Pin, namely that it forms a protective 
hood which prevents the possibility of the free end of the hoist 
damaging the coils of the electromagnet. The line of action of the 
force exerted by the hoist as it raises the block alters relative to a 
horizontal datum, due to the inherent changing geometry as the block is 
swung back. However, this effect does not dominate the tensile force 
exerted through the hoist, and a maximum force of 2.18 kN occurs in an 
approximately horizontal direction at the maximum release angle of 
34.5 degrees. The most highly stressed component in the hoist system is 
the A" bolt onto which the hoist body is hooked, with a maximum bending 
stress of 239 MPa occurring when the block is at the largest release 
angle. For this reason, a high strength En 8 bolt was used, giving a 
safety factor of 2.1. All of the other components in the hoist system 
had safety factors in excess of 2. Plate 4a shows the hoist system 
being used to hold the block back at release position I, thus giving 
a release angle of 25 degrees.
The final aspect of the test rig to be dealt with was the way 
in which the models were to be attached to the block. In order to 
provide a stiff, flat surface upon which to make the primary attachment 
of the models, a relatively massive steel block was required. A 5 cm 
thick steel flange with a diameter of 65 cm was available from a
*disc was machined to yield a square section plate of side length equal
to the width of the block, and with a central hole 135 mm square to
match the width of the opening which runs along the top of the block.
This 'Top Plate' was positioned midway along the block and bolted down 
5to it using ten /8" diameter cap screws. The use of cap screws in 
countersunk holes ensured that the entire upper surface of the Top Plate 
was free from protrusions, thus providing an uninterrupted reference 
surface (see Plates 3 and 6b).
As previously discussed, a double support configuration, similar 
to that used for some of the preliminary experimental work, was to be 
utilised for the transient tests, and it was therefore necessary to 
provide another support surface for the second base restraint. It was 
desirable to reduce the rotational moments acting on' the block due to 
the motion of the test 'masts' by minimizing the distance between the 
effective centres of gravity of the mast and the block. In this respect, 
the open central portion of the block casting could be utilised to some 
advantage by locating the lower mast support at the underside of the 
block and allowing the mast to pass up through the central opening to an 
upper support located at the Top Plate. Two lengths of 4" x 2" C-section 
steel channel were bolted, web uppermost, transversely across the 
underside of the block directly below the Top Plate, with a separation 
of 35 mm. The webs of these channels formed a stiff reference surface 
parallel to that of the Top Plate, upon which the lower support could 
be mounted. A pair of bearing blocks of a similar design to those used 
for the preliminary experimental work (see Sections 6.3 and 6.5.1) were 
produced, and the one forming the upper support was bolted directly down 
onto the Top Plate, covering the central square hole (see Plate 6). In 
order to allow variation of the support spacing, a set of spacers were 
made which could be interposed between the second, lower bearing block
4 n
redundant t e s t  r ig  and th is  was deemed su itab le  for th is  purpose. The
412
Some.adaptor pieces were manufactured so that the same shim 
system which had been developed to prevent rotation of the tubing in 
the free vibration tests could be attached in a similar fashion to the 
somewhat larger lower bearing block. The sectional view of the mounting 
configuration given in Figure A7.12 illustrates the salient features of 
this method of attaching the masts to the block, and several of the 
photographs show a typical mast in situ-. The mounting components, 
especially the Top Plate, add a significant amount of weight to. the 
•pendulum' and the final overall mass of the block was 270 kg. This 
mass, which does not include the mass of the mast (typically 3 to 6 kg), 
is 10% lower than the value assumed for the stress calculations, and 
this leads to an improvement in the safety factors for the load bearing 
components in the rig.
A difficulty in the use of a moving test bed of this type is the 
suitable routing of electrical instrumentation cables from the test 
models to the location of the signal conditioning and recording equipment. 
To reduce the possibility of interference pick-up, all cabling runs 
must be as short as possible and must be adequately shielded. Six 
individually screened multicore cables were fed from the test equipment 
bench to the block in a pair of flexible conduits as can be seen in 
Plate 3b. These conduits were positioned and restrained so as to bend 
freely through the locus of motion of the block, whilst maintaining a 
minimal cable length. The block end of the cables terminated at a 
junction box which was bolted onto the top of the block, adjacent to 
the Top Plate (see Plate 6b). The junction box was wired in such a way 
that each channel could accommodate a quarter, half or full bridge 
transducer configuration, with tags being provided for any bridge 
completion resistors. The box lid carried plugs and sockets allowing 
the transducers to be connected through to the instrumentation on the
and the C-channel webs to  which i t  was bolted .
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test equipment bench. The remote voltage sensing mode of the amplifiers 
was to be used and an individual pair of wires in each cable were 
dedicated for this purpose. The total length of each cable from the 
block to the amplification system was 4 metres, and the supply lines 
of channel were calibrated to allow for the voltage drop occurring along 
them. In grounding the cable shields, care was taken to ensure that 
no noisy earth loops were introduced. The flexible conduit was routed 
away from any mains cables in the t^st area, and the whole instrumentation 
system was kept well away from the electromagnet and its power supply, 
in order to avoid the possibility of picking up any radiated inter­
ference.
Once the construction of the test rig was completed, the first 
task was to investigate its performance. To facilitate this 
investigation, a small cubic steel block with accurately ground 
orthogonal faces was mounted as close as possible to the centre of the 
upper mast support point (see Plate 6a). This enabled three 
accelerometers to be mounted so as to detect the three independent, 
mutually perpendicular components of the block's acceleration, thus 
fully defining its motion. As a final safety measure, a railing was 
erected around the entire test area, to prevent anyone from gaining 
access to the rig during its use.
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DIGITAL TECHNIQUES FOR FILTERING ACCELEROMETER TRACES
In tr a n s ie n t  s tru c tu ra l t e s t in g  the s ig n a ls  recorded from 
accelerom eters may co n ta in  unwanted resonant freq u en c ie s . Such 
unwanted resonances may be due to  mechanical v ib ra tio n  o f  th e t e s t  r ig  
or due to  th e transducer i t s e l f  which w i l l  have a w e ll d efin ed  resonant 
frequency. When a recorded tr a c e  appears to  be 'smeared' by resonance 
i t  i s  im portant to  determ ine the source o f the high frequency  
d is to r t io n .  The approximate resonant frequency o f a p a r ticu la r  
accelerom eter i s  u su a lly  supp lied  by the transducer m anufacturer. I f  
i t  can be shown th a t the resonance in  a s ig n a l occurs a t  th is  
frequency then i t  i s  p e r fe c t ly  j u s t i f ia b le  to  a tten u ate  t h is  band o f  
th e resp on se . The accelerom eters used for  tr a n s ie n t t e s t in g  were 
s e le c te d  such th a t th e ir  resonant freq u en cies were con sid erab ly  h igher  
than any o f th e  s tr u c tu r a l response freq u en cies th a t were l ik e ly  to  be 
obtained . I f  t h is  i s  done then I t  i s  p o ss ib le  to  apply low pass 
f i l t e r in g  w ith  a c u t - o f f  frequency s l ig h t ly  lower than th e  tran sd u cer' s 
resonant frequency. In some c a se s , where i t  i s  p o s s ib le  to  id e n t ify  
unwanted s tru c tu ra l resonances a t lower freq u en cies i t  may be d es ira b le  
to  decrease th e  f i l t e r ' s  c u t - o f f  frequency or to  apply narrow band- 
stop  notch f i l t r a t i o n .
A lo w -le v e l computer can be used to  transform  an a cce lera tio n  
h is to r y  in to  th e  frequency domain. This rev e a ls  th e  sp e c tr a l content 
o f th e s ig n a l and a llow s the energy in  th e a c c e le r a tio n  response to  be 
seen as a fu n ctio n  o f  frequency. The transform ation p rocess con sid ers  
th e rep resen ta tio n  o f th e  tim e verying s ig n a l as the summation o f a 
s e r ie s  o f s in e  and co s in e  terms as f i r s t  proposed by Fourier in  1807, 
a n
u(t) = 4 “ + y -1 Cos i w  t + b. Sin i 60 t) (A .8.1)2 f —j  i  o r  o
APPENDIX A.8
am plitudes o f th e  harmonics p resen t in  the o r ig in a l s ig n a l and when
p lo tte d  as a fu n ctio n  o f  frequency y ie ld  the Fourier Spectrum. The
Energy Spectrum i s  s im ila r ly  obtained from a p lo t o f  the magnitude o f  
^  2 -,
to a  ^ + b^ as a fu n ctio n  o f  frequency. This transform ation  i s  most
e f f i c i e n t ly  e f fe c te d  by th e  use o f  a Fast Fourier Transform (FFT)
(182) ■algorithm  and i s  fu rth er  s im p lif ie d  by the fa c t  th a t in  th is
s itu a t io n  th e data co n ta in  no imaginary components. The FFT algorithm  
i s  f a ir ly  complex and req u ires  a l l  o f  the data samples to  be stored  
b efore  com putation. The HP45 computer programmed in  BASIC takes about 
400 seconds to  perform a 4096 p o in t transform . F igure A8.1 shows the  
r e s u lt s  obtained from performing a FFT on a 4096 poin t d ig it iz e d  
accelerom eter tr a c e  recorded from th e tra n s ien t t e s t  r ig .  As can be 
seen th ere i s  a w e ll-d e fin ed  peak centred about 8 kHz due to  the  
transducer resonance which i s  c le a r ly  v i s ib le  in  th e tim e domain p lo t .
I t  should a lso  be noted th a t th e  m ajority  o f the equispaced data p o in ts  
in  th e energy spectrum are zero . The consequence o f  t h is  i s  that a
J
s ig n if ic a n t  saving in  mass storage requirem ents can be achieved fo r  
such ca ses  by s to r in g  on ly  th e  non-zero terms o f  th e  energy spectrum 
and th e ir  corresponding freq u en c ie s . The o r ig in a l tim e domain 
a c c e le r a tio n  h is to r y  may be reconstru cted  subsequently by r e in se r t io n  
o f th e  zero terms b efore  conducting an Inverse Fourier Transform (IFT).
In order to  ob ta in  good d e f in it io n  in  the frequency domain, i t  i s  
n ecessary  to  record as c lo s e  to  the minimum perm itted sampling frequency  
as i s  p o s s ib le  w ithout v io la t in g  the sampling c r i t e r io n .  This i s  in  
c o n tr a d ic tio n  to  th e  requirem ents d iscu ssed  in  Appendix A .6 for  the  
c o n s t itu t io n  o f a good v is u a l d isp la y . The problem i s ,  'however, 
r e la t iv e ly  e a s i ly  so lved , s in c e  th e in trod u ction  o f zero-va lu e  p o in ts  
at equispaced in te r v a ls  beyond th e maximum frequency in  the frequency 
domain i s  eq u iva len t to  in te r p o la t io n  in  the tim e domain, as i s
427
The coefficients aQ , a^, b of this Fourier Series represent the
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Having decided which freq u en cies  in  the ’raw' accelerom eter  
tra ce  are unwanted from in sp e c t io n  o f i t s  frequency domain rep resen ta tio n , 
a su ita b le  means o f  a tten u a tin g  th e se  freq u en cies must be found. The 
tr a d it io n a l so lu t io n  has been to  in troduce analogue f i l t e r in g  in to  the  
recording system . However, analogue f i l t e r s  w ith good r o l l - o f f  and 
s t a b i l i t y  c h a r a c te r is t ic s  are very expensive and w i l l  s t i l l  produce 
problems in  tr a n s ie n t  t e s t in g  due to  th e ir  inherent non linear phase 
d is to r t io n  and lim ite d  stop  band a tten u a tio n . With th e use o f  a 
computer-based recording system th ere  i s  the v ia b le  a lte r n a t iv e  o f  
employing d ig i t a l  f i l t r a t i o n  tech n iq u es. D ig ita l f i l t e r s  o ffe r  the  
advantages o f  accuracy, freedom from d r i f t  and e a s i ly  ach ievab le complex 
c h a r a c te r is t ic s .  There are two b a s ic  types o f d ig i t a l  f i l t e r  -  the  
r ec u r siv e  f i l t e r  and th e n on -recu rsive  f i l t e r .  The former i s  more 
economical in  terms o f  memory requirement and processin g  speed, but has 
th e  d isadvantages o f  non lin ear phase c h a r a c te r is t ic s  and co n d itio n a l 
s t a b i l i t y .  N on-recursive f i l t e r s  can, however, be designed to  have 
a b so lu te ly  l in e a r  phase c h a r a c te r is t ic s  and are u n co n d itio n a lly  s ta b le .  
Consequently t h is  type o f d ig i t a l  f i l t e r  was deemed more su ita b le  for  
th e p rocessin g  o f  th e  accelerom eter tra ce s  from the tr a n s ie n t  t e s t  r ig .  
The process used fo r  the sy n th e s is  o f  such f i l t e r s  i s  i l lu s tr a t e d  in  
Figure A 8.3. The required f i l t e r  c h a r a c te r is t ic  i s  f i r s t  defined  in  
th e  frequency domain a t a g iven  number o f  eq u a lly  spaced p o in ts  and a 
one-dim ensional com putational array i s  f i l l e d  w ith the numerical 
am plitude v a lu es  o f  th e p o in ts . The array i s  then put through an 
In verse Fourier Transform to  produce a tim e domain w eighting sequence. 
This sequence i s  th e o r e t ic a l ly  in f in i t e  and must th ere fo re  be ’windowed* 
to  r e s t r i c t  i t s  d e f in it io n  to  a lim ited  number o f p o in ts . The windowed 
w eighting sequence i s  then app lied  to  an array con ta in in g  the d ig it iz e d  
a c c e le r a tio n  h is to r y  in  such a way th a t i t  forms an e f f e c t iv e  running
illustrated in Figure A8.2.
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general com putational s tep s  invo lved  in  th is  method i s  g iven  by
m . ,(183)Ackroyd
The number o f  p o in ts  used to  d e fin e  the f i l t e r  c h a r a c te r is t ic s
determ ines th e performance o f th e f i l t e r .  A large number o f p o in ts
produces a f i l t e r  w ith steep  r o l l - o f f  but in v o lv e s  a con sid erab le  amount
o f  computation tim e. S im ila r ly , th e  width and envelope o f  the window
th a t i s  app lied  to  th e  w eigh ting  sequence w i l l  a f f e c t  both the r o l l - o f f
c h a r a c te r is t ic  and the stop-band a tten u a tio n . I t  i s  important to
r e a l i s e  th a t an overdesigned d ig i t a l  f i l t e r  w i l l  in troduce a con sid erab le
amount o f computer p rocessin g  tim e. There i s  no b e n e f it  to  be gained
from producing a f i l t e r  w ith a stop-band a tten u ation  which i s  in  excess
o f  the e f f e c t iv e  s ig n a l- to -n o is e  r a t io  fo r  the tr a c e  th a t i s  to  be
f i l t e r e d .  This 'n o ise ' i s  a r e s u lt  o f  the f i n i t e  number o f q u antiza tion
le v e ls  used in  th e recording system 's a n a lo g u e -to -d ig ita l co n verters.
The tr a n s ie n t recorder used in  t h i s  work incorporated 1 0 -b it  ADC's
producing 1024 d is c r e te  s ig n a l l e v e ls  and th is  y ie ld s  an e f f e c t iv e
s ig n a l- to -n o is e  r a t io  o f  62 dB. The id e a l f i l t e r  fo r  use in  th is
a p p lic a tio n  i s  a 'brick  w a ll' con stan t phase low pass f i l t e r .  Several
combinations- o f  w eighting sequence r e so lu tio n  and window envelope were
used to  generate t r i a l  f i l t e r s  which were consequently applied  to
'ty p ic a l '  resonant accelerom eter tr a c e s  recorded from th e t e s t  r ig .  I t
was found th a t a 128-poin t w eighting sequence u t i l i s i n g  th e popular
(184)Hamming window , which i s  b a s ic a l ly  a co sin e  b e l l  w ith a p o s it iv e
d .c .  o f f s e t ,  produced very s a t is fa c to r y  low pass f i l t e r s  in  th is  
a p p lic a tio n  and was consequently  adopted as the standard f i l t e r  fo r  the  
enhancement o f  the accelerom eter tr a c e s .
A d isadvantage o f th e  n on -recu rsive  d ig i t a l  f i l t e r  i s  th at I t  
w il l  in troduce a tim e la g  in to  the f i l t e r e d  s ig n a l, d is to r t in g  M/2 p o in ts  
a t th e beginning and end o f th e  s ig n a l where M I s  the number o f p o in ts
mean and the filtered output.results. A more detailed account of the
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in  the w eighting sequence. This rep resen ts no problem a t the s ta r t  o f  
the d ig it iz e d  data rep resen tin g  th e  tra ce , s in ce  some a d d itio n a l zero  
p o in ts  may be added in  fro n t o f  th e  f i r s t  data p o in t. However, the  
l a s t  M/2 p o in ts  o f  th e  f i l t e r e d  record should be d iscarded  s in ce  they  
w il l  be d is to r te d  by th e f i l t e r  u n le ss  they were a l l  tr u ly  zero in  the  
o r ig in a l tr a c e . This i s  o f  no great consequence in  the au th or's work 
s in c e  th e  com bination o f th e  w eigh ting  sequence and th e 4K records 
lead s to  a lo s s  o f  on ly  th e la s t  o f  the accelerom eter h is to r y .
The resonance e f f e c t s  encountered in  the tra ce s  recorded from the  
accelerom eter mounted on th e pendulum block exh ib ited  peak am plitudes 
which were sev era l orders o f  magnitude greater than th o se  of> the true  
d e c e le r a tio n  waveform. For th ese  c a ses  a combination o f  analogue and 
d ig i t a l  f i l t e r in g  was used, s in c e  w ithout any analogue f i l t r a t i o n  i t  
was p o s s ib le  th a t th e  am plitude o f  th e  'tru e' a c c e le r a tio n  h is to r y  
re tr ie v e d  by d ig i t a l  f i l t r a t i o n ,  would be eq u iva len t to  on ly  a few b i t s  
r e so lu t io n  o f th e  o r ig in a lly  d ig it iz e d  tr a c e . This would in troduce a 
very wide error band in to  th e  f i l t e r e d  tra ce  and th ere fo re  r e la t iv e ly  
crude analogue f i l t r a t i o n  o f th e  tr a n s ie n t s ig n a l was used during data  
capture to  reduce th e  am plitudes o f  th e resonant peaks.
I t  i s  n ecessary , when u sin g  t h is  f i l t e r  sy n th e s is  techn ique, to  
d esign  s p e c if ic  f i l t e r s  fo r  p a r tic u la r  combinations o f  sampling 
frequency, c u t -o f f  frequency and r o l l - o f f  c h a r a c te r is t ic .  A r e la t iv e ly  
sim ple program u t i l i s i n g  FFT subroutines was w r itten  fo r  th e  HP45 to  
speed up t h is  procedure and F igure A8.4 shows th e w eighting sequence and 
th e corresponding f i l t e r  c h a r a c te r is t ic  produced in  t h is  way fo r  a g iven  
c u t - o f f  frequency and sampling r a te .  I t  should be noted from t h is  
i l lu s t r a t io n  th a t th e e f f e c t  o f  th e Hamming window i s  to  d is to r t  th e  
o r ig in a lly  s p e c if ie d  'brick  w a l l ’ c h a r a c te r is t ic  in to  a f i n i t e  pass-band  
r o l l - o f f .  The n e c e s s ity  to  sy n th es ize  a range o f f i l t e r s  fo r  s p e c if ic  
c o n d itio n s  was not too  much o f  an inconven ience, s in ce  each corresponding
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w eighting sequence was stored  on flop p y  d isc  and a lib r a r y  o f o fte n -  
used f i l t e r s  was q u ick ly  b u i l t  up.
I t  would, o f  cou rse , have been p o ss ib le  to  conduct th e f i l t e r in g
in  th e frequency domain by sim ply p u ttin g  th e  unwanted high frequency
peaks in  the spectrum e ith e r  to  zero or to  a mean energy -level
(depending upon the energy content of the local frequencies). However,
many o f  th e captured accelerom eter tra ce s  do not a t ta in  a q u iescen t
s ta te  by the end o f  th e ir  4K records and they thus e f f e c t iv e ly  become
truncated s e r ie s  in  terms o f  s ig n a l a n a ly s is .  The transform ation  o f
such a record in to  th e frequency domain r e s u lt s  in  spurious frequency
components in  the spectrum due to  th e 's tep  change' a t th e end o f  the
a c c e le r a tio n . S im ila r ly , b lock  suppression  o f high frequency components
as a means o f f i l t e r i n g . i n  th e  frequency domain, convolves to  g iv e  a
s e r ie s  o f  overshoots and undershoots in  the tim e domain, known as
Gibb' s Phenomenon (se e  F igure A 8 .5 ). This e f f e c t  d is to r t s  the f i l t e r e d
accelerom eter tr a c e , in trod u cin g  s ig n if ic a n t  end e f f e c t s  and r ip p le s
throughout the tim e h is to r y . W hilst techniques are a v a ila b le  to
(185)co rr ec t t h is  anomaly , they  are in exact and in  any ca se  mild ca ses
o f  th e  phenomenon may not always be d e tec ted . For th ese  reasons th e  
author deemed the p rev io u sly  described  time domain approach as being  
more s u ita b le ,  u sin g  th e r e s u lt in g  d ig i t a l  f i l t e r s  to  great e f f e c t  in  
the p o st-p ro c essin g  o f  resonant accelerom eter tra ce s  (s e e  Figure 5 5 ).
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T r a n s i e n t  T e s t  R i g  C h a r a c t e r i s t i c s
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T h e  d e c e l e r a t i o n  a n d  d i s p l a c e m e n t  c h a r a c t e r i s t i c s  o f  t h e  t r a n s i e n t
t e s t  r i g ' s  ' p e n d u l u m '  "block a r e  s h o w n  f o r  s i x t e e n  d i f f e r e n t  r e l e a s e
\
a n g l e  a n d  b u f f e r  ' h a r d n e s s '  c o m b i n a t i o n s .  T h e  d i s p l a c e m e n t  h i s t o r i e s  
h a v e  b e e n  p a s s e d  t h r o u g h  a n  a n a l o g u e  1 0 0  H z  l o w - p a s s  f i l t e r  d u r i n g  
r e c o r d i n g .  B o t h  t h e  ' u n f i l t e r e d *  a n d  d i g i t a l l y  p r o c e s s e d  a c c e l e r o m e t e r  
h i s t o r i e s  a r e  s h o w n ,  i n d i c a t i n g  t h e  e f f e c t i v e n e s s  o f  t h e  l a t t e r  
t e c h n i q u e .  T h e  p e a k  d e c e l e r a t i o n  a n d  d i s p l a c e m e n t  v a l u e s  y i e l d e d  b y  
t h e s e  r e s p o n s e  h i s t o r i e s  a l l o w  a  c o m p a r i s o n  t o  b e  m a d e  w i t h  d e s i g n  
p e r f o r m a n c e  c a l c u l a t i o n s  b a s e d  u p o n  a  l i n e a r  d e c e l e r a t i o n  a s s u m p t i o n  
( s e e  F i g u r e  4 6 ) .
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APPENDIX A. 10
PRINCIPAL NOTATION
A v ib r a tio n  or d isplacem ent amplitude
{A1 e f f e c t iv e  nodal area vector
b con stant h y s te r e t ic  d am p in g-coeffic ien t
{b }  base d is s ip a t io n  v ector
V
fB 3 support lo s s  'load ' vector
c s t r e s s  wave v e lo c ity
[c] v isc o u s  damping m atrix
stru c tu ra l damping c o e f f ic ie n t  
Cp, C2 base v isco u s  damping c o e f f ic ie n t s
E Young' s Modulus
f  c y c l ic  frequency
f  f l e x i b i l i t y  in f lu e n c e  c o e f f ic ie n th ]
f l e x i b i l i t y  m atrix  
[F (t)j  ex tern a l load v ector
Fd e f f e c t iv e  damping fo rce
{ fs} e l a s t i c  fo rce  v ector
g a c c e le r a tio n  due to  g ra v ity
G shear modulus
h frequency dependent h y s te r e t ic  damping c o e f f ic ie n t
I  e f f e c t iv e  second moment o f area
M  stru c tu ra l s t i f f n e s s  matrix
aerodynamic damping c o e f f ic ie n t
1 e f f e c t iv e  'pendulum' length
1 sh o r te s t  id e a l is e d  beam segmento
[m] d iagonal lumped-mass matrix
m t o t a l  s tru c tu ra l masss
number of nodes in structural idealisation
pressure force vector
peak dynamic pressure
maximum reflected overpressure
peak side-on pressure
radius of gyration
time \
time step increment
critical time step size
period
pressure pulse 'clearing' time 
effective finish time of pressure pulse 
side-on overpressure duration 
positive overpressure duration 
relative displacement vector 
absolute displacement vector 
base displacement 
velocity vector 
acceleration vector 
strain energy
tilting displacement vector 
energy loss per cycle
distance of node q from an arbitrary datum beyond
the free end of the structure
distance above structural support
arbitrary nodal displacement
logarithmic decrement
bending moment at node i
nodal deflection parameter
Y[_ energy loss index
9 angular rotation
X eigenvalue
p, internal damping coefficient
^ energy loss coefficient
^  stiffness proportional damping factor
'D  angular frequency \  ^ -
selective interface damping matrix
££ normal strain
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